PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107

Plan for Lecture 22:
Read Chapter 7 & Appendices A-D

Generalization of the one dimensional wave equation 2
various mathematical problems and techniques including:
1. Sturm-Liouville equations
2. Orthogonal function expansions
3. Green’s functions methods
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Eigenvalues and eigenfunctions of Sturm-Liouville equations

In the domain a<x<b:
d d
——7(xX)—+v(x) | f,(x) =4,0(x)f,(x)
dx dx

Properties:

Eigenvalues A, are real

Eigenfunctions are orthogonal: Iba(x) f,(x)f,(x)dx=90, N,,

where N, = Lbo'(x)(f,, (x))"dx.
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Variation approximation to lowest eigenvalue
In general, there are several techniques to determine the
eigenvalues 4, and eigenfunctions f,(x). When it is not
possible to find the ““exact” functions, there are several
powerful approximation techniques. For example, the
lowest eigenvalue can be approximated by minimizing the

function <;;|S|};> S(x) = _%r(x)%w(x)

2,0 Sf,
<h|a|h>

where /(x) is a variable function which satisfies the
correct boundary values._ The ““proof" of this inequality is
based on the notion that/(x) can in principle be expanded
in terms of the (unknown) exact eigenfunctions f,(x):
h(x)= ZCnf” (x), where the coefficients C, can be

n

assumed to be real.
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Estimation of the lowest eigenvalue — continued:

From the eigenfunction equation, we know that
S@h(x)=5(0)YC,1,(0 = C A0, ().
It follows that: ' '

(i|s|i)= Lbﬁ(x)S(x)ﬁ(x)dx -SC, [ N4,
It also follows that:

(hloli) = [ Ao (h(x)de=YIC, P N,

(fllE) 2T
(i) ~Zem,

Therefore

Rayleigh-Ritz method of estimating the lowest eigenvalue

= lijoli)

Example: —Zx—zzfn (x)=4,f,(x) withf, (0)=f,(a)=0

trial function  f. (x) = x(x —a)
7 _9.869604404

Exact value of 4, = —- 5
a a

d:
Raleigh-Ritz estimate: w = 10

<x(a7x)‘x(a7x)> a
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Rayleigh-Ritz method of estimating the lowest eigenvalue

(|s|h)
10 <o,
(hlolh)
Example: - dzj,,z(x) +GX f,(x)=A4,f,(x)  withf,(-0) = f,(0)=0

trial function f,,,(x) = e

-
VuulSlfs)_ 6, o

Raleigh-Ritz estimate:
(fulol S 4g

03 04 05
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0.6 i 0.7 08 09 10
1 g / A/ G Note that for differential equation of the
— / — Schoedinger equation of the harmonic oscillator
80_5 G ﬂ“mal(go)—\[G gered ) o
G=L2 hu=T3E, =E=Z0
n n 2
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Comment on “completeness” of set of eigenfunctions

It can be shown that for any reasonable function h(x),
defined within the interval a < x <b, we can expand that
function as a linear combination of the eigenfunctions f,(x)

h(x)~ )" C,f,(x),

where C, = Nijba(x')h(x ), (x"dx'.

These ideas lead to the notion that the set of
eigenfunctions f,(x) form a ““complete" set in the sense
of ““spanning" the space of all functions in the interval
a < x <b, as summarized by the statement:

O'(x)z BACACS] (x])vf” ) _ o(x—x").

n

Green’s function solution methods
Suppose that we can find a Green's function defined as follows:

[—%r(x)%+v(x) —ia(x))GA(x,x') =5(x—x")

Among other things, this is useful for solving
inhomogeneous equations of the type:

(7%’[(}6)% +v(x)— ﬁa(x)](//(x) =F(x)

where F'(x),7(x),v(x),4, and o(x) are known,
and /(x) is to be determined according to:

b
w(x) = jdx'G(x,x')F(x D)
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Green'’s function solution methods

Suppose that we can find a Green's function defined as follows:
d d

——7(x)—+v(x)-Ao(x) |G,(x,x)=5(x—x'

[dx()dx (x) ())A( N=5( )

Completeness of eigenfunctions:

o (1)L LLED ()

n

Recall:

In terms of eigenfunctions:

_4d 0l _ N S (0 f,(x)
( T 7(x) o +v(x) ﬂa(x)j G,(x,x" J(x) Eﬂ N,

N_5 L G) /N,
=G, (x,x")= Eﬂ )
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Solution to inhomogeneous problem by using Green’s
functions

Inhomogenous problem for 0<x< L:

(*%T(x)% +v(x)— /”La(x)) o(x)=F(x)

Green's function :

d d N
(—af(x)a +(x) - la(x)]Gl (6, x")=8(x—x")

Formal solution:

() = @,0{) + [ G, (x,x)F (')l

Solution to homogeneous problem
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Example Sturm-Liouville problem:

Example: 7(x)=L o(x)=1; v(x)=0; a=0 and b=L
A=l F(x)=F, sin(%}

Inhomogenous equation :

(— j—; - l)qﬁ(x) =F, sin(%)
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Eigenvalue equation :

( d an(x)dnfn(x)

Cdx
Eigenfunctions Eigenvalues :
2 . (nmx nr\
X)=,|=sin| — A, =—
onfule) ool

Completeness of eigenfunctions :

O'(x)z EACIIACES] (x])\{” o) _ S(x—x')

In this example : %Z sin[%} sin[%) =0 (x - x')
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Green's function :
d d
——7(x)—+v(x) - Ao (x) |G, (x,x") = 5(x - x')
dx dx

Green's function for the example :

Gx,x')= Z J

n

(x)f,(x")/ N, ZZSin(nL jsin(”L Vj
x)f,(x
Jn n

PR L
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Using Green's function to solve inhomogenous equation :

(— 5722 - 1]¢(x) =F, sin[%)

P =0+ [ G, s = ]dx

L
. nnx
2 SIH[T)
=)+

5 _L[Sin[nTﬂx')Fo sin[ ?vjdx'
P [ [ZANNY
3
=¢,(x)+ £y Sin[ ]

(i)
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Alternate Green's function method:

Gl =2, (x)2, ()

[—:—1—1]&(@:0 =g, (x)=sin(x);  g,(x)=sin(L-x);
x
W= g,,(x)dg(‘:b(cx) —g‘,(x)dng(x) =sin(L - x)cos(x)+sin(x)cos(L - x)

=sin(L)

_ sin(L—x)¢ . (7x
mﬂi%(xhisin@) !sm(x )F, sm( 1 ]dx

B L '
+ M sin(L — x")F, sin LAl dx'
sin(L) L
F, . [ mx
o(x) =)+ ismﬂﬂ
zy_, ML
(LJ (after some algebra)
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General method of constructing Green’s functions using
homogeneous solution

Green's function :
d d
——1(x)—+v(x)-Ao(x) |G, (x,x") = é‘(x - x')
dx dx
Two homogeneous solutions
(fir(x)i +v(x)— ﬂa(x)jgi (x)=0 for i=a,b
dx dx
Let
N
Gl(x’x ) = Wga (x<)gh(x>)
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For ¢ —0:
Xr abc(fir(x)i +v(x)— lo’(x)jG (x,x") = Xr dxé‘(x - x')
x'—e dx dx - x'—e

d d)1
| dx(—aﬂx)anga(a)g,,(&)=1

x'—€

=LIE «

x")
w

. r d r " d r
W E&(&)&(&)Jlif— (g[,(x)Egb(X)fgh(X)agu(X)j

d d
=>W= T(x')(ga(x')fd g, (x)— g,,(x')*ga(x')j
/x dx

Note -- W (Wronskian) is constant, since o 0.
X

= Useful Green's function construction in one dimension:

G, (x.x") = %gu (x)g,(x.)
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(—ircx)i+v<x)—w<x)jw<x> - F(x)
dx dx

Green's function solution:

0,(0)=0,0() + [ G, () (x )

X

=0,0(x) +%jgau')m')dmg“T(”Igbu')F(x')dx'
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