PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107

Plan for Lecture 23:
Read Chapter 7 & Appendices A-D

Generalization of the one dimensional wave equation 2
various mathematical problems and techniques including:
1. Orthogonal function expansions
2. Fourier series
3. Fourier transforms
4. Fast Fourier transforms
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Eigenvalues and eigenfunctions of Sturm-Liouville equations

_dif(x)i +v(x) | £,(¥) = £,6(x) 1, (%)
Ix dx

Properties:
Eigenvalues A, are real

Eigenfunctions are orthogonal: Jj o(x)f,(x)f,(x)dx=0,N,,
where N, = j:a(x)( £,(x) dx.

Special case: 7(x)=1=0(x) v(x)=0

—;—;f"(x) =Af(x) for 0 <x<a, withf,(0)=f (a)=0
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Special case: 7(x)=1=0(x) v(x)=0
—j—lfﬂ(x) =A,f,(x) for 0 <x<a, withf (0)=f(a)=0
X
fix)= zsin(@j 2 :(ﬂ]
a a

a
Fourier series representation of function /(x) in the interval 0<x<a:

& 2 nwx
h(x)=) A4,,|=sin| —
h(x) ”Z:; , asm( P j

2¢ . . (nzx'
4, = Ljdx h(x") sm( j

ay a

*Note that if /(x) does not vanish at x =0 and x = a, the more general

expression applies: h(x)= ZAH\/gsin(@) + ZB”\/ECOS(@j
a a a

n=1 a n=0

(with some restrictions).
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Example

sin(zx) B 2sin(27zx) Fm(el)'n sin(nzx) N )

h(x) =sinh(x) = 27z sinh(1
(x) = sinb(x) ”Sm()( 7t +1 477 +1 't +1

~h(x)
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LK
04
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Fourier series representation of function 4(x) in the interval 0<x<a:

& 2 . (nxx
h(x) —;An\/;sm(Tj
4, :ﬁfdx' h(x") sin(””xlj
ay a

Can show that the series converges provided that A(x) is

piecewise continuous.

Generalization to infinite range
Examples in time domain --
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Fourier transforms
A useful identity

_[ dr & =275 (0 - w,)

Note that

M ~ 27[5(01_%)

T
Jdt el _
r w—a, T
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Definition of Fourier Transform for a function f(¢):

f= wa F(w)e™

Backward transform :

17
Flo)=—— j dffy) e

Check :

)= de (i ,Tf”' i) ] o

f=far ) [i fao “] = Jar sy sy

Note: The location of the 2n factor varies among texts.
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Properties of Fourier transforms -- Parseval's theorem:
[at(fw) 1) =27 [ deo (F(w)) F(o)
Check: Tdt (f(t))kf(f) = T dtHJx.dwF(w)e""‘j j dw'F(w')e’“’"]

:T doF (o) T dco'F(w')T dt e

=J doF’ (w)ida)'F(w') 275 (0 - o)
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Use of Fourier transforms to solve wave equation

. 0’ o’
Wave equation : —I: —-c? L; =0
ot ox

Suppose u(x,t)=e " F(x,w) where F(x,w) satisfies the equation :

2 More generally:

TF&o) __ @ 5 oy=—KF(x,0)

o’ I u(x,0) = L J doF (x,0)e™™"
27,
Further assume that fixed boundary conditions apply: 0<x< L

with F(0,0)=0 and F(L,w)=0

Forn=123---
F (x,0) =sin m kﬁk,,:ﬂzm"
L L c
ikyx _ik,x ik, (x—ct) _ =ik, (x+ct)
u(x,t) = e " sin(k,x) = e " (e ¢ ) = (e ¢ )
2i 2i
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Use of Fourier transforms to solve wave equation -- continued
o’u 0
2 —C 2 =
ot* ox”
Using superposition: Suppose u(x,?) = ZCne "””[ﬁn (x,m,)

0

27 2
TEED) 0 Fiv0,)= k2 Fix,0,)
OX’ c”

For F‘“(x,a)):sin@ k%kﬂ:M O
L L ¢

=u(x,t)= Z Ce™" sin(k”x) = Z% et (e'*"‘ - e”k”')
n n 1

C .
=Z2—’j(e’*"("")—e”‘"(”"))zf(x—ct)+g(x+ct)
n 1
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Fourier transform for a time periodic function:
Suppose f(t+nT)=f(¢t) forany integer n

15 iot I < [ ioo(t+nT)
F(o)= E:[Odt fie = gn;x[.!dt e
Note that:

i e’ :Qi 5(w—1Q), where 527”
Details:

0

) . N . .
Z emwT =4 mm n;N em(uT =, an_f.loo Sin (% a)T)

n=—w

sin((N + %)a)T)
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sin((N+ %)a)T)
sin(%a}T)

2z 4r
wF— OF —
T T
®=0 o >
Note that:
z " =0 z S5(0—1Q), where Q= a
n 00 V=—00
Some details :
§ g _sinl +Jor)
oy © sin(fer)
- (sin(M +1)T) 2z
Jim | 2 T2 7Qr)=-2 Vel
VIEL( sin(X T) ”ZV: 5o ) T Zé(w )
S N 2z
= Ze :926(w—!/§2), where 9:7

© o T
= F(o)= i jm dt fl)e™ = ; Qé‘(a}—vﬂ{ ! dt fit)e' ]
Thus, for a time periodic function

_ i S —ivQ
fo=o V:Z_xF(vﬂ)e
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Example: (—nT
—— for (n-1)T<t<(n+1)T; n=0,2,4,6...
Suppose:  f(H)=3 T
0 otherwise

Note, in this case the repeat period is 27 and the convenient sample
time intervalis —7 <¢<T.

= 1t (vomt A5 . (v2mt
F(@):Ez:[?sm{ o jdt f(t):;Z‘F(m)‘sm( = j

: A A
LA A

[ e
\or” i &/

v
Exagple: . _ 1 = —(HnT}Z/dz _ N —hex
uppose: f(t)=—— z e = Z F(vQ)e
aN'7 v=—0

where Q= 2z and F(1Q)= Le—azvzﬂzﬂt
T 2z

Continued: f(¢)= 1 i e*(HnT)Z/u: _ Z F ( vQ)e”‘“’
Flve)— - — 0 _2r Note:
I ot ! - T I .
Se=av fy= Y F()e ™
] ; =,
v=-M v=M '
Fori= ™ 1 f( mT j: i F(ng)e—ivam/(ZMH)
S 2M+1 2M+1) S,




Thus, for a periodic function

f= Y FlQp™™

Now suppose that the transformed function is bounded;
|F(Q)<e for V=N

Define a periodic transform function function

F(Q)= F(+v'(2N+1)Q))
Effect on time domain :

.f‘(z)=§f(vﬂ)e"“ “Gvem N+1)Q 3 Fhal MZ&[F o7 J

=t 2N +1
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Doubly periodic functions

ur
2N +1
7 1 —127ZV /(2N+1)
N

Z t27zvy/ (2N+1)
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More convenient notation
2N+1->M

1 M-1
- M v=0
Fv — Zf#ezZm/y/M

=0

Note that for W = ¢?*'™
Fo= W0+ fW°+ W+ [0 +
F =W fW + W+ f7° +
F fOWO + W f2W4 + f3W6
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Note that for W = ¢’
Fy=f WO+ WO+ f WO+ f 7 4.

E=f W+ W' + W+ f W+
Ey= W+ W+ [ W+ [+

However, W" =(e[2”/M)M =1

and WM = (ei27z/MyV/2 -1

Cooley-Tukey algorithm: J. W. Cooley and J. W. Tukey, “An
algorithm for machine calculation of complex Fourier
series” Math. Computation 19, 297-301 (1965)
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