PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107

Plan for Lecture 24:
Read Chapter 7 & Appendices A-D

Generalization of the one dimensional wave equation 2
various mathematical problems and techniques including:
1. Laplace transforms
2. Complex variables
3. Contour integrals
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Laplace transforms
Lapla s we nsed To solve initial value problems. The Laplace transform of
i fun
oe et
Calpi= | €™ olr)dz [24)
har @fr) is well-behaved in the fnterval 0 < r < oc. the following properties

Sdepiz(p) = —o(0) +pLalp). (25)

and

— pal 0 + Lol (26)
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allow us to tur ifferential equation fi

). We then nee e L
For illustration

differential equation then becomes

sider

e Fr)
2, we find

— Fpe—*. Multiplying, both sides of the equ

Lolp) = ———
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eral the invers

can use the followis

Noring that

We can check that this a solution to the differential equation

- d—zf =Fe™ for ¢(0)=0 and @(0) =0
dx
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Using Laplace transforms to solve equation :

( d—z—quﬁ(x):[ﬂ]sin(%) with ¢(0)=0,

d¢0) _
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Note that : _!sm(at)e Pdt = e

= ¢¥x) = (ﬁ/fﬁ[sin[%] - % sin(x)j
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Inverse Laplace transform :

£,(p)=J e plo)i
1 Atin .
¢(t):ﬁ _[ep %(Pﬁp

1 A+in N 1 A+in . £ .
Check: %J’me' L (p)p= %Z:l‘me' dpl[e "o (u)du

17 A U T Al is(i-u);
ijgw(u)duﬁiwe”' dp —z—ml‘w(u)du:[ce e ids
:LT(/J(u)du (e}'("")2m' (5(t—u))
27iy,
_Je(r) ift=0
" 10 otherwise
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Complex numbers

i=v-1 i =—1
Define z=x+iy
‘z‘z =zz*= (x + iy)(x - iy) =x*+)?
Polar representation
z= p(cos¢+[sin¢) =pe’
Functions of complex variables

F(2)=R(1(2))+i3(f(2)) = ulx.y) +iv(x,)

Derivatives: Cauchy-Riemann equations

a(z) au(z)

[ Sl A

Of(z):i)u(z)+i8v(z) Bf(z)zau(z)+i6v(z)7

ax ox ax iy ioy idy dy ay
(')f(z) _ (')f(z) N (')u(z) _ (')v(z) and 2 __ 0
ax ioy ox ay ax ay
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Argue that L/
dz

Analytic function

f(2) is analytic if it is:
o continuous
osingle valued

o its first derivative satisfies Cauchy-Rieman conditions

Which of the following functions are analytic?
f@)=¢

f@=z

f(z)=Inz

f()=z"
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Some details

e =e"™ = e cos(y) +ie'sin(y)

ou ov ov . Ou
—=e"cos(y)=— —=e"sin(y)=——
ox oy Ox oy

2 =(x+ iy)2 = (x2 —yz) + 2ixy
ou ov ov Ou

—=2x=—= —=2y=——
Ox oy Ox oy
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PHY 711 — Contour Integration

integrals
e which t

These notes summarize some basic properti
An anal function f{z) in a certain regi
finite) value and is differentie

F complex functions and thei

e complex plane

that & sed contour integral of the functio
/ o
As an example, functions compased of integer powers of = -
flz}=2", for n=0.1,42,43.. 2

1 non-integral powers are

we can show that

III dz
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PHY 711 Fall 2017 — Lecture 24 12




aluated accordin
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; @(z)dz = 27i% Res(g,) 6
where the residue is given by
B i | 1 sl i _
eS| gp) = lim ¢ - Mz—z1mgl2)) 5, 7
mis =5 | (m — 1)l dz™=1 w8
where m denotes the order of the pole,
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Example: T _ z?
J-1+x4 dx_§l+z4 dz
s Im(z)

e e~
1+z%= (z s )(z _ 63‘”’4)(2 _ e—wm)(z _ e—zmm)

Re(z)
351 izz“ dz = 2”i(ReS(Zp = ew)Jr ReS(zp = 53"!/4))

) o . ) ez
Res(zp =e’”/4)=T Res(zp =e3”’/4)=—T
1 1
(ﬁ 22 d 2 . elzr/4 e]wr/4 T
/z = 27i - =
1+2* 4i 4 ) 2
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[ cos(ax)
Another example: £ = 4 - o9 . 4
P 0o 4zt 4522 +1

T cos(ax) 17 e 1 e
dx=— dx =— dz
~l[4x4+5x2+1 2;‘;4x4+5x2+1 2<ﬁ424+522+1

47" 4527 +1=4(z—i)(z—é)(z+i)(z+é)

iax iaz

Im(z)

i I;e(z)
I= 2m’(Res(zp = i) + Res(zp = é))




o

cos(ax)
dx=—Pp—F———dz
j 4x* +5x* +1 2§>424+522+1

=27ri(Res(zp = i) + Res(zﬂ = i))

2

0

:%(—e’” + Ze’“)
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Cauchy integral theorem for analytic function f(z):
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Example
Suppose f(|z| - oo)z 0 and for z = x:
f(x)=a(x)+ib(x)

Im(z)
/—’_-\,
Re(z)
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Example -- continued

f@:iﬁﬁﬂﬁ'WMquﬁdmﬂmm
2m° z'-z
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Im(z)

Re(z)
a(x)+ib(x)= L IM dx'
27 X'—x
Example -- continued
Im(z’)
— |
x Re(z)
P L) o, A g )
Jx'=x X=X e X=X 2 X=x
=P J-—f'(xl) ax'+iz f(x)
o X=x

Example -- continued

Tf(X’) av=| S f /() dx.;f S

x'—x x' x'—x x'—x
00 —00 xX+&

Kramers-Kronig relationships
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Comment on evaluating principal parts integrals

a(x)ngde': lim [ixf(x')dx'le T b(x')dx'J

Jox'-x e—>0 x'-x T X'—x

-0 X+e

;

y
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Example:
0 forx'<—-2L, —L<x'<L, x'>2L
b(x')=1{ B, for L<x'<2L
-B, for —2L<x'<-L
b(x)

2L AL I
I L 2L X
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a9 =2 [P I (L L 120

7o x'—x e=>0(7° x'-x XX

2 2
B, (lar*-x

For our example: a(x) =Nn| |[————
L2 2

6
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