PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107

Plan for Lecture 31: Chap. 9 of F&W

Wave equation for sound in the linear
approximation

1. Sound scattering

2. Non-linear effects in sound waves
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Solutions to wave equation:

2
vzqn—%aa—?:o
c t

Plane wave solution :

D(r,t) = Ae™ " where k’=|—
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Scattering of sound waves —
for example, from a rigid cylinder

-1

Figure 51.8 Scattering from a rigid cylinder.

Figure from Fetter and Walecka pg. 337
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Scattering of sound waves —
for example, from a rigid cylinder

Velocity potential --
O(r) =D, (r)+d (r) @, (1) ="
Helmholz equation in cylindrical coordinates:
10 0 1 0 0

(Vz+k2)®(r):0:(7— Z+ +k2j®(f)

r i
ror or r'og* oz’

Assume: @ (r)= i e"R (1)

2 2
where d—erli—m—erkz R, (=0
dr® rdr r
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O (r)=e* = plreosd _ Z l-meim¢Jm (kr)
”

m=—0

inc

Note that for integer m, J, (z)=(-1)"J_,(2)

so that this expression can be simplified.

D (r)= Z C,e"H, (kr) where Hankel function

represents an outgoing wave: H, (kr)=J, (kr)+iN, (kr)
o
or

=0

r=a

Boundary condition at r =a:

="' (ka)+ CH (ka) =0 C, =i T kD).
H', (ka)
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o S (ka)
]

P (r)=-3

" E (ks
2y )

Asymptotic form:

i’"Hm(kr) ~ iei(kr—zzm)
fr—o \ ThT

| . & S ka) g | 2 (ke
D (r) ~ - == ) —m———e"" —e¢
s )k»‘4>v;f(¢)\/: m:Z,:wH'm(ka) hr

|2 LK) i
= f(¢)= ”kZW

m=—x
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o i @ J‘m (ka) i(mg-z/4)
1(9)- J: 2 G

For ka << 1

— = ‘f(qj)‘z ~ éﬁkSQA(l - 2005(15)2




Effects of nonlinearities in fluid equations
-- one dimensional case

Newton - Euler equation of motion :

ov Vp
5 + (V : V)v = fappl[ed -
- . op
Continuity equation : m +V (pv) =0
Assume spatial variation confined to x direction ;

assume that v=vXx and f 0.

applied =
wv, v Lop
ot  Ox p Ox

al+val+ @:O

11/14/2017

11/15/ AQt 6x p ax’Hv' 711 Fall 2017 —- Lecture 31 10
v, 1o
o Ox pox

ot ox Ox
\Expressing pinterms of p: p= p(p)

a—p+va—p+ @fo

aﬁ:ala—pscz(p)a—p w here a—pzcz(p)
ox Op Ox ox op
4
For adiabatic ideal gas: ap = yd—p P=D, [ﬁj
P P Po

y-1
cz(p):Q:cg(ﬁ] where céz—yp"
Po
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2
@+v@+7c (p)a—pzo
ot ox p Ox
op Op ov

—+v—+p—=0
ot v@x pax

Expressing variation of v in terms of v(p):
2

ov 8p+vav 8p+c (p)ap:O

Op ot op Ox p Ox

a_’o + Va_’o + pﬁa_p =0

ot ox op Ox
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Some more algebra :

From Euler equation : —
op\ ot Ox p Ox

0
From continuity equation : % + vﬁ—p =— v op
ot Ox Op Ox

Ov (a—p+v6—pj+cz(p)a—p:0

2
Combined equation : SV[_ pa\’apj +£ (p) op -0
0
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Oop Ox p Ox
2 2
:;(av) :C(zp) ﬂ:ii
op P op p
= %P + (v + c)a—p =0
ot Ox
y-1
Assuming adiabatic process: ¢’ = cq [pj = P
Po Po
p A2
Rt o
o dp p 2\ Po P
(r-1)2
=Sv=4 2¢ (pj -1
7= »
(r-1)r2
aemq m
Po
Summary :
b _,c
dpp
%» + (v + c)a—p =0
ot ox
P
Assuming adiabatic process: ¢* =c¢; (pJ c Py
Po Po

(r-1)/2 e (y-1)12
C—C()[p] p=4+_-20 Ep] -1
Po 7=\ p
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Traveling wave solution:

Assume: p=p,+ f(x—u(p)t)
Need to find self - consistent equations for
propagation velocity u(p) using equations
From previous derivations : %0 +(vx C)Z—p =0
X

Apparently : u(p) = vie

For adiabatic ideal gas and + signs :

(7-1)/2
?“[Pj =
y=1\ py r-1
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Traveling wave solution -- continued:

a—p + (v + c)a—p =0
ot ox
Assume:  p=p,+ f(x—u(p)) = p, + f(x-(vEc)

For adiabatic ideal gas and + signs :

(y-1)/2
M[Pj 2
y=1\ py y-1

Solutionin linearapproxiaton :
y+l 2
U=v+erv,+c,=¢)| ————|=¢,
r=1 y-1
= p=py+flx—cg)
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Traveling wave solution -- full non-linear case:

Visualization for particular waveform: p = p, + f(x —u(p)t)
Assume: f(w) = p,s(w)
£=l+s(x—ut)
0
For adiabatic ideal gas:

(7-1)/2
1 2
u=c, &[ﬁ] 2
7 =1{p, =1

u= CO (7/_-'_1(1 + s(x _ut))(V‘l)/z _Lj
-1 r—1
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Visualization continued:

u=c, [}/—_'—l(les(xfuz‘))(y’l)/2 7ij
y—1 y—1

Plot s(x—ut) for fixed ¢, as a function of x :
Let w=x—ut
x=w+ut =w+u(w)t =x(w,t)

1 y-1)/2 2
u(w)=c, (Li(lﬁ—s(w))( ) —ﬁ]

Parametric equations:

plot s(w) vs x(w,t) forrange of w ateacht
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Summary

N
o TP =0
Solution:  p=p, + f(x—u(p)t) = p, (1+s(x—u(p)r))

For linear case: u(p)=c,
For non-linear case: u(p)=c, [L‘—i(l +s(x —ut))(H)/2 _Llj
V- V-

Plot s(x—ut) for fixed ¢, as a function of x:
Let w=x—-ut = x=w+ut=w+u(w)t=x(w,t)
y+1 (y-1)/2 2
u(w) =c,| —(1+s(w -
) o[y_l( ) y_J
Parametric equations: plot s(w) vs x(w,t) forrange of w
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Linear wave:

Non-linear wave:
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Linear wave

11/14/2017

10 o 0

Non-linear wave
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Analysis of shock wave
Plots of &p

Solution becomes
unphysical

: 3
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Analysis of shock wave -- continued

After shock Before shock

t t

Op2 Vo, P2 8p;, V4, OPy

X
u
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Analysis of shock wave — continued
While analysis in the shock region is complicated, we
can use conservation laws to analyze regions 1 and 2

Assume  p(x,t) = p(x —ut) Afer shock Before shock
5 .

on 000 31

G 3, 3

plx,t)= p(x 7ut)
v(x,t) = v(x—ut)

x

Continuity equation:
op O(pv o(pv—pu
§+%=0=% =(v,—u)p,=(v,—u)p

Conservation of energy and momentum:

2 2

3172*/72(‘}27”) =p|+p|(v|7u)
1 2 P, 1 2
=6+—(v,—u) +Z=¢+—(v,—u) +—
gl e 2 ) 2
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Analysis of shock wave — continued
For adiabatic ideal gas, also considering energy and
momentum conservation:

r+lp

After shock Before shock

t, t
503 2, s o1, 01, Oy

A Gl DY i ;
p rHl Pyl
y-1 p
Velocity relationships:
(v-u) 1 [ p (v,-u) 1 P
=—| y-1+(y+1)&22 = =—|y-1+(y+1)=
g ( )p, q 2 (r+1) )
where cfzm and ciz”’:
P Ps
For a strong shock:
2
- +1 -1
(o)) =)
G 2r p 2y
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Analysis of shock wave — continued
For adiabatic ideal gas, entropy considerations::

y4
=C,T
(r-1p

First law of thermo: de =Tds — pd [lj
P

ds%[d((yf’l)p]’p"[iﬂ=C“““(§]

s=C,In [ﬁj +(constant)

7
s, =85 =C, ln[pz[p‘] ] 0<s,-5<C, [ln[&]—yln(y—“]]
PP D 7_1
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Internal energy density: ¢=




