PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107
Plan for Lecture 32:
Chapter 10 in F & W: Surface waves
1. Water waves in a channel

2. Wave-like solutions; wave speed
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23 Weed, 10/25/2017 Clug, 7 {Solutions of Stum-Liowvlle squations

24 Fro 10 017 App. A Laplace mamsforms ad comour integrals #13 1142017

5 Mom, 107302017 App. A Comtonr indzgrals

26 Wed. 11012017 Chap, § Mechamics of Elastic Membranes £14 11462017

27 Fn, L0307 Chap. 9 Introduchion to bydrodynamics

28 hEom, 11062017 Chap. 9 Istroduction 1o lydiodynamics #18 11102017

29 Wed, 11/082017 Chap. 9 Sound waves

0P 1AB2T Chap. 9 Sound waves #16 111172017
Mo, 11

31 Wed. 117152017 Chap, 9 - mchuding non-hinearnties
32Fa 11172017 Chap. 10 Surface waves in fuids 517 1172772017
33 Moa, 112002017 Chap, 10 Surface wives m flusds

Wed. 11 Thamiksghving Holidkry — No clats

Fri, 1124200 Thanksgrving Holiday — No clars
34 Mon, 117272017 Clap. 11 Hest conductiviry
38 [Wed, 112902017 Chap, 12 Viseoms fhvids
36 Fri, 12002017 Chap. 12 Viseons fids
Mon, 12042017 Presentations 1
Wed. 1240 T Presentutions 11
Fri, 12082017 Presentations 111
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Physics of incompressible fluids and their surfaces

Reference: Chapter 10 of Fetter and Walecka
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Consider a container of water with average height h and
surface h+{(x,y,t); (h €= z, on some of the slides)

E
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Euler's equation for incompressible fluid :

dv Vp R Vp
E = Jappliea =7 T —&Z _7
Assume that v, <<v,,v, :—g—lalzo

p Oz
= p(x,y,2,t) = py+ pg({ (x, y, 1)+ h—2)

Horizontal fluid motions (keeping leading terms):
v ove _ 1p_ 00

dt ot p Ox ox

dv, v, 1op__ o

dt ot pay_ gé’y
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re 3

Consider a surface ¢{x,t) wave moving in the x-direction in a
channel of width b(x) and height h(x):

Continuity condition in integral form:

ij.pdV+J’pv~d =0
: dty 4 b(%(h(x)+§(x,t))i
[t o+ Sen)as

v(x,t) z v(x+dx,t)
— L ——
Evaluating continuity condition:
o¢ 0
b(x)—==——(h(x)b(x)v(x,t
()at ax(()()())




From continuity condition:

T\

o 0
I ) b(x)a = —a(h(x)b(x)v(x,t))
Ve : v(xtdxy Example (Problem 10.3):
“Ed| hix
A b(x)=b, h(x)=xx
o) i
ax? "™
oc o
"o —a((zcx)bov(x,t)) From Newton-Euler equation:
a—g:—K v+x@ ﬂz@ - 67;
ot o dt ot 6x
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Example continued

oc [ 8v) ¢ o o
—=—kK|V+Xx—| = —=-Kk|—+x
Ot ox ot ot  Oxot

oo - TEa{%a )

a o ot ot

It can be shown that a solution can take the form:

L(xt)= CJL,[\/zﬂx/;]cos(a)t)
kg

d 1d
+-2
du®  udu

Note that J, () satisfies the equation: ( + lon(u) =0

Therefore, for u = 20

\/g«/E

2 2 2
o () s P L VAT
dx*  dx xg\ du® ud
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Example continued

Sl

ot Ox o’
20nx
(x,0)=CJ, (1)
=4 (x [ \/_g jcos i

Check:

2 20)\/— 0 20)\/—
- CJO[ \/@ ]cos(a)t) Kg[aerxa jCJ [ \/_ Jcos(a)t)
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S(x,t) = Cjo[j:)_g«/;]cos(a)t)

¢(x0) 1

0.8

0.6 Jy(3vx) Al

0.4 ‘
AN AL A !
. Vw \EJOUW 300

-0.4

>\§

1/17/2017 PHY 711 Fall 2017 — Lecture 32 10

11/27/2017

Another example:

Continuity condition:

[ b0 % == 2 (b))
v(x,t) v(x+dx,t)
—l h(xﬁ

Special case, where b and h are constant --
For constant b and 4:

oc )
2 = h—(w(x,
11/17/2017 at 'Q.VXW(\ ‘TE.TH 't)L) ture 32 "

Example with b and h constant -- continued

dg(x,y,t)/dt

v(x+dx,y+dy,t)

Continuity condition for flow of incompressible fluid:

a{+hV v=0
ot

From horizontal flow relations: % =—gV{

2
Equation for surface function: % -ghV’¢ =0
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For uniform channel:

Surface wave equation:

2
25 -’V =0 ct=gh

More complete analysis finds:

¢ =S5 tanh(kh)  where k = 2z
k )
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More details: -- recall setup --
Consider a container of water with average height h
and surface h+{(x,y,t)
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Equations describing fluid itself (without boundaries)
Euler's equation for incompressible fluid:

dv*@+V-vaav+V(%v2)+v><(V><v):—VU—@

dt o T ot P
Assume that Vxv=0 (irrotational flow) = v=-VO

jv(—ag+§v2+U+£):0
ot P

= _362 +5+U+ P _ constant (within the fluid)
it

For the same system, the continuity condition becomes
V.ov=-V®=0
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Within fluid: 0<z<h+{

0,
R g(z—h)=constant  (We have absorbed p,
in “constant”)
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-V® =0
Atsurface: z=h+¢ with ¢ =¢ (x, 1)
ﬂ:%+vxg+v,% wherevx,:vY,(x,y,h+§,t)
dt ot ox oy v
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Full equations:
Within fluid: 0<z<h+d
,‘?EJr%VZ +g(z—h)=constant (We have absorbed p,
4 in “constant”)
VD=0
Atsurface: z=h+¢ with ¢ =¢(x,y,t)
d—é’:£+v £+v‘,£ where v, =v, (x,y,h+¢,t)

dt ot T ox y
Linearized equations:

For 0<z<h+(: —%’+g(z—h)=0 -V =0
dg _o¢
Atsurface: z=h+ 2 ==y (x,y,h+{,t
¢ i (e, h+ &)

00(x,y,h+¢,1)
Bt i PALAE LLRA =0
o +g¢
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For simplicity, keep only linear terms and assume that
horizontal variation is only along x:

2 o &
For 0SZSh+§: Vq)=(a7+§Jq)(x,Z,t)=0

Consider and periodic waveform: ®(x,z,t) = Z(z)cos(k(x—ct))
dZ

= [E_kZJZ(Z)ZO

Boundary condition at bottom of tank: v, (x,0,¢)=0

dz
= E(O) =0 Z(z) = Acosh(kz)
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For simplicity, keep only linear terms and assume that
horizontal variation is only along x — continued:

Atsurface: z=h+¢ a—gzvz(x,th(,t):fM
ot 0z
C00(xh+Lt)
ot teg=0
B 62(1)(x,h+§,t)+ 8 0(x,h+¢t)  ad(x,h+{,t) o
or 8o - or R
For  ®(x,(h+¢),0)= Acosh(k(h+¢))cos(k(x—ct))
B 2o sinh(k(h+C)) )
Acosh(k (h+ ¢ ))cos(k(x ct))[k ¢ gkicosh(k s 4))} =

, g sinh(k(h+¢))
~ k cosh(k(h+¢)

11117/2017 PHY 711 Fall 2017 — Lecture 32 19

11/27/2017

For simplicity, keep only linear terms and assume that
horizontal variation is only along x — continued:

,_gsinh(k(h+¢) g
© Tk cosh(k(ht )k tanh(k{’+£)

Assuming ¢ <<h: ¢’ = % tanh(kh) A= 7
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For simplicity, keep only linear terms and assume that
horizontal variation is only along x — continued:

= %tanh(kh) For A>>h, ¢* ~ gh

D(x,z,1) = Acosh(kz)cos(k(x - cr))

100(x,h+¢,1)

C(x,t)=g ™

ey cosh(kh)sin(k(x —ct))
g

Note that for A>>h, ¢’ ~gh

(solutions are consistent with previous analysis)
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General problem

including
non-linearitie
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d

Within fluid : 0<z<h+( X

_oo +1v2 4+ g(z—h)=constant (We have absorbed

-V®=0 P, in our constant.)
Atsurface: z=h+¢ with {zé’(x,y,t)

o0, o, o
d o “ox oy
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wherev, =v_ (x,,h+¢,1)
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