PHY 711 Classical Mechanics and

Mathematical Methods

9-9:50 AM MWF Olin 107

Plan for Lecture 34:
Chapter 11 in F & W:
Heat conduction
1. Basic equations

2. Boundary value problems
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23 Wed, 107252017 Chap, 7 Soutions af Sturm-Liouville sguatians.

24 Fri, 102772017 App. A Laplace transtorms and contour integrals
28 Mo, 103EH201T App. A& Cantour ntegrats

26 Wed. 11/01/2017 Chap.
27 Fni, 11032017  Chap.
28 Man, 11062017 Chap.
29 [Wed, 111082017 Thap. Sound waves

30/, 111102017  Chap. Sound waves

Mon, 11132017 Class cancafed

31 Wed, 11182017 Chap Sound waves — includng nan-ineartties
32/, 11AT2017  Chap. 10 Surtace waves in fluids

Machanics of Elastic Membranes
Introuction % hydrodmamics
Intrasuction b hydradynamics
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33 Man, 11202017 Chap, 10 Surface waves in fluids
Wed 11222097 Tharkegiving Hiliday - No slass
Fn, 1172472017 Thanksgiving Hotday — No class
» 34 Man, 112772017 Chap. 11 IHeat conductnity

35 Wed, 11/28/2017 Chap. 12 Viscous fuids
36 Fn, 12012017 Chap, 12 Viscous fiuids

Man, 121042017 Presantations |

Wied, 120062017 Presentations ||

Fil, 120872017 Preasntations Il
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Schedule for PHY 711 presentations
Monday Dec. 4, 2017

Time Presenter Title
‘5 00-9:15 AM .AI\ Daraei I Rnheology of fibrin fibers
‘5 17-9:32 AM I I
[bas-9a9 A~ |vanLi | computationai stuay of normal

modes for one-dimensional
mass-spring oscillating systems
Wednesday Dec. 6, 2017
Time Presenter Title
'900-915 At | Matthew Waldrip

9:17-9:32 AM | Nou Alharbi Vibrational Modes of Carbon

Dioxide
9:34-9.49 AM | Kevin Roebuck Equations of motion of the Foucault
pendulum

Friday Dec. 8, 2017
Time Presenter Title

9:00-9:15 AM | Haardik Pandey Normal modes of vibrations for
water molecule

9:17-9:32 AM | Ellie Alipour

9:34-9:49 AM | TJ Colvin Quasiharmonic analysis of

biomolecules
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Conduction of heat

W ~ Jn
Enthalpy of a system at constant pressure p

non uniform temperature 7'(r,t)

mass density p and heat capacity c,

H = [ pe,(T(x,t)=T,)d’r + Hy(T,, p)
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Note that in this treatment we are considering a system at
constant pressure p

Notation: Heat added to system --dQ=TdS
External work done on system - dW =—pdV
Internal energy —~dE =dQ+dW =TdS — pdV
Entropy --dS
Enthalpy --dH =d(E+ pV)=TdS +Vdp

Heat capacity at constant pressure:
o-(28) (3013
ar), \or), or ),
C,=|[pe,d'r

More generally, note that ¢, can depend on T; we are
assume that dependence to be trivial.
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Conduction of heat -- continued

H= Ipcp (T (r,t)=T,)d’r + Hy(T,. p)
Vv
Time rate of change of enthapy:

4 _ ipcpaT(—:’td% = —jjh -dA +qu'd3r

Y

heat flux heat source

QAT(nt) oo
pc, o b T Pq
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Conduction of heat -- continued

oT (r.1) Vit o
c ———~-=-V.
PC, o )t Pq
Empirically:  j, = =k, VT (r,z)
oT (r,t ]
ot VT (r,1) + L
ot c,
k, .
kK =—"- thermal diffusivity
pe,

https://www.engineersedge.com/heat transfer/thermal diffusivity table 13953.htm
Typical values (m?/s)
Air 2x105
Water  1x107
Copper 1x104

1112712017 PHY 711 Fall 2017 — Lecture 34

11/27/2017

Boundary value problems for heat conduction

Ty
C
b
a .
6T(l‘,t) _ KVZT(I',I) _4q
ot c,
oT
Without source term: & —&V°T(r,t)=0
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Example with boundary values:T (0, y,z,t) =T (a,y,z,t) =T,
2 7 OHY 711 Fall 2017 - Lecture 34 &

Boundary value problems for heat conduction
oT (r,t
%—WZT(r,t):O 47"

T(Oy,zt) T(ay,zt) T, 7

0 b
6T(x,0,z,t) 6T(x b,z, t)
5y Assuming thermally
aT(x,y,O,l‘) 6T(x y,c, t insulated boundaries
oz
Separation of varables (x v,2,t) =T, + Y(y)Z(z)e™
d*x d*z

LetyzfazX dz—’ﬂY =-y’Z

dz’
:7/1+K(az+ﬂz+}/ ):0
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Boundary value problems for heat conduction

=

/

T(orz0) =T, + X (x)Y (1) 2(2)e ™ P

XO)=(@)=0 = ()= 22
Y

ay(0) av(b) _ (nm
77 . =0 2Y(y)7cos[ bj
dZdEO) = dngc) =0 =7Z(z)= cos(pfzj
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Boundary value problems for heat conduction

=

/

Full solution:

a c

s

Y (mrzY :
Famp = K ( ) +( ”J +[p”j
" a b c
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T(x.y.z0)=T,+3C,, sin( m”x)cos[%)cos(ﬁ)e"”"'

Full solution:

T(x,y,z,t)=T, + ZCWJ sin[m”x
a

nmp
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Oscillatory thermal behavior

T(z=0,0)=R(T,e ™)

11/27/2017

z=0 z
’ az
alz’(afz Let f(z)=4Ae
ot 0z o :_iﬁzem/z Q
Assume: T(z,t) = ﬂ{(f(z)eﬂw) — 2
df NP
- = a=+(1-i),/—
( ’a’)ffkdz2 (1-1) 2
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Oscillatory thermal behavior -- continued

T(z=0,0)=R(T,e ™)

z=0 ‘ z
T(z,t) _ ER(Aei(lﬂ)z/beﬂwl)
where o= 2K

@

Physical solution: ~ 7(z,t) = e *'* cos [g - a)t)
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T(z,t)=Te " cos(g - a)tj

t=0.
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Initial value problem in an infinite domain; Fourier transform
M—;cva(r,z)= 0
ot
7(r,0)=f(r)

Let: f(q,t):'fd%e’“"'T(r,t)
Fla)=[d*re™ (r)
=T(q.0)= f(a)

_ %z ~x7°T(q.1)
Fa,1)=T(a,0) ™"
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Initial value problem in an infinite domain; Fourier transform

T(q.0)= [@re ™ T(e) = T(er)= ﬁ [ &g T(q.1)
T(q.1)=T(q.0)™"
T(r,1)= ﬁ_‘.d%e’q"f(q,o)e”‘”:’
T(a.0)=7(a)=[d’re " £(r)
7(r,t)= jd3r‘G(r—r',t)T(r‘,0)

I
(@z)
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with G(r—r',¢)=

."querqv(rfr')e—mﬂ
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b

Initial value problem in an infinite domain; Fourier transform

T(r,t)= ja”r'G(r —r', )7 (r',0)

with G(l'—l”,t)E (271[)3 deqeiq'(r—r')e—qut
1 —le-r
G(l‘—r',t)= (47[](1)3/2 e
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Heat equation in half-space
oT (r,t)

ot

T(r,t)= T(z,¢) with initial and boundary values :
T(z,t)=0 forz<0
T(z,0)0=0 forz>0
T0,0)=T, fort>0

~&VT(r,)=0

z
Solution : T =T, erfc
! [2$Ej

where erfe(x)= %J’e’”zdu
i x
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Heat equation in half-space -- continued
0T (z,t) « 0’7 (z,t)

=—==0
Ot o7
Solution : T =T, erfct j

2/ Kt
2% e
where erfc(x)=——=|e™ du
(x) J;I .
derfc(x) d 2 %7 _» 2
Note that ——“=""[e"du=——=
ore T dx dx\/;'!.e ! \/;e
z 2 ()| =
— erfc = e
ot [2«/1@) V4 4+/xt?

ierfc[ z jzie—(%(m»#
oz Wi ) r PP
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Temperature profile

10
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