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PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107

Plan for Lecture 35

Viscous fluids — Chap. 12in F & W

1. Viscous stress tensor

2. Navier-Stokes equation

3. Example for incompressible fluid
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Equations for motion of non-viscous fluid

Newton-Euler equation of motion:
ov

P+ P(VV)V= Py = Vp

Continuity equation:

op op J
P v (pv)=0 Py, =0
p +V-(pv) = v( po +V-(pv)

Add two equations:

ov 0§
pa-*—a—fv+p(v-V)v+vV-(pv):hWM -Vp

o(pv)  y Aoy )
ot Ao
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Equations for motion of non-viscous fluid -- continued
Newton-Euler equation in terms of momentum:

opv) , 5-2levv)
ot = 6x/
a(pv) +zﬁ(pvjv +Vpmpf

3
~ app
ot =

= pfaﬁpm’d -Vp

—

lied

Fluid momentum:  pv
Stress tensor: T, = pvyv; + po,

i" component of Newton-Euler equation:

a(pv,) - OT;
ot +;6xj_pf’

Now consider the effects of viscosity
In terms of stress tensor:
__ rpideal viscous
T, =T+,

ideal ideal
™ =pvy, + pé:j =T;

Newton's "law" of viscosity

E_, o
A oy -
S F,
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Effects of viscosity
Argue that viscosity is due to shear forces in a fluid of the form:

Fiag _ OV,
4 oy
Formulate viscosity stress tensor with traceless and diagonal terms:

viscous 01) a 2 y,
Ty :’77[67;[(*07)‘2*5 “(VAV)]—{()H(VN)

viscosity bulk viscosity
Total stress tensor: T}, = Tj + T,

ideal
;™ = pvv, + poy

ov, ov, 2
Ty =—q[a—£+a—%’(—§§k,(v.v)]_é‘5kl(v,v)
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Effects of viscosity -- continued
Incorporating generalized stress tensor into Newton-Euler equations

o(pv,) 0T, i
+ —4 =
ot ;6)5/ Pl
opv, 0PV, Lo, ( 1 )3 %,
) ———= -+ | -
o ; w e DI ae 173" ;('ﬁx,ax/
Continuity condition
3 Opv,
@+ZL=0
or 3 ox,

Vector form (Navier-Stokes equation)

@Jr(v»V)v:f—leJrEVZeri §+177 V(V-v)
ot p p p 3
Continuity condition

op
Fiv. =0
5 V(oY)
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Newton-Euler equations for viscous fluids
Navier-Stokes equation

X vy :ffle+QV2v+l(é’+ln]V(V-v)
ot p p P 3
Continuity condition

op
P.y. -0
PR )

Typical viscosities at 20° C and 1 atm:

[ ___Fuid | __wpmis) | _n(Pas) |

Water 1.00 x 106 1x103

Air 14.9 x 10° 0.018 x 103

Ethyl alcohol 1.52x 106 1.2x 103

Glycerine 1183 x 10° 1490 x 103
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Example — steady flow of an incompressible fluid in a long

pipe with a circular cross section of radius R
Navier-Stokes equation

%:+(v V)v= f—%Vp+ZVZV+ (g+ ;;) (V-v)
Continuity condition

Note that Vx(Vxv)=V(V-v)-V?v
Z—erV (pv)=0 ( )=v(Ev)
Incompressible fluid = V-v=0
Steady flow = N =0

ot
Irrotational flow = Vxv=0

No applied force = =0

Neglect non-linear terms = V(vz) =0
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Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

Navier-Stokes equation becomes:

1
0=—Vp+lviy

P P
Assume that v(r,1)=v, (r)z L
Zl =nV?v,(r) (independent of z)
z

Suppose that P = L
oz

L (uniform pressure gradient)
=V, (r)= e
f 7L
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Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

Vi, (r) = 4
g oL

1d )t

rdr dr nL

Apr’
v,(r)=———+C/In(r)+C
.(r) gz 76 (r+C,

ApR®
=C=0 v.(R)=0=-"L

+C,

% (r)—4—p( —rz)
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Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

v,(r)= Ap (R2 - rz)

4nL
Mass flow rate through the pipe:
dM ApprR*

R
>y = 27[ij rdrv,(r) = Syl

Poiseuille formula;
=>Method for measuring n
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Example — steady flow of an incompressible fluid in a long
tube with a circular cross section of outer radius R and inner
radius xR

L )&
rdr dr nL

v.(r) _ bt +C In(r)+C,

11/28/2017

L
4nL
2
v (R)=0=—2PR _ cmry+c,
4nL
2p2
v (kR =0= PR Ry + €,
4nL
Example — steady flow of an incompressible fluid in a long
tube with a circular cross section of outer radius R and inner
radius kR -- continued
Solving for C, and C, :
2 2 2
o)) P02 P R L
4nL R Inx R
L

Mass flow rate through the pipe:

dM R
vy = ZﬁpLR rdrv,(r) =
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ApprR* 1_K4+(1‘K )
8nL Inx
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More discussion of viscous effects in incompressible fluids

Stokes' analysis of viscous drag on a sphere of radius R
moving at speed u in medium with viscosity 77 :
F,= —77(67:Ru)

Plan:

1. Consider the
equations

2. Consider the solution to the linearized equations
for the case of steady-state flow of a sphere of
radius R

3. Infer the drag force needed to maintain the
steady-state flow
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scosity on fluid
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Newton-Euler equation for incompressible fluid,

modified by viscous contribution (Navier-Stokes equation):

&+(V~V)v:f VP Mgy

ot applied
v Kinematic viscosity

Typical kinematic viscosities at 20° C and 1 atm:

[ Fluid [ __v(mis)
Water 1.00 x 10
Air 14.9 x 10°
Ethyl alcohol 1.52x 10°®
Glycerine 1183 x 10©
11/29/2017 PHY 711 Fall 2017 -- Lecture 35 17

Stokes' analysis of viscous drag on a sphere of radius R
ith

moving at speed u in mediu
F,, =—1(67Ru)

iscosity 77

Effects of drag force on motion of

particle of mass m with constant force F':

F—672R77u=m% withu(0)=0
_6aRn
Suy=—t|1-e
6Rn




Effects of drag force on motion of

particle of mass m with constant force F:

F—67rR77u=m% withu(0)=0
_oaRy
u(t)=— 1=
67Rn
v
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Effects of drag force on motion of particle of mass m
with an initial velocity with #(0) =U, and no external force
—67Rnu = m@
dt

_67Rn
=u)=Ue "

t

0 ! B 3 3 s

t
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Recall: PHY 711 -- Assignment #15 Nov. 6, 2017

Determine the form of the velocity potential for an
incompressible fluid representing uniform velocity in the z
direction at large distances from a spherical obstruction
of radius a. Find the form of the velocity potential and the
velocity field for all r > a. Assume that for r = a, the
velocity in the radial direction is 0 but the velocity in the
azimuthal direction is not necessarily 0.

VO =0

0 @ 0 =
10 S Sl =
(r, ) Vo (r+ 2r2JCOS -
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Newton-Euler equation for incompressible fluid,
modified by viscous contribution (Navier-Stokes equation):
VR
? +(v . V)v = fuppw ——P+£V2y
t p P
Continuity equation: V-v=0
Assume steady state: = > =0
t
Assume non-linear effects small

Initially setf, ., =0;

= Vp=npV’v
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Vp =nViv

Take curl of both sides of equation:
Vx(Vp)=0=nV*(VxV)

Assume  (with a little insight from Landau):
V=Vx(fo(r)u)+u

where  f(r)——5—0

Note that:

Vx(VxA)=V(V-A)-V’A
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Digression
Some comment on assumption: v=Vx (V X f(r)u) +u
Vx(VxA)=V(V-A)-V’A
Here A= f(r)u
VXV=V><(V><(V><A)):—V><(V2A)

Alsonote: Vp=nV’v
= VxVp=VxpViv or VZ(VXV)ZO
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V=V><(V><f(r)u)+u

u=uz
Vx(Vx () =V(V- f(r)2) -V f ()2
Vxv=0 :>V2(V><v):0

VHVxf(rz)=0 =V (V/(x2)=0 =V'f(r)=0

f(r)=C1r2+C2r+C3+Q
»

v, :MCOSH(I—E£J:MCOSH(1—4Q _25 —2—?‘)

rdr r r

2

v, =-usind l—q—lﬁ :—usin9(1—4Cl—Q+%]

dr rdr roor
Some details:

P 2dY
V() =0 = —+2= ) =0
f(r) [drz rdrjf()

f(r)zClr2+C2r+C3+g

v =u(V><(V><f(r)i)+i)
:u(V(V~(f(r)2))—sz(r)i+2)

Note that: Z = cos F —sin 0

e ”(VK% cos aj ~(V3(£ () ~1)(cos 6k ~sin eé)]
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Vy2“0059(172ﬁ):uc0s0[174q7£727€4)
rdr r r
2
v, =—usinf 1_%_1@ =—usin9(1—4Cl—g+%)
dr- rdr roor
To satisfy v(r - ) =u: =C=0

To satisfy v(R) =0 solve for C,,C,

3
v, =ucosd 173—R+R—3
2r 2r

3
v, =—usinf 173—R7R—3
4r  4r
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3
v, =ucos6’(1—3R+R]

2r 210

3
Vo =—using 1_37R_R71
4r  4r

Determining pressure :

Vp=nViv= —UV[H cos 9(23)122})
-

5]
= p=p,—nucosb| —
2r
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= p, — N COS 9(3—Rj
p pO ’7 2]"2

Corresponds to:
F,cos60=(p(R)— p,)47R’
=F, =—nu(67R)

10



