PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107

Plan for Lecture 3:
Text reference: Chapter 1

1. Scattering experiments

2. Center of mass and laboratory
reference fames

3. Calculation of scattering cross
sections for given interaction
models

9/01/2017 PHY 711 Fall 2017 — Lecture 3

8/31/2017

PHY 711 Classical Mechanics and Mathematical Methods

MWF 9 AM-9:50 AM | [OPL 107 | |nttp:ifwww.wiu edui~natalie/f17phy 711/

Instructor: Natalie Holzwarth [Phone:758-5510 |Office:300 OFL le-mall:natalie @wfu.edu

Course schedule

{Prefiminary schedule — subject to fregquent adjustiment. )

Date FE&W Reading Topic Assignment
1 Mon, Bi28/2017 [Chap. 1 Infroduction #
Wed, 83002017 |Chap. 1 Scattering theory w2
l:bn 012017 [Chap. 1 Scatienng theory
% Mon, 80412017 |

5 Wed, 9/06:2017
& Fri, /082017
7 Mon, 8¢
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Due
OEI201T
QG207

Scattering theory: @detector
A

Scattering
center

Aren = dd =

Large sphere of radius &

Figure £5 The scattcring problem and relation of cross section to impact parameter.
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Differential cross section
[ do j _ Numberof detected particles at § per target particle
dQ

Number of incident particles per unit area
= Area of incident beam that is scattered into detector

atangle &

dobdb
@ (di] dpbdb

_ b |db
) L dQ) dpsinddd sin6|do
T

dA=2xbdb

Figure from Marion & Thorton, Classical Dynamics
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Note: Notion of cross section is common to many areas of
physics including classical mechanics, quantum
mechanics, optics, etc. Only in the classical
mechanics can we calculate it using geometric
considerations

N ) A @— dgbdb

dAompa M

Figure from Marion & Thorton, Classical Dynamics

do)\__debdb _ b |db Note: We are assuming
dQ) depsinfdé sind|do that the process is
isotropic in ¢
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Simple example — collision of hard spheres

I ol do\__b |db
@—'—e— dQ ) sinf|de
Microscopic view: b(@) =9

b(H)zDsin(g—gj

L 2] ]
N do)_D°
RO (dQJ 4
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Simple example — collision of hard spheres -- continued
do

o=|]|— |dQ
dQ

(42).2
dQ 4

oc=xD’

Large sphere of adins R

8/31/2017

Total scattering cross section:

Relationship of scattering cross-section to particle interactions --
Classical mechanics of a conservative 2-particle system.

P _ b, _
1 dt 12 dt 21

F,=-V/V(r-r,) :E:%mlvf +%m2v22 +V (r,-r,)
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Typical two-particle interactions —

Central potential: V' (x, —r,) =V (|r, = 1,|) =V (r)

Hard sph v ( ) w r<a
ard sphere: )=
P 0 r>a
o K
Coulomb or gravitational: V(r) -2
P
A B
Lennard-Jones: V(r)=—5-—
reoor




Relationship between center of mass and laboratory
frames of reference

Definition of center of mass R ,,,
mx, +myr, = (mI + mz)RCM

myx, +m,x, = (m, +m2)RCM :(mI +m2)VCM

1 1
E=Em,vl2 +5m2v22 +V(r,-r,)

1 1
:E(m1 +my ) Vo, +Ey|v] ~v,[+V(r,-1,)

mm
where:  pu=—1-2-
m, +m,
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Classical mechanics of a conservative 2-particle system --
continued

1 1
Eza(m1 +m2)VC2M +5,u|v1 —V2|2 +V(r'1 —rz)

For central potentials: V' (r,—r,)=V (|, -r,|) =V (r,)
Relative angular momentum is also conserved:

] L,=r,xuv, I

E :E(m1 +my )V, +— vy +—2+V (1)

2 2
Simpler notation:
E¢y (constant) AErel
.2
TRl e )

Separating the collective (center of mass) and relative
motion:

In laboratory frame: In center-of-mass frame:
\Z
Gl
my mtarget

origin | Vom

ml m[ﬂrge[

ml + mtzu'get

We will assume that the interaction between particle and
target V(r) conserves energy and angular momentum.
l=|rx ,uvl|
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For a continuous potential interaction in center of mass
reference frame: 2

1
E  =—u*+ +V(r

) rel 2 /u }"2 ( )
87 S +V(r)
7
6 Need to relate these parameters to
5 differential cross section

Val => to be discussed later
3
2 Erel
1
0
1 2 3 4
r
Imin
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Itis often convenient to analyze the scattering cross
section in the center of mass reference frame.

Relationship between normal laboratory reference
and center of mass:

Laboratory reference frame:

Before After
m
o— oM v
Uy u,=0 v
VNG
Center of mass reference frame:
Before After
m
.1—> 0 m; V/‘
Uy U, 0
¢} 0,
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Relationship between center of mass and laboratory
frames of reference -- continued

Since m, is initially at rest :

m m m

— 1 — _ 2 )
V(_‘M - u, u, = Ul +VL'M = Ul - u = 7VL'M

m + m, my + m, m

n,
u,=U,+V,, =>U,=- u ==V,
m, +m,
v,=V,+V,,

v,=V,+V_,
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Relationship between center of mass and laboratory
frames of reference

Vew
\%
1 vy
v, =V, +V,
v, siny =V, sin @
v,cosy =V, cos0+V,,,
= sin & _ sin &
c0s @+ V., IV, cos@+m,/m, g FoOrelastic
K scattering
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Digression — elastic scattering

1 2 1 2,1 2
5m1U1+5m2U2+E( +m2)VCM

_ 1 21 2 1 2
=ymVy +ymV; +E(m1 Z)VCM
Also note:

mU, +m,U, =0 mV,+m,V, =0

m
U, :72VCM U,=-Vq,
m
=|U,|=[V,[  and [U,|=[V,|=[Vey]
Also note that : ml‘Ul‘ = mz‘Uz‘
So that : Ve Vi =V /U, =m/m,
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Relationship between center of mass and laboratory
frames of reference — continued (elastic scattering)

VCM
Vi
v, =V, +V,, Vi
v, siny =V, sin
v,cosy =V, cos@+V,
sin @ sin 8

tany = =
cos@+V,, /V, cos@+m /m,

cos@+m, /m,
\/1+2ml/m2 cos O+ (m, /m,)

Also: cosy =
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Differential cross sections in different reference frames

[dam(u/)J _ [daw (9)j dQ,

aQ LAB aQ M aQ LAB

dQ., |sin@ do| |dcosd|
dQy, ., _‘sint//ﬁ_‘dcosw‘
Using :
cos@+m, /m,
cosy =

\/1 +2(m1 /mz)cosl9+(m1 /m2)2
‘dcosy/‘z (m, /m, Jeos 6 +1
‘dcosﬁ‘ (1 +2(m, / my)cos @+ (m, /m, ) )3/2
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Differential cross sections in different reference frames —
continued:

(dam(v/)j _ [dcrm (0))d cos 0|

dQ,,, dQy, }‘ d cos ‘/"

do, () _ dc, (6) (1+2m1/mzcos¢9+(m1/mz)z)w2
aQ, dQ.,, (m, /m,)cos @ +1

For elastic scattering

sin 6
where: tany =———
cos@+m,/m,
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do (y/) _[dogy, (9) (1 +2m,/m, cos 6 + (m1 /mz)z)z/2
[ aQ,, j L day, (m, /m, Jecos @ +1
where : tany = __ S0
cos @+m, /m,
Example: suppose m; =m,

sin @ 0

Sy=—
cos @ +1 v 2

In this case: tany =

note that 0<y S%

[dam(l//)j _ (dUCM (2V’)J-4cost//

aQ LAB aQ M
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Example of hard spheres

Cross section in lab frame when m, = m,

siné 17 4
tany =—— =Sy =— = notethat 0<y <—
v cos@ +1 v 2 v 2
[doLAB(x//)] :[dam(zw)]_mgw _ D' cosy
dQLAB dQCM

Hard sphere example — continued
m;=mjy
Center of mass frame Lab frame
4o @) D' (40W))_ ey, -0
dQ., 4 dQ, . 2
d
J'dO-CM @) dQCM _ .[ (W) dQ,, =
dQ.,, a<y,,
D> x/2
747: =D’ 272D? J' cosysinydy=rD’
0

For a continuous potential interaction in center of mass

reference frame: 1 ., 2
E, =—u+ > +V(r)
2 2 2ur
87 S +V(r)
7
6 Need to relate these parameters to
5 differential cross section d
Val Ocu
3 dQcy,
2 Erel
11—
e
" y7iy
1 2 3 4
r

Tmin
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