PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107
Plan for Lecture 6:

Start reading Chapter 3.17 —

1. Introduction to the calculus of
variations

2. Example problems

3. Brachistochrone
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PHY 711 Classical Mechanics and Math ical Method

MWF 8 AM-8:50 AM OPL 107 | hitp: atalief17phy 711/
Instructor: Natalie Holzwarth Phome:758-6510 Office; 300 OPL 'e-malk:natabeifvt sdy
Course schedule
{Preliminary schedule — subject 1o frequent agustmant
Date FAW Reading Topic Assignment Due

1 Mon, B282017 Chap 1 Infroduckan 1 ABR01T
2 {Wed, 83072017 Chap. 1 Scatenng thesry = 82017
A Fri, 9012017 Chap 1 Scatlering thecry

4 |Mon, 30402017 Chap 1 Scattening thesey 1 QE201T
A |Wed, 91062017 Chap 2 Physics in an nan-dnerial reference frame 4 21852017
8 Fri, Q0B2017 Chap 3 Caleulus of vanations 25 an12017
T Mon, 8112017

8 Wed, 311372017
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In Chapter 3, the notion of Lagrangian dynamics is developed;
reformulating Newton’s laws in terms of minimization of related
functions. In preparation, we need to develop a mathematical

tool known as “the calculus of variation”.

Minimization of a simple function
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Minimization of a simple function
Given a function V' (x), find the value(s) of x

for which ¥ (x) is minimized (or maximized).

Necessary condition : a =0
dx

30
251
201
157
104

v

Functional minimization
Consider a family of functions y(x), with the end points

¥(x;)=y, and y(x,) =y, and a function L({y(x),%}, x}

Find the function y(x) which extremizes L[{ y(x),%}, x}
x

Necessary condition: oL =0

1
Example :
11 yO.ﬁ
1= [l (@)
(0,0)
0 : . | |
0 02 04 06 08 1
X
Example : 1
1,1
L= [(ax) +(a@v) y 06
(0,0)
1 d 2 0 - . . .
- 1+(l} & 0 02 04 06 08 1
o dx X
Sample functions :
1
y,(x) =x L= 1+ v =1.4789
° 4x
1
y(x)=x L =[i+ldx=+2=14142
0
1
3, (x) = x° L = [J1+4x dx=1.4789
0




Calculus of variation example for a pure integral functions

Find the function y(x) which extremizes L[{ y(x),Zl}, xJ
X

where L[{y(x), %},x] = J.f[{y(x),%}, x}ix.

Necessary condition: oL =0

Atany x, let y(x) = p(x)+H(x)
dy(x) | dy(x) | dv(x)
dx dx dx

Formally :

o), ). 421
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After some derivations, we find

- I [gjyjfy ’ {[6(dij;dx)]w5(gdliﬂ dx

I of d of
— “ | ydx =0 forallx, <x<
[aylﬂ |:[a(dy/ )]”:1 /x orallx;sxsx,
2 dx dx

X

= L4 G4 =0 forallx, <x<x,
y ) o dx|\oldy/dx)) ‘

RS
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Example: End points--y(0)=0;y(1)=1

a9 & AW
L] ”[dxjd :”f[{y( )’dx}’ ]_ H[dxj
) _dl_T ) |
o) de|loldv/dv)) |

__d|__dldx |_,
dx| \1+(dy!dx)

Solution:
dy | dx . K Q:K'E K :
1+ (dy / dx) dx JI-K
= y(x)=K'x+C y(x)=x




Example : Lamp shade shape y(x)

oo = (oo 2]
o) _d|l_o ~0 y
oy ). dx|\oldy/dx)) T

“ m— e Xi Vi

o d|__xdyldx | _,
x| \1+(dy/dx)
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_d xdy / dx —0

dx| 1+ (dv/ dx)

xdy / dx

1+ (dy / dx)’

dy 1

dx X 2
Sl
[Kl]

2
= y(x) =K, - K, 1n[Kl+ x—z—lj

1 1

=K
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} x+x? =1
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Another example:
(Courtesy of F. B. Hildebrand, Methods of Applied Mathematics)

Consider all curves y(x) with y(0)=0and y(1)=1
that minimize the integral :

1 2
1 =J. ) ay® |dx for constanta >0
dx

0

Euler - Lagrange equation :
2

d’y

o +ay=0
= y(x) = sin!\/gx?
sin(vVa
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Review : for f({y(x),jl},xj,
X

a necessary condition to extremize j f[{ y(x),%},x]d}c:

o d o .
[@]L)*E{[ dy/dx)] ‘} 0 <:I Euler-Lagrange equation
“dx
Note that for [ y(x), }
d_(T |\, (o iiy{@j
dx \ay)dx \oldy/dx))dx dx \ox

(af_a Vo & iﬂ{%)
“lax\oldy/dx)))dx \o(dy/dx))dx dx \ox

4 o dy (Of j Alternate Euler-Lagrange
dx\” ~ o(dy/dx) dx o equation
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Brachistochrone problem: (solved by Newton in 1696)
http://mathworld.wolfram.com/BrachistochroneProblem.html

0 A particle of weight
mg travels
-0.5] frictionlessly down a
1 path of shape y(x).
y What is the shape of
L5 the path y(x) that
minimizes the travel
_2 ‘ | _| time from
0 1 2 3  y(0)=0to y(n)=-27
X
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Q 2
dx Note that for the original form of

-y Euler-Lagrange equation:

X o  dy)|_ [wj d o _
o el LU Bl I | P I
w[ m@wm)m] ) x| o(dy/dx))

x

differential equation is more complicated:

2
4 LS S 4% dy
dx 2 1 dx d dx
1 B v
dx 2 -y dx \/ [ (dyjz]
—yl1+| <
dx
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oot
(dy/ dx)
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2
(d—yj ):KEZa Let y=-2asin’2=a(cosd-1)

dx K
dy 2asin4cos4dl
- = =dx
dy__|2a_, 20, 20,
dx -y -y 2asin’® ¢

9
2a x:ja(l—cosﬂ')dﬂ': a(@—sin )
0

|
<
e
+

Parametric equations for Brachistochrone:
x=a(@-sin )
y=a(cos@-1)
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Parametric plot --

plot([theta-sin(theta), cos(theta)-1, theta = 0 .. Pi])
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