PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107

Plan for Lecture 7:

Calculus of variation;
Continue reading Chapt. 3
1. Brachistochrone problem
2. Calculus of variation with constraints

3. Application to classical mechanics
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4 Cnap. 1 Ecattering theary &3
] Crap, 2 Fhysica in an nan-inertial reference frame 24 S8
6 [Fn @ic&2017  Chap. 3 Calculus of variatiors 25 Q112017
‘ 7 [Man, 9112017 Chap3 Calculus of vanations. 26 2132017
8 |\ied, 91132017
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PHY 711 — Assignment #6
Septomber 13, 2016
This exercise is designed to Dlustrate the differeees betweens partial and total dervatives
arhitrary funetion of the form £ = flg,q,£), whens it i assumed tht @ = gft)
it
{n] Evaluate
adf
g dt
(h] Evaluate
d df
d ot iy
f¢) Evaluste
Af
it
() Nowe suppuss-that
flgoi th=gi*t?, whem git) ==
Jeit using the expression you just de N tind the

function of ¢ (f(t)) wwl take its ti tive directly
eck your prey
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Review : for f[{y(x),jfy},x}
X

a necessary condition to extremize _[ f[{ y(x),%},x]d}c:

o d o .
[@]i *E{[a(dy/dx)] } =0 <:I Euler-Lagrange equation
"dx

xy

Note that for _f'[{y(x),%}, x],

g _(T\b (o iiy{ﬂj

dx \y)dx \oldy/dx))dxdx \ox
fd_ o V\av (o 1@{%)
“ax\oldy/dx)))dx \(dy/dx))dx dx \ox

d(. o dy :(gJ Alternate Euler-Lagrange
de\" oldy/dx)dx) \ox

H
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Brachistochrone problem: (solved by Newton in 1696)
http://mathworld.wolfram.com/BrachistochroneProblem.html

0 A particle of weight
mg travels
-0.5] frictionlessly down a
1 path of shape y(x).
y What is the shape of
L5 the path y(x) that
minimizes the travel
_2 ‘ | _| time from
0 1 2 3  y(0)=0to y(n)=-27
X

L2 —
dx  because mv" =-mgy

2
j Note that for the original form of

Euler-Lagrange equation:

df( . of  dv)_ (afj d af _
e — | Prox e I O
dx[ O(dy/dx)dx] ) de[(o(dy/d))

differential equation is more complicated:
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2
—y(l+(d—yj ):KEZa Let y=-2asin’2=a(cosd-1)

dx
oy 72asin§c0s%d19:dx

dy__|2a_, 20, 20,
dx -y -y 2asin® ¢

dy 0
" 24 l—dx x:ja(l—cosﬁ')dﬁ':a(@—sin@)

- = 0

-y

Parametric equations for Brachistochrone:
x=a(@-sin6)
y=a(cos@-1)
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Parametric plot --
plot([theta-sin(theta), cos(theta)-1, theta = 0 .. Pi])
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Summary of the method of calculus of variation --
Consider a family of functions y(x), with the end points

»(x;)=y, and y(x,) =y, and an integral function

1[{y(x),%},xj=jf(y(x),%;xjdx.

Find the function y(x) which extremizes / ({ y(x),j—y},xj.
X

61 =0 = Euler-Lagrange equation:

(afj _i L =0 forallx, <x<x
o) a dx||3(dy/dv)) ’ !
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Euler-Lagrange equation:

(af] d of
e L =0
oy oo dx a(dy/dx) .

Alternate Euler-Lagrange equation:

df o) (2]
dx a(a’y/dx) dx | ox
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Another example optimization problem:

Determine the shape y(x) of a rope of length L and mass
density p hanging between two points

X1Y1

X2Y2
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Potential energy of hanging rope :
Xy dy 2

E= I+ — | dx

pg;[]y ( dxj
Length of rope:

X 2
L=| 1+(dyJ dx

5 dx
Define a composite function to minimize :

W=E+AL
= Lagrange multiplier
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w =Xf(pg)z+ﬂ)\/l+[?;j2dx

X

(i)t

4l g ) ()
dx ﬁ(dy/dx) dx ) \ox

~

(p2y+ 4 1+(

(pey+ 1) —— |-
1+(d—yj
dx

1 x—a
y(x) = —pg(/l +K COSh(l{/pgj]
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1 X—a
y(x) = —pg(ﬂ + KCOSh(K/ngJ

Integration constants : K, a, A

Constraints: y(x,) =y,
y(x,) =y,

Xy 2
j 1+(@j de=1L
5 dx
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Summary of results

For the class of problems where we need to perform an extremization
on an integral form:

1= ff({y(x),%},xjdx ol =0

A necessary condition is the Euler-Lagrange equations:

24w -

K P ,(%j
de\” o(dy/dx)dx ) \éx
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Application to particle dynamics
x—t (time)
y—¢q (generalized coordinate)
f — L (Lagrangian)
I —> A4 (action)

Denote: ¢ = 9q
d

t

A= fel{gdyie)a
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Application to particle dynamics

Simple example: vertical trajectory of
particle of mass m subject to constant
downward acceleration a=-g.

dZ
m—f}: -mg
dt
W)=y +vit—Ler’
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http://www.hamilton2005.ie/

Tribute to Sir Willlam Hamilton

Hafia and weicamel This page is (edioated o e ia Grd wock of S Wikam
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e year 1505, S0 UNESCD desgnated

pa
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Now consider the Lagrangian defined to be :
dy
L t),—nt|=T-U
[{y( ) dt} J f \

Potential
energy

Kinetic
energy
In our example:

L({Y(t),%},tj =T-U :%m(%j gy

Hamilton's principle states:

tr
S= _[L[{ y(t),%},tjdt is minimized for physical y(z):
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Condition for minimizing the action in example:

‘(1 dy :
S=||—-m|l—=—| —mgy |dt
Jz [dtj &

Euler-Lagrange relations:

d .
3—mg—5my:0

> — = = V. I|f—=
- ¢ YO=ytvt-qgl
Check:

(1 (avY
S—![zm[;J —mgy]dt
Assume ¢, =0, yi:hz%gTz; t,=T, y,=0
Trial trajectories: y,(1)=$gT*(1-t/T)=h—%gTt
1er*(1-2 /1) =h—41gt’

3 () =1l (1-£/T")=h-Lgt* /T
Maple says:

S, =-0.125mg’1’

S, =-0.150mg’T’
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