PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107
Plan for Lecture 8:
Continue reading Chapter 3

1. D’Alembert’s principle
2. Hamilton’s principle

3. Lagrange’s equation in
generalized coordinates
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PHY 711 Classical Mechanics and Math tical Methods

MWF 8 AM-8:50 AM OPL 107 hitp:itwww.wiu edui~natalie/f17phy 711/

Instructor: Natalie Holzwarth |Phone:758-5510 Office:300 OPL e-mail:nataliefwh edu

Course schedule

(Praliminary schadule — subject to fraquent adjustment. )

Date FEW Reading Topic ‘Asslgnmant
1 Pon, B/I28/2017 [Chap. 1 Intreduction 1
2 \ed, BA0R2017 [Chap. 1 Scatiering theory 2
3 F, 012017  [Chap. 1 Scattering theory
4 {Mon. 90412017 Chap 1 Scaiering theory 22
5 lwed, DIDBZ017 [Chap. 2 Phiysica in an non-inertial reference frame 84
& Fri, 9082017 Chap 3 Calculus of variations 25
7 Mon, 8/11/2017 Chap.3 Calculus of variations ms
‘s Wed, 81132017 iChap. 3 Lagrangian Mechanics 7
@ Fr, 9152017

10 pMon, 51182017
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SIB2017
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PHY 711 — Assignment #7

1. Consider n Lagrnngian deserit

1oy q
Lzt iz = gm (' + ) + * Biir
Here ¢ denotes the speed of light and § represents the magnitnde of & constant m.
field along the z-axis. Determine
diseuss how the motion compares with the

inge equations of motion for the part
scample diseussad in class.
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the motion of o particle of mass m and charge g ghven by

agnetic
cle and

Jean d’Alembert 1717-1783
French mathematician and philosopher
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Digression -- notion of generalized coordinates

Referenced to cartesian coordinates: r(7) = x(t)X + y(1)y + z(¢)Z

Cylindrical coordinates

N X =pcos¢g
y=psing
zZ=2Z

L PNy
¢ =arctan(y / x)

z=z

Figure B.2.4 Cylindrical coordinates
(Figure taken from 8.02 handout from MIT.)
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Spherical coordinates
x=rsinfcos¢g

y=rsinfsing

i"".';éé z=rcosf

e N\

lg/7 1 a r=ax"+y + 2
T T 2

Veoom | X+

- v 0= arctan[y}

- > 2

5 ¢ =arctan(y / x)
Figure B.3.1 Spherical coordinates

(Figure taken from 8.02 handout from MIT.)
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D’Alembert’s principle:

ds Generalized coordinates :
L )

Newton's laws :
F-ma=0 = (F-ma)-ds =0

ox,
F-d =E § F,—
T ’6%&1"

For a conservative force: F, =——

oU o,

F~ds:—22—

~
T Ox; 04,

oUu
5‘10 = —ZJ&IU
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ds Generalized coordinates :
7,({x}) xo X
Newton's laws : yeox,
F-ma=0 = (F-ma)-ds=0 s,
ma-ds:Z 3 ox,
_ zz . d 0x,
dt aq,, dt aq,,
Claim : o, :a—),c‘ and iﬁ,iﬂ; %
o4, 04, di oq, 0q, dt  0q,
.2 A L2
ma-ds=Y Y| L 6('7% ))_olimsi’) 3
- T\at o, o4,
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%
X, =X ({qg(t)} )
Claim: ﬁ=&
[
Details: ¥, = o, q, + %, Therefore: ﬁz o,
v 0q, " o o4, 9q,
Claim: 4250 dy 30
dt 0q, 0Oq, dt 0Oq,
ox, ¥V Ox &x, . O
- g+ 2 Z PR
> 0q,.0q,, otoq,, aq,, 6q 0q,,0t
3/201 PHY 711 Fall 2017 -- Lecture 8 "
ds Generalized coordinates :
7,({x.})
.2 ' 1 .2
ma- dS*ZZ ( —70(2””6’ ) .
dt\ 04, oq,
Define - - kinetic energy: 7= Lmi,
ma-ds:Z(dd or 66T
—\ dt 84,
Recall: 4e e
ou ax ou
Fas--yyi iy, oy
Ox, 6q
d or oT
(F-ma)-ds =3 0q, = 3| S5~ g, =0
> 0q, dt 6q(7 0q,,
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ds Generalized coordinates :
R

ou dor or
Foma)-ds=-Y Lsg 3| LT _T s, o
(F-ma)-ds = Z5q, 1o [dt %3, og, )

) [ aqg (;;U)nga -0
AT

= —5q,=0

Note: This is only true if

L(g,.g.:1)=T-U @ _,

>HY 711 Fall 2017  Lecture 8

9/13/2017

ds Generalized coordinates :
P RN

Define-- Lagrangian: L=T-U

L=1({g,}{d.}1)

d oL oL
F-ma)-ds=- | ———— ¥, =0
(F-ma)-ds = Z[dt 04, 0q,
= Minimizatbn integral: S = .[L({q{T La, Lo
1,

=>Hamilton’s principle
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Euler — Lagrange equations: L = L({g, },{g, },1)=T-U
doL oL _
dt oq,, 6q0

Example:

L= L(9,9)= %mdzéz —mg(d —dcosb)
ia—,L—a—L:O 3imd29+mgdsin0:0
dt 04, 0Oq dt

d‘2 =-%sing

dt d




Another example:  L=L({g, },{g,},1)=T-U

da o

dtéq, oq,
L=L(@,f.y.¢.4.7) =4 1,0 sin® B+ 3 )+ L 1,(ccos B + ) — Mgd cos

%%:%(Ldsinzﬂ#— 13(dcosﬂ+}'/)cosﬂ):o
a

diL_d o

diop  deN" op

doL d . .

wy :E(Iz(acosﬁ-#}/)):o
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Examﬁle — sjmple harmonic oscillator
=Lmi U=imo'x

Assume x(0)=0 and x(Z)=0 S:I(T—U)dt
[

Trial functions  x,(¢) = 4sin (wt) S5, =0
x,(t) = Aot (7 -t ) S, =0.067 A’me’
x,(t) = e sin (ot ) S, =0.0624°me’
i B

04 0.6 0.8 1
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Summary —

Hamilton’s principle:
Given the Lagrangian function: L = L({qd},{q',r},t) =T-U,

The physical trajectories of the generalized coordinates {q(, (t)}

Are those which minimize the action: S = jL({qd},{qd},t)dt

Euler-Lagrange equations:

dioq, o, )"

o
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Z[ia—L—a—L =0 =foreacho: [ia—L—a—LJ=O




Note: in “proof” of Hamilton’s principle:

(G220t cosfeblab)-T-0
dtéq, oq,

It was necessary to assume that :

d oU
dr o4,
= How can we represent velocity - dependent forces?

does not contribute to the result.
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Lorentz forces:
For particle of charge ¢ in an electric field E(r,) and magnetic field B(r,¢):

Lorentz force: F= q(E +1vx B)

x —component : F, = ¢(E, +1(vxB),)

In this case, it is convenient to use cartesian coordinates
L=L(x,y,2,% ,2,t)=T-U

T=imi +5? +2%)

d OL oL
x-component: | ———— (=0
dt 0x Ox
Apparently: F, = _6£ + iﬂ
Ox dt ox

Answer : U= q(D(r,t)fgi'-A(r,t)
c

where E(r,t)=7Vd)(r,t)fl% B(r,t)=VxA(r,)
c
9/13/2017 >HY 711 Fall 2017 - Lecture 8

Lorentz forces, continued:

x—component of Lorentz force: F, = q(EA +%(v X B)X)

Suppose: U= qd)(r,t)fgi'-A(r,t)
c
oU d oU
+ 2=
Ox dt Ox

Consider: F, =—

+z

v__, o) q (x oA, (r,t)+y o4,(r,t) o4, (r,t)]

ox ox c ox ox Ox
67(-] = 71Ax(r,z)
ox c
doU _ qdA(rit)_ ¢ 6A‘(r,t)i+6A((r,t) e EA\(r,t)Z_+ o4,(r,1)
dtox ¢ dt ¢l ox y oz ot
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Lorentz forces, continued:

_aU _ » o(r), g (x ﬁAr(r,t)er, 6Ay(r,t)+ Lo4, (r,t)]
c

ox ox ox ox ox

doU _ ¢ (an(r,t)),ch an(r,t)J,H_ aAX(r,t)z,+ aAX(r,z)J

dr ox ¢\ ox oy oz ot
U, dau
Ox dt ox
_ 0000) g (04,(n0) oA () g f0dr0) 04(r0)) g odfr)
ox cy Ox oy c ox oy c o

Ox c Ot c ox

= qE‘(r,t)Jr%(sz(r,t)fz'B‘ (r,t)=qE, (r,t)+%(v><B(r,t))X

-y o(r,t) ¢ aA,(r,x)+gy,[ o4,(r,t) an(r,t)]+gz_(6Az(r,t)_ 6AX(r,t)j
oy c Ox oz
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Lorentz forces, continued:

Summary of results (using cartesian coordinates)
L=L(x,y,2,% 3,2,)=T-U

Alr.r)

T=1m( +j*+#) qo(r.1)- %
1)

where E(r,t):fvm(r’t),l a(t
c

L=4m(# +j + ) q0(r,0)+ L Alr, 1)
C

B(r,t): Vx A(r,

)
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Example Lorentz force
L *im(x +37+2 ) q(I)(r,t)+gi'-A(r,t)
Suppose E(r,£)=0, B(r,7)= lci’oi
A(r,1) =1 B,(~yk +1§)

L=1 (x +3 4z )+2iBO(—5cy+j1x)
¢

doL oL _, :d( q

dt ox Ox 2c

doL A _y L4 gyl Lpi-o
dt 0y oy dt 2c 2¢

d oL oL

doL oL _y 4,
di o: oz dt
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q 5
mx——DB, B,y=0
’ OYJ 2 o




Example Lorentz force -- continued

(x +y +z )+%BO(—5¢y+jzx)

S

)—iBoy':o =mi-1By=0
2¢ c

/ﬁ\/ﬁ\

+—ij B =0 =mj+LBi=0
C

mz=0 =>mz=0

&‘& &‘& &‘&
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Example Lorentz force -- continued

L=1m(¥+5 +z'2)+2i30(—xy+yx)
C

mx=+—B,y
Note that same equations are obtained

from direct application of Newton's laws:

mi::gi'xBoi
c
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Example Lorentz force -- continued
Consider formulation with different Gauge: A(r)=—B,y%

L=tm(e+y2+22)-LB iy

c
i[ '—gBoy):O =mi-LBy=0
dt c c
L )+qu 0 = mi+LBx=0
dt c
imz':O =>mz=0
dt
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Example Lorentz force -- continued

Evaluation of equations :

mi-LB =0
(&

mi+LB =0
C

mz=0

x(1)=V, sin(%t + ¢)
y(1) =7, cos(%t + ¢)
z(t)=V,,

x(t)=x,— =V, cos(%t + ¢)

y(t)=r+ 2

z(t) =zy+V,t
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me

Vosin("B"t+¢)
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