9/14/2017

PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107

Plan for Lecture 9:

Continue reading Chapter 3 & 6

1. Summary & review

2. Lagrange’s equations with

constraints
9/15/2017 HY 711 Fall 2017 ~
Course schedule
(Prelminary schedise — subject 1o frequent adjustment.)
Date FE&W Reading Tople Assignmant Due
1 Man, 8282017 Chap. 1 Intraduction #1 AER01T
2 MWen, 8302017 (Chap. 1 Scattaring theary ' ABA017
3 Fn. 012017 Chap.1 Scattering theary
4 Man, 90472017 Chap. 1 Scattering theary Q62017
§ Wed, 0062017 Chap 2 Physics in an non-nerial reference rame #: 91a2017
8 Fn. BOEE017  Chap 3 Calculus of variations Q112017
7 Mon, 911/2017 Chap.3 Caleuius of varialions o132017
B Wed, 9132017 Chap. 3 Lagrangian Mechanics o1 Q1EZ017
. 8 Fii, 952017  Chap 3 and6 Lagrangian mechanics and conslraints  #8 9202017

10 Man, 3182017

11 Wed, 92002017

12 i, 8222017

13 Man, 8252017

14 Wed, 8272017

16 Fr, 02602017

Man, 100272017 Tike-home exam — No class

Wed, 100042017 Take-home exam — No class
4 Ed anneAReT
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PHY 711 - Assignment #8

WST

Contrue

apters 3 and & i Fetter

1. Thes figure abere shows & box of mass m slaing on he Irclionless suface al an inclined plane
{angls #). The incined plane isell has a mass M and is supporied an a harzontsl frictoniess
surface. Wnite down the Lagrangian for ths system in tenms of the generalzed coardnates X and s
and e fxed constants af the system (5, m, M, atc. ) and solve for tha equations of matian,
assuming that the system & inilialy at rest. (ot ifiat X and s sepresens componants of veciors
whise divections are related by the sngle 8.1
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Comment on HW#7
Given  f(q(1),4(2),0)
a _ordg ofdq o
dt Oqdt 0Oqdt ot
:g 7 +gﬂ+g
oq oq dt Ot
2 2 ; 2
iﬂz a.fq+@+ 6.f.dq+8.f
oG dt  0gog = dq 0gog dt  0got
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Comments on generalized coordinates:

L=1(g,0}{4,0Ok1)

doL_a

drog, oq,
Here we have assumed that the generalized coordinates
q, areindependent. Now consider the possibility that
the coordinates are related through constraint equations
of the form:

Lagrangian : L = L({g,(0)}{4,(0)},1) Lagltf,a?ge

Constraints: f; =f,({qg(,)},, -0 multipliers
of;

Modified Euler - Lagrange equations : i@iL_aiL + 94 -0
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Simple example:

L(u(t),1(t)) =+ mi* + mgusin 6

L(x,y,%,7) =4 m(%> + 7 )-mgy
f(x,y)=sinf@x+cos@y=0
Note that: u =xcosf — ysiné
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Case 1:

L(u(t), (1)) = +mi* + mgusin &

d oL oL

———-—=0=mii—mgsinf =0 =ii=gsind
dt ou  Ou

Case 2:

L(x,y, %, 3) = 4m (& + 7 ) - mgy
f(x,y)=sinf x+cosf y=0

iai_aiJrﬂ,g:O:ij},sinﬁ
dt ox Ox ox
doL oL | of

————+ 12 =0=mj+mg + LcosO
dtoy oy oy
sin@ X +cosf j =0 .
Force of constraint;
= 2=mgcost {—— incli
normal to incline
(cos@ ¥ —sin@ j) = gsin@
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Rational for Lagrange multipliers

Recall Hamilton's principle :

s =]L({qo<t>}, A

" d oL oL
‘”-"-{@[Ea@ UJ””

With constraints: f; = f; ({q”(t)},t):O
Variations dg,, are no longer independent.

)
g, :O:Z%Jq{, at each ¢

o 04,

= Add O to Euler - Lagrange equations in the form :

o,

2,y =0
Z ’Za: 2, "
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Euler-Lagrange equations with constraints:

Lagrangian : L= L({qn' GI3TA (t)},t)
Constraints: f; = f; (lg,0}1)=0

~ a "
Modified Euler - Lagrange equations : ii _a + 2 A Y, =0
dtog, oq, T 7aq,

Example:
Lagrangian: L= %m(r’Z +r26? )+ mgr cos 0

Constraints: f=r—(=0

mg
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Example continued:
Lagrangian: L=1m M+ r292)+ mgrcos @
Constraints: f=r—(=0
d . 0
—mF—mrf”~ —mgcos@+A=0
dt
d . .
—mr°@+mgrsind =0
dt
F=0=7F r="{
= §=-5sing
4

= A=ml6*+mgcosl
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Another example:

Lagrangian: L=3m0} +Lim, 0% +mgl, +m,gl,
Constraints: f'=0,+(,-(=0

- d .
. ]_ T Em,l,—m,g+/1=0
A d .
l | —myl,—m,g+A=0
\ ‘ & 28
- Figure 19.1 Atwood's machine. £, + £, =0="1,+7,
- 2mym,
m, +m,
B=—i, ="
m, +m,
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Another example:

A particle of mass m starts at rest on top of
a smooth fixed hemisphere of radius R.
Find the angle at which the particle leaves
the hemisphere. i
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Example continued
Constraint Equation: f(r,0)=r—R=0

Lagrangian: L(r,0,7,0) = %m(i’2 +r%0? ) +mgr(1-cos®)

Euler - Lagrangian equations :
oL _doL o _,

or dt or or mrf” + mg(1-cos@) —mi- + 1 =0

ai—ia—L.+/'L@:O mgrsin @ — mr*0 — 2mrrd = 0
00 dtod 00
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Example continued
mré* +mg(1—cos0)—m;’+/1:0

mgrsin@ —mr*0 —2mri@ =0
Also note, from conservation of energy:

1 5
EmRzé' —mgR(1-cosf) =0
Using constraint: '
RO” +mg(1-cos0)+ A =0
m mg( C,(,’S ) & :z—g(lfcosﬁ)
mgRsin@ —mR*0 =0 R
é:%sin& A =mgcosd—mRE* —mg
In this case 4, is not exactly the force of constraint F,.

F, =mg cos@—mRO*=mg(3cos0—2) for F. >0
= for cosé :% or 6 =48.2 deg, object falls from hemisphere
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Consider a particle of mass m moving frictionlessly on a
parabola z=c(x2+y?) under the influence of gravity. Find
the equations of motion, particularly showing stable
circular motion.

L(x,y,x,)= %(xz +3° +4cz(xfc+ yj/)z)—mgc(x2 + yz)

15/2017 PHY 711 Fall 2017 - Lecture 9 15




L(x,y,%,5)= %(xz + j/z +4c* (xx + yy)z) - mgc(x2 + yz)
Transform to polar coordinates;
X =rcos¢ y=rsing

L(V’¢7f,¢) = %(’;2 + F2¢2 + 462’,2’;2) — mgcr2

Euler-Lagrange equations
————=0 = O—Emr2¢f:0
dt

0L d oL 0 = Letmr’¢=/_ (constant)
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L(r,p,7,4) = %(’;z +r P+ 4czr2i’2) - mger®
OL dadL ~0

or dior
mrd® +4mi*cr — 2mger — %(mi(l +4c*r? )) =0
gZZ —2mger — %(mf(l +2c°7? )) =0

3
mr

Stable solution when these terms add to 0:

[2g
0, =mr;\2gc =mz, g
c

9/15/21
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Analysis of stable (circular) motion

’f;:} —2mger —%(mi(l + ZCZVZ)) =0

0, =mr}\2gc = mz, /27g

c
Let »=7,+0r keeping terms to linear order:
—8mgcor — m§f(1 + 2c2r02) =0

8gc

oF=——2=-—90r
1+ 2c’2r02

8gc

= Or = Acos %z%a
1+2c’r
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