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PHY 741 Quantum Mechanics 
12-12:50 PM  MWF  Olin 103

Plan for Lecture 11:
Read Chapter # 9 in Shankar
Commutator formalism and 

the Heisenburg Uncertainty Relations

1. Commutator definitions and 
relationships

2. General theorem concerning Heisenburg
uncertainty relations
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Commutator formalism in quantum mechanics

Definition:

Given two Hermitian operators     and  , their commutator is

[ , ]

A B

A B AB BA 

Theorem:

Given Hermitian operators , ,  such that

[ , ] ,

1
it follows that      

2

A B C

A B iC

A CB 



9/20/2017 PHY 741  Fall 2017 -- Lecture 11 6

 

 

††

† † † † † †

Note that:

[ , ]

                   =  

A B iC

AB BA B A A B iC

BA AB iC



    

  

   

   

   

   

22

22

Calculation of the variance:

          =

          =

Similarly,

A A A

A A

B

A A

B B

B B B B

 

 

 

 

  



 

 





 

 

2

Define 

            

Schwarz inequality:

A

A A

B

B A BB

A A

B B

 

 

     

 

 


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   

  

         

      

2

Define    and      

Schwarz inequality:

1

2

1
                               +

2

                             = +
2

A

A A B

B

B B

B

A

A

A A B B

A A B B

A A B B A A B B B B A A

A A B B B B A A

i
F C

   

     

   

   



  

       

    
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  

2 2 2 2

               =
2

1 1

4 4

A

A

B

B

A A B B

i
F C

F C C

   

   

       

  



  

   

2 2

22 2

Putting it all together:

1

4

1

4

B BA A B A C

CA B

        

 
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1
 [ , ]       

2

Example:     ,    

[     , ]
2

   

A B iC C

A X B P

X P

A

i

B

X P

 



 

 



 



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Other uses of the commutator

Expectation value of operator 

Consider a wavefunction that solves the time-dependent

Schroedinger equat

:

Time derivative of :

ion

         =

  

:

t

F

F F

F

d F F
F F

dt t t t

i F i
H F F H

t

i H




 

 
   

     







  
  

  


 







 

1 1
       = [ , ] [ , ]

F F
F H F H

i t i t
     

  
   

   
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1

1

Some other useful commutator relationships:

For [ ,[ , ]] 0

]

]

    and   [ ,[ , ]] =0

[ , [ , ]

[ , [ , ]

n n

n n

A A B B A B

nB

nA

A B A B

A B A B











 

 

Evaluation of the commutator

,

Example:

( ), ( ) ( )

Note that:    

A B AB BA

f X P f X P Pf X i

P

f

X

X
i

  

   

 

  















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Angular momentum in three dimensions

Consider:

[ , ] [ , ] [

[ , ] [ , ] [ ,

[ [ , ]

, ]

]

, ]

x z y

x z y y

x y z y y z y

y x

z

x y

z

z

z

y x

x zz y

YP ZP

ZP XP

XP YP

YP ZP Y i Z

YP ZP i

L

L

L

L Y Y Z P

L P P

L YP

P P Y

ZP ZP XP L

P

L i

 

 

 

 

 

 

  

 









, ] , ]

Summary:

[          [          [   , ]        y z x z x yx y zL i L iL L L L LL Li    
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, ] , ]

Summary:

[          [          [   , ]        y z x z x yx y zL i L iL L L L LL Li    

2 2 2 2

2 2 2

Consider    

,

             =

              =

        

,

[ , ] [

    

, ] [ , ] , ]

 =0

[

 

x y z

z x y z

x x z y yx z x z z y

x y x

y

y x y x y

L L L

L L L

L L L L L L L L L L

L L L L L L L

L

L L

i i i Li

      



   

  



 

L

L

   
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Commutator relations for multiple particles
Consider N particles moving in one-dimension

{X1,X2…XN,P1,P2…PN}

, ]

, ] 0

,

[

[

[ ] 0

i j ij

i j

i j

X

X

P

P i

X

P










