PHY 741 Quantum Mechanics
12-12:50 PM MWF Olin 103

Plan for Lecture 14:
Reading in Shankar: Read Chapter 12

Quantum mechanics of angular momentum

1. Review of commutation relations

2. Eigenvalues and eigenvectors of
angular momentum

3. Generalization to spin angular
momentum

4. Finite rotations
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Course schedule

(Praliminary schaduls — subgct ta fraquent sdjustmarnt |

Date FEW Reading Tapie Assignment Oue
1 [Mon, AZAZ0IT Chap 1 Review of bask principles i BT
2 [Wed, W30/2017 [Chap 1 Lingar veclor spaces w2 Ak2017
3 |Fri, 9012017 Chap 1 Linear viclor spaces #1
4 [Mon, 9045017 Chap 4 Principies of Guanium Mechanics Bt
5 (Wed, WOBE017T Chap 5 Examplas in 1 dmansan
& [Fri, 9082017 Chap. 5 Schrodinger equation in cne-gimansion 5 AIHNT
7 Mon, 9112017 Chap. 5 Schrodinger equatian in coe-dimension
8 [Wed 8132017 Chap 7 Schradinger equatian i one-dimension a6 anazanT
9 Fri, 9482017 Chap. 7 Schrodinger equatian in one-dimensicn a7
10 Man, 318207 [Chap. 5 and 7 Schrodinger equation in one-dimansio
11 Wed, 9202017 (Chap. @ Commutatar formalism 8 AT
A2[Fn, w2207 Chap 10 Quartum mechanics of mubparticls systems. &3 AFEROAT
13 |Man, 9257017 Chap. 10-12 yst8ms and angular
14 {Wed, WIT2017 Chap. 12 Eigenatales of angulsr mamentum
15/Fr, 9092017 (Chap 1,4,57,8.10,12 Review

Mo, 10022017 Take-home sxam — Na class

Wad, 100472017 Takg-Nome #Fa — NO class

18 Frl, 10:062017
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WFU Physics Colloguium
TITLE: “Photons. electrons, and phonons, OLED,
OFET, and OPY"

SPEAKER: Professor Laurie E. McNeil
Department of Physics and Astronomy
University of North Carclina at Cha
Chapel Hill, NC

TIME: Wed. Sep. 27, 2017 at 4:00

ABSTRACT

PLACE: George P. Willlams, Jr. Lew o
101)
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Review of commutation relations for angular momentum

Angular momentum in three dimensions

L =YP.-ZF,
L, =ZP, - XP,
L =XP —YP.
Consider:

[L.,Y]=[YP.~ ZP,Y]=~Z[P,,Y]=ihZ
[L..P)=[YP, - ZP,,P]= P[Y,P,]= ihP.
[L,.L,]=[YP,~ ZP,.ZP, - XP.]=ilL,

i
Summary:
[L.,L,]=1hL, [L,,L.]1=ihL, [L.,L])=ihL,

Summary:
[L,,L,]=inL, [L,,L.]=inL, [L.,L]=ihL,

Consider L' =L+L +1L

(UL ]=[2+L,L]
=L[L.L]+[L,L]L +LJ[L,

=—ihL.L, ~ihL L +ifL L +ihLL,

=0

SL ]+ [L

yo

LIL,
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Since L2 and L, commute, it is possible to simultaneous
eigenvectors
Using a and £ to denote the eigenvalues, assume:

Lafy=alaf)
L:Iaﬁ>=ﬁ|aﬁ>

Let: L.=L.+iL,
Note that: [L:» L:]==+4L. and L2, L.]=0
Consider LJaﬁ)zC‘a(ﬁirh))

Since L’ (L, |a)) = (L, |aB))
L (L) (B )(L.]at)
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Eigenvalues and eigenvectors of L2 and L, -- continued
Consider L, |af)= C‘a(ﬁi h)>
Since I (L, |ap)) = a(L,|ap))
L.(L.|ap))=(p+n)(L.|aB))

" =(L.ap|L.ap) = (ap|LiL,|af) = (apf|L? — > T AL,
—a-pThp

Summary of results (with simple choice of phase)

L |eB)=ra— B —np|a(B+h))

L |aB)=\a- B +np|a(B-h))

ap)
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Eigenvalues and eigenvectors of L2 and L, -- continued

Also note that:
(af| L+ L)|aB) =(ap|L} - L|af) =a - 7 20
Sazf

Suppose that there is a maximum value of S

L|aB,) = Na =B =1 (B + 1)) = 0
== =1 =0
=@ =B (B +1)

Now suppose that there is a minimum value of £

L|aB,,)=~Ja =B+ 1B | a( B —1))=0
Sa-Bu +hB,, =0

‘min

=@ =B (Bun 1)
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Eigenvalues and eigenvectors of L2 and L, -- continued

a= max (ﬂmax + h) = ﬁmin (ﬂmin - h)
= max _ﬂmin
Possible values of f5:
ﬂmin’ﬂmin + h’ﬁmin + 2h""'ﬂmax - h’ﬂmax
Note that B, — B, = 2. = v (v =integer)
ﬂmax
h
Typical notation:
B =N p=hm form=—j,—j+1..j—1j
a=nj(j+1)

= g (integer or half-integer)
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Eigenvalues and eigenvectors of J? and J, -- continued

)= jm)

V[ jm) =1 j(j +1)| jm)

J, |]m> = hm|]m>

| jmYy= G+ D —m® —m] j(m+1))
)

| jm)=mJjG+D—m* +m|j(m-1))
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Matrix representations of angular momentum operators:

j,m\_\,"" ©0 Gh G-hH 4D @0 - -

0,0 0 0 0 0 0 0
3.3) [T 0 0 0 0
Jo - o 0 G 0 0 0
1,1 0 0 0 2% 0 0
(1,0) 0 0 0 0 2% 0
1-1 |o 0 0 0 0 2%
. ,Jm 0,0) ) G-H (LD (1,0 (1,-1 -
j'm
0,0 0 0 0 0 0 0
)} o Ith 0 0 0 0
J= &= o 0 —+h 0 0 0
1,1 0 0 0 h 0 0
(1,0) 0 0 0 0 :0 0
1,-1 |o 0 0 0 [
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Matrix representations of angular momentum operators:
(block diaaonal form)

[ o o o 0 0

0| o #2] 0 0 0

0fA2 0 0 0 0

J—=10 0 0 0 #2720
0 0 0 A2 0 AR

0 0 0 0 #2720
[0] o 0 0 0 0
0|0 =-in2l o 0 0
0 A2 0 0 0 0
J-l0 0 0 0 —iR/2 0

0 0 0 B2 0 -2~
0o 0 0 0 in/2'? 0
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Note that each j block is typically considered separately

Example -- forj =+

J :g(o;i+0'y§/+ozi)

O W IS ) B (A

2 2 1 0
JZ:%(oeroffof):&( J
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For integer values of j it is also possible to find special
representations of the operators L2 and L,

2
Ll—»(—ﬁz)( 1 0 gl L a_z)
sin 8 96 a0 sin” 6 é¢
Lzﬂ*fﬁ“‘?—
¢

|im)=Y,,(6,4)

2z V4
[ d¢[sin6d0 ¥, 6.9)Y,,.(0.4)= 5,3,
0 0
S i
33V, (0.0)Y,,(8',4) = 5(¢ - #)5(cos0 s )
1=0 m=-1
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Some spherical harmonic functions:

N 1
Y lr
00( ) 47[
N 3 .
Yen(®)=% —sin 0t Note that:

Y, (®) ="y, )
(Condon & Shortley convention
o [15 g2 g oo Y, (-8 =(=1'Y,,(F)

Y (F sin“ Qe
=55,
o (15 . +ig

Yz(ﬂ)(r):+ 8—s1n9cosée

P4
N 5(3

Y, (F)=,/—| =cos” 60—

SORNERE

9/27/2017 PHY 741 Fall 2017 — Lecture 14 1€

Relationship of angular momentum to rotations

oy(0.9) , @’ Oy (0.0)
op 21 99’

v(@.p+a)=y(0.p)+a

Note that: L = —[hai

4

:w(e,wa)=w(e,w)w(%qu(e,w)+“2—f[1L;) p(O.p)+ ..

)
="My (0,0)

Generator of rotation by « about the z-axis:
AL

Generator of rotation by « about the ¢-axis:
eia-J/f)
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Rotation transformations
j . io-J/h| -
DL (a)={jm[e™** | jm)
Rotation about the z-axis
D,i;mr (ai) — <]m eia,l: /h ‘jm'> — eimné'mm’
Rotation about the y-axis for j=1/2

s inZ
D/ (B9 = Liml P i = Cos3  —siny
mm' (ﬂy) <‘]m‘€ ‘Jm > Sing COS%

Rotation about the y-axis for j=1
l+cosff —/2sinff 1—cosf
jm'>=% \/Esinﬂ 2cos B —x/isinﬁ’
1-cosf «/Esinﬁ’ 1+cosf

ipJ, Ih

D, ()= (jmle
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