PHY 741 Quantum Mechanics
12-12:50 PM MWF Olin 103

Plan for Lecture 15:

Review Chapters 1,3-7,9-12

9/29/2017

1. Some relevant mathematical formalism
2. Quantum mechanical concepts
3. One-dimensional quantum systems
4. Commutators and uncertainty principle
5. Multiparticle systems
6. Eigenvalues and eigenvectors of angular momentum
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Course schedule
i(Praliminary scheduls — subsact ta frequent adjustment |

Date FEW Reading Taple Assignment Due
1 Mon, 8282017 Chap 1 Raview of bask principles # as2omT
2 [wed, W30Z01T [Chap. 1 Lingas vecior apaces a2 2017
3 |Fri, 042017 Chap 1 Linear veclcr spaces #1 WE2017
4 Mon, S04201T Chap 4 Principles of Guantum Mechanics #L amaoi?
5 Wed, 062017 Chap 5 Exampios in 1 dmensan
& Fri, 2082017 Chap § Schrddinger equation in cne-dimansion 5 BMI2017
7 Mon, 9182017 [Chap. § Schradinger equatian in coe-dimension
8 Wed 2132017 Thap 7 Schradinger equatian m one-dimension a4 A&7
9 Fri, 9152017 Chap T Schrodinger squatn in cre-dimensicn a7 702017
10 Mon, 9182017 Chap. Sand 7 Schrbdinger equation in one-dimanaion
11 Wed, 92002017 Chap. 8 Commutator formalism ) QX207
A2[Fr, a22R017  [Chap 10 Quardum mechanics of mukparticle systems #9 AT
13 Mo, G2EFT  Chap, 1012 wEtBms and angular
A4 Wed, 927/2017 Chap. 12 Eigenstates of angular momentum

’ 15/Fri, 9292017 Chap 1,4, 67.9.10,12 Review
Mon, 1022017 Take-home exarm — No class
Wid, 1002017 Takg-home gxam — N class
<|e Frl, 10082017
Next class on Oct. 6th
9/29/2017 PHY 741 Fall 2017 -- Lecture 15 2
Operators and matrices, especially
Hermitian and Unitary
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0=3[)0,(j| where 0,=(10] )

i,j=1

Properties of special operators: o|¥,)=1,

v,)

Hermitian operators:  O=0' 0, = 0;[

= Eigenvalues are real; eigenvectors are orthonormal
. ) i oy

Unitary operators: O™ =0 0, =0,

= |4,|=1; eigenvectors are orthonormal
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An operator O can generally be evaluated using an orthgonal basis:
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Functions of Operators

An operator O can generally be evaluated within
a spanning orthonormal basis:

0=231i)0,(j| where 0,=(il0]))

i.j=1

It is often convenient to choose the spanning orthnormal
basis from the eigenvectors:

O[¥,)=2,[¥.)

0= 1%, )(¥,]

a=1
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How can we evaluate functions of operators?
Assume that £(0) = £(0) + Of '(0) + %02 £"(0)+ %OS £"(0) +---

Properties of eigenvectors:
oY, )=4,|¥,)
0¥, )=4|¥,)
O, )=2|¥,)

Example:

P =1+0+20%+L0" +--.
2 3!
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Quantum mechanical particles in one
dimension

9/29/2017 PHY 741 Fall 2017 — Lecture 15 7

9/29/2017

Energy eigenstates of the Schrodingder equation

H|\E)=E|E)

Example: Particle of mass m confined within an infinite
square well:

V(x)

oo | for |x| > a

-a a
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nrn
Summary of results: E = 5
8ma

1 nrx

Fornodd: w(x)=,|—cos| — Forneven: wy(x)= 1 sin nx
a 2a a 2

Summary: Energy eigenvalue spectrum for a particle of
mass m confined within an infinite square well of width 2a:

ng1 nk2 nk3 ng4
—
y
>3
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E/(# / (Qua))

.)
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Example: Particle of mass m confined within an finite square
well:

V(x)

0| for \x\<a
V(x)=
V| for |x|>a

-a
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Solution of transcendental equations

[w/sz j V,—E
tan

ot JZmVa E/V
= an
V E \j £V,
N _ fomv, —
cot 2mEa __[n-E = oot mbya |E | [I-E/V,
h E h V, E/V,
Let u= “ZmVa €= £
"
tan(ue) =
2
or cot(ue) = —.
€
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Summary: Energy eigenvalue spectrum for a particle of mass m
confined within an finite square well of height V, and width 2a

N(E)

[
1

Discrete eigenvalues  Continuum eigenvalues
9/29/2017

E/V,
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Another example of a one-dimensional system

Consider an electron moving in a one-dimensional model
potential (Kronig and Penney, Proc. Roy. Soc. (London)

130, 499 (1931)
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2
a
—p 1.5
VY,
0.5
-3 -2 -1 0 2
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Consider a single potential well Spectrum
2
1.5
1
0.5
-1 0
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Consider a periodic potential well system Spectrum
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Some details of solution --

sinh? (0.687,/1— 1) N -
41'(1—.1‘)] cos(11.7ﬁ—A(j))

1-2f
247 (1= 1)

| __ Forbidden states |

cos(ka) = [1 +

tan A(f) = tanh(o.687 1—f)

o

| Forbldden states |

sinh?(0.6871- 1 ) ’
W] cos(ll.7 j—A(/))

X(/'):[l+
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Harmonic oscillator eigenstates V(x)=1/2 k x2

X
Comes from analysis of systems near equilibrium:

av 1dv
V(x)= V(x0) +—
(x)=V(xo) o xo(x Xo) + Wl
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(=)

Complete solution including normalization

v, (%) (nhZz"(n') )WeXp<_r%;)H”[(%)mx]

E, :ha)[%wtnj n=0,1,2,.....

Voly) Wiy
/ ; ;5 1, y
B o= T "i; l P
Figure 7.1. Normalized eigenfunctions for n=

0,1,2, and 3. The small arrows at

Ml=(2n+1)"? stand for the classical turning Vi) yty)
points. Recall that y= (mw/#)'*x. /\ /\ /\i
1 \ol
Ear
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Energy eigenstates of the Schrodinger equation for one-
dimensional systems ( ,

_%% + V(x)Jl//(X) =Ey(x)

Suppose that the potential is due to an electrostatic field F

and the particle has charge ¢ such that V' (x)=gF(x—a):
nod

[777 +qF(x- a)Jv/(X) =Ey(x)

2
2m dx V(x)

E

Energy
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One dimensional Schrodinger equation for charged
particle in an electrostatic field — continued:

hZ d2
Tomde +qF(x— a)]l//(x) =Ey(x)
V(x)
S E
8
w
X

a

Differential equation:

d*  2mqF -
[E_ = (x—b)]W(X):O Whereb5a+q7

2
[%—au]l//(u)zo where u=x-b aEZ,Z‘z]F
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Airy functions

2
Bi(z)
Aiz) 1
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Summary of results
Differential equation:

2
(dd?* ZIZLZIF (x *b)Jl//(x) =0 whereb=a +q£F
2
(%7{11:](//(14):0 where u=x-b azb;?F

w(u) = Ndi(a'"u)
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N
N
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Consider a particle of mass m in the presence of an infinite
potential step  -- continued: V(x)

Vo

X
0
Eigenfunctions of the Schroedinger equation:
x<0 x>0
n d? n d?
———y(x)=Ey(x ————w(x)=(E -V, X
V(@) =Ey () SV =(E-T )y ()
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Notion of current density for continuum wavefunctions

el no_, Loy no_, .
nY o[ vy VRCA T, R A
" [ AR e A

.12 G R
ihy —= -—V +V(r
v ‘//( oy ) |y

Define probability density: p(r,t) = P(r,t) = " (r,0)y (r,t)

al.{.V.j:O
ot

where j= %(‘//’VW —W(//’)

Example: w(r,t) =w(x,t)=

1 .
e = j=—X
N27 ! m
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Commutation relations
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Commutator formalism in quantum mechanics

Definition:
Given two Hermitian operators A4 and B, their commutator is

[4,B]= AB - BA

Theorem:
Given Hermitian operators 4, B, C such that

[4,B]=iC,
it follows that ~ A4AB > %|<c>|
Example: [X,P]=inh
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Multi particle systems
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Quantum mechanical treatment of multiparticle systems

For a non-interacting system:
H(r,r,.r,)=H()+H(,)+..H(ry,)

Energy eigenstates:
H(r,x,,..r)y(r,r,,.xr,) = Ey(r,r,,.1y)
Simplification for separable Hamiltonian
For: H(r)p,(r) = £,0,(r)

H(r))p,(r,) = £,0,(r,)
Solution to the many particle problem

w(r,0,,..ry) = 0,(1)g,(1,)..0.(ry)
E=¢,+¢,+..6.
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Quantum mechanical treatment of multiparticle systems —
non-interacting particles

The treatment given on previous slides, assumes that the
particles are distinguishable.

A more sophisticated treatment is needed for indistinguishable
particles.

Two types of indistinguishable particles:

Fermi particles: y/(r;,1,,. 1., Xy ) = =W/ (1,1, X X Xy )

Bose particles:  y/ (1,1, ;... ) =+ (1,1, X XKy )
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Quantum mechanical treatment of multiparticle systems —
non-interacting Fermi particles

Fermi particles: w(r;,1,,..1,..0,..0y ) = =W/ (X, 1y, 1 Xy )

Example for N particles using Slater determinant:
2, 9,(n) @) - @)
2, o) @) - @ry)
l//(rlsrz““r,v) = W wc(.rl) ¢(‘(.r2) (/Jc(.rs) (p(‘(.rN)

o.(n) ¢.(r) e.(r) - @.(ry)
E=¢,+¢+..¢
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Eigenvalues and eigenvectors of angular momentum
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Review of commutation relations for angular momentum
Angular momentum in three dimensions
L =YP.-ZP,
L, =ZP - XP,
L =XP, -YP,
[L,,L,]=inL, [L,,L.]=ihL, [L.,L]=ihL,
(UL ]=[2+L,L]=0
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Eigenvalues and eigenvectors of J? and J, -- continued

Spectrum generalizes to integer and half-integer j

J2|jm>=h2j(j+1)|jm>

> hm|]m>
J, |jm>=h\/](]+1) m —m|j )>
)

J_ |]m =h\/](]+1) m +m|] )>
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Example -- forj =+

J :g(qi+ay§7+ozi)
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For integer values of j it is also possible to find spacial
representations of the operators L2 and L,

F] 2
U%—m(}-ims—+%rﬁg
sin 8 96 a0 sin” 6 é¢

Lzﬂ*fﬁ“(?—
d¢

|im)=7Y,,(6,4)

2z k4
[ d¢[sin6d0 v, ©.9)Y,,.(0.4)= 5,3,
0 0

Ms

i Y, (0.9)Y,,(0',4") = 5(f— §)5(cos @ —<os ")

I —

i
o

m
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Some spherical harmonic functions:

g’“<

=

=

1}
ﬁ -
N

. 3
Yl(ﬂ,(r) =F Py sin@e*? Note that:
NNE Y, )= D", @)
Y,(F)= 4z ¢ (Condon & Shortley convention

Y, (=5) = (=D'Y,, ()

——sin’ @

<
m
=
=3}
—
Il
W
—
@

) 5 y
Yyun(E)=7% . sin@ cos@ e
Y, (t)= %[gcosz 0—%)
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