PHY 741 Quantum Mechanics
12-12:50 PM MWF Olin 103

Plan for Lecture 16:
Chapters 12-13

1. Eigenvalues and eigenvectors of angular
momentum

2. Analysis of spherically symmetric
system
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Course schedule

(Praliminary schaduls — subgct ta fraquent sdjustmarnt |

Date FEW Reading Tapie Assignment ‘Due
1 [Mon, 8282057 Chap 1 Review of baskc principles ] AB2017
2 fWed, 8302017 (Chap. 1 Linear vecior spaces 2 AT
3 |Fri, 9012017 Chap 1 Linear vecioe spaces = A0
4 Mon, S04 ! Chap 4 Principles of Ouantum Mechanics B ammr
5 [Wed, WOB2017 Chap 5 Exampios in 1 Smension
& [Fil, 9082017 [Chap 5 Schrodinger equatian in coe-gimensicn 5 CRETET
7 Mon, 9182017 Chap. 5 Schrodinger equatian in coe-dimensica
8 [Wed 8132017 Chap 7 Schradinger equatian m one-dimensicn 25 anacanT|
8 Fri, 9452017 Chap 7 Schradinger equatian in ono-dimansion g 0T
10/Mon, 31872017 [Chap. 5 and 7 Schrodinger equatian in cne-gimensic
11 Wed, 92002017 Chap & Commatatar formalism # AT
A2fFn, 017 Chap. 10 Cuartum machanics of multipartice systems &9 AFEROAT
13 |Man, 9257017 Chap. 10-12 yst8ms and angular
14 {Wed, Q2TR01T Chap. 12 Eiganstates of angulsr momentum
15/F, 9292017 (Chap. 1,4,5.7,9,10,12 Review

Mon, 100252017 Take-home sxam — Na class
Vind, 10412017 Taka-home #ram — No ciass

» 187, 10062017 | Chap. 12-13  Spherically symmetric systems
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Review of commutation relations for angular momentum
Angular momentum in three dimensions
L =YP,.-ZP,
L, ,=ZP - XP,
L, =XP,-YP,
[Lx,Ly] =ihL, [LJ,,L__] =ihL, [L.,L]= ihL},
(UL ]=[2+L,L]=0
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Eigenvalues and eigenvectors of J? and J, -- continued

Spectrum generalizes to integer and half-integer j

J? |jm> =17 j(j +D)| jm)

> hm|]m>
J|jm>=h\/j(]+1) m —m|j )>
J|]m>=h\/](]+1) m +m|] )>
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For integer values of j, it is also possible to find spatial
representations of the operators L2 and L,

F] 2
L*>(- ﬁ)( ismB—++ 6_2)
sin 8 96 a0 sin” 6 é¢

L, —)7}55"“?—
d¢

|im)=Y,,(6,4)

T T

d¢[sin6do ¥, (0.9)Y,,,.(6.4) =

0

)

II mm

S i
338, (0.9)Y,,(0',4) = 54— ¢)5(cos0 —cos6)

1=0 m=-1
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Some spherical harmonic functions:

A 1
Y, (r)=—
00( ) 47[
N 3 .
Yl(ﬂ)(") =F,/-——sinfe™ Note that:

Y, (®) ="y, )
(Condon & Shortley convention

o [15 g2 g oo Y, (-8 =(=1'Y,,(F)

Y (F ——sin"Oe
o 327
o 15 . +ig
Yz(ﬂ)(r):+ g—sm&cos&e
T
. 5(3 .,
Y, (F)=,—| =cos” 0 —
SORNERE
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Using eigenfunctions of orbital angular momentum to
analyze spherically symmetric systems

[jivz + V(r)]‘l’(r) =E¥(r)
2m

Using spherical polar coordinates

2
volopo 1 1oy ,0 1 2
r~or or r \sinf 06 00 sin” 0 0¢~

1 0 . 0 1 &
sinfd— +—;
sin@ 06 06 sin® @ 04’
Try: ¥(r) = Ry (r)Y,,(6,4)

Im

will1o ,0 1] 1 9 0 1 &
- St sind—+ +V(r)|R Y,.(0,
[ 2m{r2 o o r{sin@@ﬁ o0 sin296¢2} (')J AL

=ERy(r)Y,,(0.9)

Note that:

JY,,,, (0.9)=-1(1+1Y,,(0.4)
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Using eigenfunctions of orbital angular momentum to
analyze spherically symmetric systems -- continued

Try: ¥(r) = R, (r)Y,,(0,4)

wilo ,0 1 1 0 0 1 &
- S —r—+— sinf— + +V(r) |Ry(r)Y,,(6,
[ Zm{rz o' o rzLinH(’BB 26 sin2€6¢2} (r)] () (0.9)
= ER; (1Y, (0:9)
Equation for radial wavefunction:
[ 7 {Lﬁ,iij(“l)

ror or I

2m

}+ V(r)]RE,(r) =ER, (r)
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Using eigenfunctions of orbital angular momentum to
analyze spherically symmetric systems -- continued

Example for free particle -- V(r) =0
Equation for radial wavefunction:

(_"i{ii,z o _1U+1)

2m or

}]REI(V) =ER,(r)

ror or r

2
(iﬁifwuﬁj&,(r):o where k* = 2
r

hZ

dr*  rdr
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Spherical Bessel functions
2
T 24 D pp)=0
dp” pdp p

Bessel functions Neumann functions
) sin —cos
k=222, m(p)=—28
p
sin cos —cos sin
=P8 mip=—"5 P-2L
P P P P
- 3]\ e 3cos p I | 3sin p
Jz(p)=(f,f—)smn- T nz(P)=—(f,—f)cosp— 5
PP P PP P
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ny(p)
0 T i —
T 10
1
2
3
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Solution for free particle using spherical symmetry -- continued

Example for free particle - V(r)=0

2
(d+2d—l(l’:l)+k2jRﬂ(r) —0  where k* =2"E

ar’  rdr l/
Ry (r)=Cy (k1)

(Note that Neumann function diverges for r=>0)
Full solution: ¥(r) = >R, (1Y, (6,4)
Im

=>"Cyji(kr)Y,,(6,0)
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Other solution forms for free particle:

[—hzvz + V(r)j‘l’(r) =E¥(r)
2m

. ik 2mE
Plane wave solution: ¥ (r)=e*" k*= PE
z
k
r \P(r) — eik-r — eikrcos(H)
y
X
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\P(r):eikvr :eikrcos(ﬁ)
. 1. 2
:1+zk~r+5(zk~r) +...

It can be shown that these terms can be regrouped as a sum
over Legendre polynomials and spherical Bessel functions:
- +]

et = 3 i @1+ 1) (kn)Pi(cos 0)
=0

Angular momentum sum rule:
!

P(cosd) = B (# k)= i Y, ()7, (k)

2A+1427"
e = 4;&;" Ji (kr)zl: Y, (#)%, (k)
=0 orv 701 2017 - Locture 16 ’
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Connection between the spherical wave and plane
representations of the free particle --

P(r)=e*"

= 4xi'y,, (&), (k) ()
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Other examples of spherically symmetric potentials —
isotropic harmonic oscillator in three dimensions:

(_szz + V(r)}‘l‘(r) =E¥(r)
2m

1 o yin . 5,
For V(r)=—mo"(x" +y +z
(r)=me’ («+ 3" +27)

Solution in cartesian coordinates:
[#321 L, K& L, W&

—+lma)zzz]‘1’(x,y,z)

- ~+—mw’'x’ - —z+1mw
2m ox” 2 2moy” 2

=E¥Y(x,y,2)
Y(x,p,2)=X(x)Y(»)Z(2)

T Tomer 2

E =hw(%+nA +n, +n:) for n,n,n =0,1,23,..
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Other examples of spherically symmetric potentials —
isotropic harmonic oscillator in three dimensions -- continued

E =h(u(%+n‘ +n, +nzj for n.n,n =0,123,..

ne n, n, E
3

0o 0 0 2

170 0 s

0o 1 0 2"

0 0 1
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Other examples of spherically symmetric potentials —
isotropic harmonic oscillator in three dimensions -- continued

2
—h—VZ + Lt Y(r)= E¥(r)
2m 2

¥(r) =R, (MY, ()

Equation for radial wavefunction:

[ ﬁ{iirzg_l(ltl)}+%mwzrz]RE[(r)=ERE/(V)

om\ o or r
2
d—z-#gi—w—ﬂzrzﬁ-kz R, (r)=0 wherek2=2sz
dr® rdr r n
4= e
n

Other examples of spherically symmetric potentials —
isotropic harmonic oscillator in three dimensions -- continued

d> 2d I+ .,
o S S 4k Ry (1) =0
(alr2 rdr r a (")

= Ry (r)=r'e? PF(-n,,l+3,Ar%)

where confluent hypergeometric function is defined

—-n
r ﬂ, 2
R S T

F(-n,,l+3, ") =1+

with £ = ha)(%+2nr +l)
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