PHY 741 Quantum Mechanics
12-12:50 PM MWF Olin 103

Plan for Lecture 18:
Shankar, Chapter 13

1. Approximate eigenstates of multielectron
atoms

2. Hartree-Fock approximation
3. Density functional approximation
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(Prefiminary schadule — subiect 10 frequant adussmant §

Date F&W Reading Tople Assignment Due
1 Man, BIZEHT (Chap 1 Feiw af basic procpies iy WEROT
2 fWed, B/3072017 [Chap, 1 Linear vectar spaces =] ST
3 Fn 002017 [Chap. 1 Linear vecar spaces #i QEE01T
T Mo 91172017 [Chap. & [Schrodinger equsaticn in one-dmensicn
8 Wed 2137017 Chap 7 Echeodinger equatin n one-dmansion 85 21572017
8 [Fri, ABE01T  Chap 7 \Schrodinger squatin in one-dmensicn  #1 RO
10jMon, 1BF017 Cnap Sand 7 Echroginger equaton in one-dmension
1 Wed, 8202017 Chap. § Commutalor formaksm 5 wzant
12/F, 9722017 Chap 10 iQuantum mechanics of mubparice sysiems &9 EEIMT
13/ Mon, 2252017 Chap. 10-12 icie 3yt ular mamentum
14[Wod, 92707 Cnap. 12 Eigensiaias af anguar momantum
18[Fri, 92017 Chap. 1.4.57,6,10,12 Rewew
Mon, 100202017 i " [Tako-noms suam — Mo class
Wed, 10042017 Take-home sxam - Mo cless
16/Fri, 10DE017  Chap 12-13 Ephancalyy symmatric systems
AT Mon 10062017 Chap. 13 “Guanium mechanica of a hydrgen alom #10 onaenT
» 18 Wed, 10/11/2017 Cnap. 13 Cuantum mechanics of muB-siecon actms. |
Fri, 10132017 Fail break — Ao class
18 Mon 10ME017
20 Wed, 101872017
1 Fri, 10202017
22 Mon, 10232017
23[Wing, 10287017
10/11/2017 PHY 741 Fall 2017  Lecture 18 2

10/11/2017 PHY 741 Fall 2017 — Lecture 18 3




For Hydrogen atom:

[—zh—Vf —Zijv/(r)ﬂw(r)
m r

w(r)=Ry(r)Y,, (f)

Differential equation for radial wavefunction:

[Ji[iirzd “’*“}Z—eszm(r)=ERm(r)
2m r

rrdr dr r?
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Hydrogen atom eigenvalues --
Example of normalized radial functions R,(r):

7 32
R]o(r) — (J zefzr/a(, El __ 7%
a, 2a,
5 32 7
Rzo(r) _| £ 2 _4r e*Zr‘/(Zao)
2a, a,
7 32 z E, =- z%e LZ
R,(r)=| — T 7/0a) 24 2
2a, \/5(10
Bohr radius:

2
4y = ~0.529 177210 67 x 10"'m
me
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Consider the case of He (Z=2):

2 2
He) =22 e vy -2t Lo L]y €
2m non) o n-n)

Estimating the ground state of the He atom:

H|
Sy)= M min, f(y) 2 E,
wlv)

Trial wavefunction: ~ |y/)=e 1"
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Variational methods for estimating ground state energy:

10/11/2017

H
Define f(y)= M min,, f(y) 2 E,
Wlw)
2
e , 27 ) 2
=— - . e (27
fw) ” [7 2 7} mmwf(‘/,):_i[ ]
a,\ 16
df 27
—=0 = == 2
dy o =16 — % 5695
2a,
Experimental
62
value ~———5.807
2a,
Systemmatic approach for studying the Electronic
quantum theory of materials coordinates
Exact Schrodinger equation: é:glr::’ies

FH({r )R DY, (I} R =E, ¥, (I },{R})
where
F(r R = FO (R + 7 ({1, {R"))

Born-Oppenheimer approximation
Born & Huang, Dynamical Theory of Crystal Lattices, Oxford (1954)

Approximate factorization:
\{/[XV ( {l‘, }, {R“ }) — XHNVuclci ({Ru })Yzlcclmm({r‘ }’ {Ra })
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Quantum Theory of materials -- continued
Electronic Schrodinger equation:
FEE (L RODY (I R = U, (R DY (1}, (R°)
cctrons “ n zee e
FEE (R == -3V -3 2

o LR T -]

2

Nuclear Hamiltonian:  (Often treated classically)
geNuckei ({Ra }) X:!:cle. ({Ra }) -w XNuclel({Ra })

avav

Pnz B
;ZM—" +U, ({R})

ﬂNucle; ({Ra })
Effective nuclear interaction
provided by electrons
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Consider electronic Hamiltonian

Electronic Schrodinger equation:
géElcc(mm({rl } s {Ra})YElcc(mnS({rI }’ {Ru}) — Ua ( {Ru})YEICCtmnS({r‘ } s {Ru})

2
() R =~ S-S

ar |1 =

2

a0

| Flr-r;]

VAL
R

Electron-electron
interaction term
prevents exactly
separable electron
wavefunction
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Electronic wavefunctions

¢”ik10'1 (rz)

2

electron spin 1 or J
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Hartree approximation to electronic wavefunction
Yo (0} R = 610, 08, (0o o (B

¥
:H ¢n,k,a, (r)

Variational estimatglof electron energy in Hartree approximation

(v e e H (T A R )

(RO (L R)

Let &, = (X0 () (R H VL™ (fr} (RD)

H

and require <¢, Dok > =1, then the variational equations

ko,
for the Hartree orbitals are:
03,
e * :ei nk;o;
0k, o
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Variational equation for Hartree approximation -- continued
og,
v 6Pk,
-

[*LIV”VWUH Ve (1) ]ﬁ,k.g (1) =610, (1)
2m o e

Nuclear-electron interaction:

A S
Vy(r)= —27[, . L
—|r—R“| Note: In principle, the
Electron-electron interaction: self interaction term
n(r) should be omitted
V., (r) zezjd3r' from V,(r), but often it
[r—r'| is included.
2
where n(r')= Z B i, ()
nk;o;
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Hartree approximation -- continued
In practice, the equations must be solved self-consistently
One possible procedure would start

with a guess of the one-electron functions

{@,kim (r)} and the electron density

where n(r')= Z (- (l")2

ko R
Next, find new one electron functions from:

[— ; : V3V (0)+ V, () ]cﬁ () =641, (1)

m

and determine the new electron density n(r). At convergence
the electron density is stable.

Hartree approximation -- continued
At convergence, the Hartree electronic energy

can be computed from one-electron functions

{¢n,ki<r, (r)} and the electron density

2

where n(r)= )" |4, (X))
nkio;
E,=Ey+E.+E,
_ hz 3 * 2
Ex —*%ZJ“’ " Popo, OV, (1)

nikioj

Ey = [d'r V,,(t)n(r)

_é 3 [ 3 0N’
E, = 3 J.d rjd r ‘rfr"
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Comment about electron-electron interaction in the

Hartree approximation

Note that we have shown that in the Hartree approximation,
the electron electron term can be evaluated as:

E. zéj.darjd3r' n(r)n(l'")
2 ‘r -r ‘
In the following, we will see that is form is a consequence
of the Hartree approximation, so that in the following we
will call this the "Hartree" energy:

_C [ s [ g nEn(r!)
Eriee =?J‘dlr“'dir Te-r]

10/11/2017

Hartree-Fock approximation to electronic wavefunction

Fermi symmetry
YEeron () (RO = —YEOS () (RY))

YU (AR = A, 6o, (1) 0 (1))
%[Hzﬁ <r,)j

Slater determinant
¢n,k|(r] (rl) ¢mk,rr, (rz) ¢n,k,m (r,\r)
¢rx:k2a72 (rl) ¢n,3k2a72 (1‘2) o ¢n:k2a72 (rN)

Y Electrons

1
aHF ({l',-},{R”}):W
¢n,\kwm(r1) ¢n’,\k’,\5’\(r2) ¢”\kmv(rN)

SHY 752 Fall 2015 -- Lecture 11 17

Hartree-Fock approximation to electronic wavefunction
-- continued

Variational estimate of electron energy in Hartree-Fock approximation
e e R H Y (L RD)
(X R DY () R

Y R D))

Let %, = (Y5 (in}h RD|H
¢”/k/c/> =0,, then the variational equations

i 2

and require <¢mki6’

for the Hartree Fock orbitals are:

a“;HI- Z
s =2 ko
e, T
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Variational equation for Hartree-Fock approximation --

continued
0%y

= =2 ke
. Z P

K%

[*givz*'VNe(l')+ Vee (1) +V,, (1) ]¢n‘kia‘ ™) =2 2o
m J

Electron-exchange interaction:

Ve, (=636, 6,1, (0] PR

[r—r'|

Note that in the Hartree-Fock formalism, there is no
spurious electron self-interaction.
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Hartree-Fock approximation — continued

As for the Hartree formulation, the Hartree-Fock equations
must be solved iteratively. At convergence, the Hartree-
Fock electronic energy can be calculated from the one-
electron orbitals and the charge density

EHF = EK +ENe +Eee +Eex

2
E, = —%;5% [dr, ), O] dr

[r—r'|
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¢nikfa,.*(r')¢n,kio" ("
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Shell structure of atoms based on Hartree and Hartree-Fock
treatments

hZ
(_ZmV2 +V5/7 (r) j¢n,/im,o, (r) =€, Do, (r)

0 4 5

-0.5

-1

L@ﬁ(r)

-15

-2
~2.5] ¢"1lim;0'l (r) :Ien,-li (r)Ylim‘ (f-)lo',
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Equation for radial functions

rld 24 1(+)
—— |zt |V, R
[ 2m|:dl”2 rdr rz eﬂ(r) n,li(r)

:en,/i R;’l,/i (r)
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