PHY 741 Quantum Mechanics
12-12:50 AM MWF Olin 103
Plan for Lecture 22:
“Addition” of angular momenta — Chap. 15
1. States of multi-electron atoms

2. Atomic term analysis
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“Addition” of angular momentum

Clebsch-Gordan coefficients
‘JM,j1jz> = z ‘j1m1>jzmz><j1m1,jzmz ‘JM,j1jz>
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A more symmetric coefficient is the so-called 3-j symbol:
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link to more information: http://dimf.nist.gov/34.1
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Some symmetry properties of 3-j symbols:
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Some orthogonality properties of 3-j symbols:
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Relationship of 3-j symbols to integrals over spherical
harmonics and related functions
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Explicit formula for Clebsch-Gordon coefficients:
Reference: Abramowitz & Stegum — pg. 1006
Ohriginal formula:
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Working formula:
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Coupling of orbital angular momenta of multiple electrons
J=L, +L,
J= \ll —lz\,\ll —12\ +1 (L +1)

Example: [ =/,=1 total of 9 orbital states

J=0 1 state
J=1 3 states
J=2 S states
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Consequences of orbital coupling on energies of multi-
electron atoms
Example C 1s2 252 2p?

https://physics.nist.gov/PhysRefData/ASD/levels form.html
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Atomic term notation: (2S+1)L
L symbol spin
0 S S=0
1 P S=1
2 D S=0
3 F S=1

Example for C  1s2 2s2 2p?

States of total orbital momentum: (27, +1)(2/, +1)=9
Total number of orbital and spin configurations: 6-5/2=15

'D =5 states

'S = 1 states

’P =9 states

Energetic differences are due to the

electron-electron Coulomb repulsion:
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Example for D state

|IM;0L) =[22:10) = " |Lmy, Lm, Y (Limy, Lm, | IM 1L )
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(11,11

I/ee

1L11) =R (2p,2p;2 p,2p)G*(1-1,00,11)

2
+62322(2p,2p;2p,2p)w

E(D) =e2[32°(2p,2p;2p,2p>+2isﬂz(2p,2p;2p,2p)]

Similarly, can show that:

E(P)=¢’ (530(217,219;217,217) - %332(217,217;219,217)}

E(S) =e2(R°<2p,2p;2p,2p>+£ﬂz(2p,zp;zp,2p>)
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Summary of results:
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E(P)=¢ [ﬂz‘)(zp,zp;zp,zp) —%%2(2p,2p;2p,2p)J
E(D) =e2[ﬁe°(2p,zp;2p,zp>+2isfe2<2p,2p;zp,2p)]

10
E(S)=¢’ [330(217,217;219,219) + 2—5332(217,217;217,217))
Taking into account anti-symmetry of two-particle wavefunction

More details of the total angular momentum L =2 case:
|IM;10,) =(22:10) = > | Ly Lmy YL, Lm, | IM 511, )

=[1L11) =R, ()R, , (i)Y, (F)Y,, (F)
Note that /,(r,,1,) =y, (r,,1;)
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Full wavefunction including spin
Y(r,r,,0,,0,)=y,,(r.15,)x(0,,0,)

Must be anti-symmetric

Summary of results for two spin-7 particle states:

L1\ |11 11
‘11’77>_ 2202 2>

1 S=1, symmetric
\10,%%}=7(\%—%,%%>+‘%%,%—%>) degeneracy:
2S5+1=3
1-tid) - }-4.4-1)
1 S=0,
‘00,%%>:7(‘%—%’%9_‘%%’%_%» anti-symmetric
degeneracy:
2S+1=1

Extending these arguments, Condon and Shortley
concluded that in general L+S=even

=>Valid atomic terms for Carbon:

@S+ p
J

‘P=E,-5R/25=0.00 eV

'D=E,+1R*/25=1.26 eV

'S=E,+10R*/25=2.68 eV
=R /25~0.19 eV
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Another example — Ti*2 (1s2 2s2 3s2 2p® 3p® 3d?)
From NIST:

Condon & Shortley analysis: _

F=E,—8R>/49-9R* /441 |ww | =
'D=E,~3R°/49+36R* /441 | |
'G=E,+4R° /49 +1R* /441  |wse | = |0
SP=E, +7TR*/49-84R" / 441 _
'S=E, +14R>/ 49+ 126R* / 441 W w [

W
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