PHY 741 Quantum Mechanics
12-12:50 AM  MWF Olin 103

Plan for Lecture 23:
“Addition” of angular momenta — Chap. 15
1. States of multi-electron atoms
2. Atomic term analysis

3. Rotation of angular momentum
eigenstates

4. Quantum states of a diatomic
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Summary of results for analysis of atomic term energies
2
4
H=Shr)+>
i ij<i |6, — r,|

single electron  electron-electron

terms interaction
Evaluating expectation values: <LM ‘%‘LM > for 2 p*

E(P):e2[$°<2p,2p;2p,zm—Zisﬂezap,zp;z]z,zp)j
E(D)=¢ [330(21?,21);21?,21))+715Rz(2p,2p;2p,2p)j

E(S)=¢ [5€°(2p,2p;2p,2p) + %32(21),219;21),219)]
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In this case, the Hamiltonian does not depend on
spin, and the Hamiltonian commutes with total
orbital angular momentum

[#¢.L]=0

=[%,L.]=0
Suppose 3€|LM> = E|LM>
FEL.|LM)=L.JE|LM )= E(L.|LM))

= (L.|LM)) is an eigenvector of F€

with eigenvalue £
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Some details of two-electron matrix elements: <LM VLM >
2 4 4 N
V:’e = ‘l‘ e_r ‘ :eZ}Z: 217:'_1 r};<+1 Yly(rl)Yl;l(rZ)
1 2 AU >
|LM)="R,, (WR,, ()Y, (B)Y,, (&){Lm,.Lm,|LM;L1,)

Define: R (nl,,nl,;n 1, ,n,l,)
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= jrlndrl J‘ "22 dr, s Rn(,l‘, G )Rnhlh (7 )Rn( I, (U] )Rn‘,l‘, ()
0 0 L
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Gaunt Coefficients
2 L3

f j Vi (8 )Vt i, (8. 0)¥1, 1, (6. 9)sin 6 46 dgp
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Two types of radial components:

Rl nlindnl,)

= [ [ ridr T R )R, (R, (R, ()
o 0 >

o ) ) w  w A
Direct interaction: F*(n,l,,n,l,)= Ir,zdr, I rdr, ﬁ R}, (R, ()
0 0 >

Exchange interaction: @*(n,/,,n,,)

= [ridn [ ridr R, (DR, (DR, ()R, ()
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Rotation of eigenstate of angular momentum

Rotation of a vector in Cartesian coordinates:

cosa -sina 0)(x xcosa — ysina
sina  cosa 0| y|=|xsina+ ycosa
0 0 1)\ z z

Relationship of spherical harmonics to Cartesian vectors
1

Yo (F) = ﬁ (invariant under rotation)
ol
Y@= %(x —riy
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Effects of rotating by « about Z

Y“(R(f))=—%(xjiy je ~R(Y,()

nmmapﬁ(f}mxo(a)

YI_I(R(f»=%[x”'y]e"‘“:R(Yl-l(f))

r

Generator for rotations:

eiaﬁ-J /h

Forn=12: e"‘”’/"|JM> =M |JM>
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Euler angles --

, initial
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R(a fuy) =" " g

R(a,ﬂ,j/)le> — Z|JM '>ein'<JM.|€i/3 J‘,/h|JM>eiaM
o
eiﬁ J,h ‘JM> - d){,M (ﬁ)
According to Rose, "Elementary Theory of Angular Momentum"
dl ()= \/(J +M))I(J -M)(J +M)H(J-M")!

m Y] 2J+M-M'-2m - B M'-M+2m
(=D (cos;) (smf)
>

(M

2

(] + M —m)\(J = M '—m)\(m+ M= M)!m!
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Rotation matrix for J=1/2:

y; Ny

12, o [cOSE  —sinZ
4 )_[sin—ﬂ cos
2 2

1+cosf —x/Esin,B I-cosf
d'(B) =% V2sinf 2cosp —/2sinpB
1-cosf x/zsinﬂ 1+cosf
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Quantum states of H,*

. ry=r
s r;=|r—R]
r, A
R, =R=R:
RAB

Assuming that the nuclear positions are fixed:

Schroedinger equation for electron
2 2 2 2
g o e e e
2m r |[r-R| R

Hy (r)=Ey(r)
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