PHY 741 Quantum Mechanics
12-12:50 AM  MWF Olin 103

Plan for Lecture 30:
Chap. 19 in Shankar: Scattering theory

1. Partial wave solutions of the Schrodinger
equation

2. Scattering phase shifts

3. Scattering cross section
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Continuum solutions of the time independent Schrédinger
equation. z

v
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If the system has spherical symmetry about a given origin,

it is then convenient to expand the eigenfunctions into

spherical harmonic functions:
¥ (1) =3 Ry (1Y, (F)

Differenti4l equation for radial function

[ n [clz+2dl(l+1)

7% dr*  rdr P

J+V(r)EJREI(r):O

For many cases, V(r—>o)=0
In the range that V' (r) sufficiently small,

the radial equation satisfies:

> 2d I(+1) 2mE
-t Tt 3
dr- rdr r /i
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R)(r)=0 forE>0

0/20

Free partical partial waves -- continued
d> 2d II+1) 2mE) .,
+——- + R =0 forE>0
(a’r2 rdr 7 K w ()
Define k= z;lan z=kr
d> 2d I(+1) 0
+——- +1|R;(2)=0
(dz2 zdz z° w(2)

Properties of spherical Bessel functions

http://dIimf.nist.gov/10.47
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Spherical Bessel Cylindrical Bessel
functions of order n functions of order n+1/2

(@)= [3n/2],.1(2)
1 @)= [, 40
he? (z) = J%HSJE%(Z) )
2= [T, )

n(2)= j,(2)+iy,(2)
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Forms of spherical Bessel and Hankel functions:

jo(x):Sini(X) ho(x):é

=
=2

X X x) x
jz(x)z(%7ljsin(x)773002(x) hz(x):i(niizji
X x x x x)x
Assymptotic behavior :
L

x<<1 2j,(x)~m

wssl = b))
X
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Figure 10.48.10 (zhn=0{14. 05 x5 12 [}
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: Figure 10.48.2:y, (x].n=0(1)4,0 <x <12 E
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In the range for V' (r)=0:

Ry (r) = 4,j,(kr)+ By, (kr) = N(COS&/J./ (kr)—sin 51)’1(]{’"))
Note that if V(r)=0, we expect &, =0.

How to determine phase shifts 0,(E):

Suppose the range of the scattering potential is D :

For r< D, solve differential equation:

[hz(dz 2d I(+1)

_Zm W ;E_ P

J-F V(r) —E]Rﬁl(r) =0
Continuity conditions at 7 =D
Ry, (D)= N (c0s,j,(kD) ~sin &y, (kD))
dRyy (D) _ N(COS 5 GD) o dy (kD)j
dr dr dr
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Continuity conditions at » =D ——  continued:

Ry, (D) = N (cos &, (kD) ~sin 8,3, (kD))

dRy (D) _ N[COS 5 4i,(kD) _ . 5 dy,(kD)j
dr dr

dr
Some identities:
. d}ﬁ(z)_ dj,(2) _1
Ji(2) e »(2) &2
dRy (r)

dln(REI(r)) __dr ~L(E)

dr Ry, (r)

r=D

tan§ (E) — LI(E)]l(kD) _kjl '(kD)
: L(E)y, (kD) = ky, (kD)
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Determination of the phase shifts:
L,(E)j,(kD) - kj, (kD)
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tano,(E) = \
L (E)y,(kD)— ky, (kD)
dIn(R Ralr)
where n( El(r)) =—dr =L(E)
d}" REI(V)
o forr<D'r=P
Example: - V(r) = 0 forr>D
. . B 0 forr<D
n this case, R, (r)= ./V(y,(kD)j,(k”) —j,(kD)y(kr)) forr>D
e =D
1
o forr<D
Example: V(r)= 0 forr>D
- . B 0 forr<D
nthis ease: Rl =) (3, (kD) jy (k) — (kD) y (k) for r> D
L(E)=o = tan 5,(E)=%
1
Forl=0: j,(kr)= sin(ér) J’o(k”):_%(kr)
T
= 8,(E)=kD
Ry (r) :NW

More general relationship of phase shifts to scattering

processes

— / . ikr
s
r

It can be shown that:
e =axy i, (kr)Y,, (K, (F)
Im
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General wavefunction for describing wavefunction in

spherical potential:
W)= lz Ry, (r)Y,,,(F)
Outside r;nge of potential:
Y, (r)=
(A (k) + B (cos(8,(E)) j,(kr) —sin (8,(E)) y, (kr)) ) ¥, (F)

Im

Far from potential:

eik!‘

¥, (r)=e*" + f(k) -

sin(kr —1%) _cos(kr—-1%)

For & o J (k)= kr) =
Oli r—>00 Jy(kr) T ’y,( ) -
V()=
Z(Az sin(kr —1%) +B, sm(kr—lz+51(E))JY1m(f)
- kr kr
ikr
ce 4 f R
r

Choose 4, =27i'Y, (k) B =A4e""

(&)= 47"24‘0‘“” sin(8,(EDY,,(K)Y,, (F)
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Differential scattering cross section
[do _ Probability of particle scattering
dQ) Incident flux of particles

=|r by

%)

Example -- hard sphere scattering

2

2

> P sin(5,(E)Y,, (K)Y,, () h

where tan 5,(E) = LD
Y, (kD)
Evaluation in the limit that £ ~ 0
. (kD)' (20-1)n
kD) ~ kD) ~ —
(D) @1+l YikD) (kD)™
2/+1
tan 6,(E) = — (kD)

=~ —kDo,

((z +1)!!)(F(2117}{)!!)
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Hard sphere (radius D) scattering -- continued

do :(41)2
dQ k

In the low energy limit:

t( oo ) o

> O sin(8,(ENY,, (k)Y (F)

Total cross section for this case:
d
o=[d T =4z’
dQ
Recall that in classical treatment
do D’
- = 7 O classical

a0

1111072

2
=D
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