PHY 741 Quantum Mechanics
12-12:50 AM  MWF Olin 103

Plan for Lecture 32:
Chap. 20 in Shankar: The Dirac equation

1. Some simple concepts of special theory
of relativity

2. Energy and momentum relationships

3. Dirac equation for a free particle
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Notions of special relativity

» The basic laws of physics are the same in all frames of
reference (at rest or moving at constant velocity).
» The speed of light in vacuum c is the same in all frames
of reference.
y y
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Lorentz transformations Convenient notation :
A4
B c
1
}/ =
-5
y y’ Stationary frame Moving frame
ct = ylet+pr)
X = y(x+fet)
= \/ ]
X y =y
9 )
X i z = z
y
)
y X
X
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Lorentz transformations -- continued p=r 4= !
c 1- 4
For the moving frame with v =vX :
7y B 00 y - 00
00 - 00
e |7 e |y
0 0 10 0 0 10
0 0 01 0 0 01
ct ct' ct' ct
X x' x' | ox
=L =L
y y y
z z' z' z
Notice :
Aoyt 7y2 = C2t'2fx'zfy'zfz'2
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Examples of other 4-vectors
applicable to the Lorentz transformation:
For the moving frame with v =vX : p= v y= 1
y 00 y - 00 1-p
00 - 00
| pi |77
0o 0 10 0 0o 10
0 0 01 0 0 01
wlc w'lc w'/c wlc
k K K | &
R ) =L i Note: wt—k-r=o't'Kk'r'
k, K, K, k,
k. K. K. k
E E' E' E
p.c iy p.c p.c _p pc Note: Ezipzcz:EyzipyzCz
P, pe re P,
p.c p.c p.c p.c
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Lorentz transformation of the velocity

Stationary frame Moving frame
ct = y(ct'Jrﬂx')
x = }/(x'+ ,Ect')
y = )
z = z

For an infinitesimal increment:

Stationary frame Moving frame
cdt = 7(cdt'+ ﬂdx')
dx = y(dx'+ pedr’)
dy = dy
dz = dz'
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Lorentz transformation of the velocity -- continued

Stationary frame Moving frame
cdt = ylcdt'+px")
dx = y(dx'+ fedt’)
dy = ay
dz = dz
Define: uxzﬁ u,sdl uzzé
dt ' dt dt
u']{zﬁ u',zd—y u'~z£
Sode T dt T ar

dx _ ydx’ + pedt’) o u' v "
dt y(di+pdx'/c) T+w' /c*

by__ Y Yy

Al e pan'le) Alew, /)
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u' +v
Example of velocity variation with B: = Xi'
1+ pu /c
u/c
u 'y
i (1+ B/ c)
u/e 4 e
; B J ;
1
V= =
1-p5
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Velocity transformations continued:

w4y B u - e
Consider: u, = u, _}/v(1+v;"/02) U= ;/‘,(1+vu'x/62).

L+vu' /¢’
)= 1 _ T+wu'/c

’ \/1—(14/6)2 \/l—(u'/c)z\/l—(v/c)
=ye=r(ne+Byu,)

Sy =7, (' F 1) =7, (0 Brc)

_ V2
Note that == 7\,7“'(1+V” e )
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= PU, =Y Yl =P,
}/uc }/u'c
'
u u
Velocity 4-vector Vil =L Vulh's
u '
7Muy yme y
'
j/uuz 7u'u z
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Some details:
2 2 2 2
7, = yv;/“.(l +vu'x/cz) 3{1 —V—jj(l - uz J:[l —LJ(I + uxyj
¢’ ¢ ¢’ ¢’
u' +v u', u',
where u, = e u, = - 5 u, = = —.
I+vu'/c” }/‘,(1+vu'A/c ) ;/v(l+vu'x/c‘)
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Significance of 4-velocity vector: y,
7ty
7

Introduce the “rest” mass m of particle characterized

by velocity u: 7.C y.mc* E
u c

el Tt | 2| Ve || Py

Yty Vunuyc || Pye

Yl y,mu.c pc

Properties of energy-moment 4-vector:

E E' E' E
¢ ' ¢ ¢ I 2
Pel_p P" p" —pl| P Note: E* - p’c> =E”—p” ¢’
pel | pe pe p.c
p.c p.c p.c p.c
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Properties of Energy-momentum 4-vector --

E ymc continued

p.e| |y muc
p,c Y. mu,c

pc y,mu.c

Note: E> - pc® = (mL.Z)? l—(iJ2 i) } _(uijz = (mcz)2 =E*-p”c?
’ 1-87 c c c

Notion of "rest energy": For p=0, E=mc’

Define kinetic energy: E, = E —mc’ =+[p*c* + m’c* —mc’

2
Non-relativistic limit: If -2~ << I, E,=mc| |1+ (Lj —1
me me
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Summary of rejativistic energy relationships

y.mc
pe|_| vumuc
pel| |ymuc
pe) \ymuc

E=y\p°c+m’c* =y,mc’

Check: \/pzc2 +m’ct = mL‘z\/}/,,zﬂ“z +1=y,mc’

Example: foran electron mc” =0.5MeV
for E=200GeV

Vu :£*4x105
m

5=

~1-3x107"

2
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How do these relationships effect quantum mechanics?
Focusing on treatment of Fermi particles
Non-relativistic mechanics Relativistic mechanics
2
i 2 202 2\?
E o E -pc —(mc )
U U (with some license)
2\2
nlw-pw (E-p-oc)(E+p-oc)=(mc’)
ot
U
0 0
ih——p-oc || ih—+p-oc |V
( a® j( a? j
= (mcZ )z v
1712017 PHY 741 Fall 2017 ~ Lecture 32 15




Relativistic relationships — continued
Ref: J. J. Sakurai, Advanced Quantum Mechanics

0 0 2
jh——p-oc || ih—+p-oc |V =(mc*) ¥
(lat p j(’a, p j (me?)
Let (ih§+p~6cj‘PEmc2‘PR Yy =yt

t
Factored equations:

(ihé+p~GCJ‘PL =mc”P*
ot

(ihé -p -ccj‘?k =mc™P*
ot
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Relativistic relationships — continued
Ref: J. J. Sakurai, Advanced Quantum Mechanics

Factored equations:

[ih£+p vocj‘PL =mc"P*
ot

(ihE -p- GCJ‘PR =mc™P*
ot

Dirac's rearrangement: ¢! =¥P* +¥*

¢L:\PR7\PL
ih2 —p-oc 9’ 9’
ot 2
=mc
p-oc —ihg gpL q)L
ot
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Relativistic relationships — continued

ih 2 —p-oc 9" 9’
ot _ o2
=mc
p-oc —ih g goL goL
ot

Further rearrangements:
ihé o) [ mc* p-ec)f¢”
ot\ p* p-oc -mc’ )\ p*
0

in—¥Y=HY
ot
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Four component wavefunction of free Fermi particle

0 ") [ mc® p-oc)le”
! ol ot 1 |p- 2 L
) p-oc —mc )\ @

U v
Assume [(ﬂ J:(l (k)Jefk.riEr/h

o) 2 (k)
7k -oc

= 7Y (k)= Lk

v ®&)=r— 51 (k)
7k -oc

2 (k)= s 2" (k)
E+mc

E*=1*k* +m’c?

E = +\JH*K? + m*c*
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. . 0 1 0 —i 1 0
Pauli matrices: o, = o = o.=
1 0 Tl 0 0 -1

. k. k—ik,
Ok ik, k.

7K -6c 7Kk -6c
Y(k)= Lk LK) = Y(k
r®=r— &) =7 K

Positive energy solutions: E=NIk* +m*c*

U 1 L K, K thC
1 K)=N 0 n&=N p 2T E+mc?
' hk,c
K j K E+mc’

U 0 L
Zi(k)=JV(1] Zi(k)=JV( ..
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. . 0 1 0 —i 1 0
Pauli matrices: o, = o, = o.=
’ 10 li 0 0 -1

. k. k—ik,
Ok ik, k.

7k -oc 7k -oc

U k — L k L k — U k
v ®=r— k) rl)=rr s ()
Negative energy solutions: E =1k’ +m’c?

U K, L 1 K. = thC
1 (K)=N . 1K) =N 0 2T E—mct

' N k= nk,c
K_ + = 2
Zf(k);/v(_KJ Zf(k)=JV[1] E—me
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What does this all mean?
E =vK*k? + m*c*

Positive energy solutions:
z hk c

vy = ! L= © -
A= 0 A= K K2=E+mc2

+

0 hk,c

U L K_ K, = =

x =N 1 2 (k)y=N —x E+mc
2112 :

For ficlk| < mc? Ezmcz.;.m

2m

v 1 L 0
X (k):N(Oj ZT(k)zJV(OJ
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