PHY 741 Quantum Mechanics

12-12:50 AM MWF Olin 103

Plan for Lecture 34:
Chap. 20 in Shankar:

for a hydrogen atom

1. Angular and spin components

2. Radial components

The Dirac equation

3. Comparison with non-relativistic results
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Dirac equation for Fermi particle in a scalar potential field
H=p-ac+mc*f+V(),

0 o I 0
where: o= p= and where:
c 0 0 -7

0 1 0 —i 1 0 1 0
o, = g, = . 0. = I=I=
10 ’ i 0 0 -1 0 1
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Dirac equation for electron in the field of a H-like ion
H=p-oc+mc*f+V(r)l,

For H-like ion with nuclear charge Z :
2

v =v(r=-2-

0 r

ih—¥ =HY
ot

Stationary state solutions:

¢7U(r) —iEt/h
Y(r,1) =
0 [co%r)}e

me 4V poe )(¢'m)_(¢'®
poc  —me V') o'

Dirac equation for electron in the field of a H-like ion -- continued

H:[mcz+V(r) p-6c J

p-oc —mc* +V (r)
Note that the following operators commute with the Hamiltonian
and have simultaneous eigenvalues:

L +iho, 0
J. =| °
: 0 L +iho,

3o L+, +ho-L 0
0 L'+, +fic-L

. o-L+7l, 0
Lo —6-L-1l,
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Dirac equation for electron in the field of a H-like ion -- continued
me+v()  peoc (') _ (0" ®)
poc  —mc’+V(r) ) p"(r) 9" (r)
U ~
We can o (r)] ( 8ies (M) X (¥) j
show that: | ~
9" (r) e (F) X s (T)
More details about spin-angular functions:
Eigenfunctions of J°and J, :  |JM)
P|IM)=rJ(J +1)|JM)
J|IM)=1M|JIM)
K2|IM) =1 (J(J + )+ 5)[IM) =1 (T + 1)’ |IM)
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Dirac equation for electron in the field of a H-like ion -- continued

J [«p (r)] _ (Lz +iho, 0 Iw (r)} _ hM(wi (r)}
P (r) 0 L +3ho. ) 9" (r) P (r)
= ¢'(r)) (U+%1,+he-L 0 o (r)
ohr)) 0 > +3% [ +ho-L )| o"(r)

=PI + 1)["’U (r)]
0

“r
X oV (r) _ c-L+nl, 0 oV (r)
o' (r) 0 —o-L-hl, )\ ¢"(r)

__hK[wt(r)}:[—hmj (r)}
o (r)) \+hxp"(r)
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Dirac equation for electron in the field of a H-like ion -- continued
k') _(oL+hl, 0 9" (r)
o)) L 0 —eL-nl ) o'(n)
U U
| @ O _[ —hep” ()
p'(r)) \+hxp'(r)
= [¢U (F)J =( Zees ) Ko (F) ]
@"(r) s (D) e (B)
Possibilities:
J=l++  k=—l-1=—(J+1)

J=1-% Kk=l=(J+1%)
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Dirac equation for electron in the field of a H-like ion -- continued
Note that for stationary state solutions to the Dirac equation

HY EY

the x value is identified with ¢".

ExIM = ExJM >

v - [qu’ (r)] :( 8ier (M) Zis (F) J
Fe (/’L (r) W ows ) X ona (F)

Possibilities:

Combinations:
| . =0 J=l+1  k=-l-1=—(J+1)

K=- =< =

Y / j X J=l-1  k=l=(J+Y)

2

-2 3 1

+2 3 2

-3 2 2

+3 3 3
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Evaluating the spin-orbital functions in terms of Clebsch-Gordan coefficients:

ForJ=I/+% and x=-I-1=—(J+1)

. [+ M+1 1 1-M+1 [0
Zen O =5 Y"“’%’(r)(o}\l 21+12Y“M‘%)(r)(1j

ForJ=/-1 and x=Il=+(J+1):
N I-M+1 (1 [+M+1 [0
2w ® =5 ZY’W%)(”(O} VTl'Y’W%)(r)[IJ

Now considering the full Hamiltonian:

H:(mcwm p-oc ]_[(mcwm (f-o)Z(p-o)c]

p-oc -mc® +V(r) f-s)z(p-s)c —mc® +V(r)

Recall that: (G-A)(G -B) =A-B+ic -(A><B)
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Recall that: (6L +A1,) 7, (F) = —hiky, , (F)

fo-L j s (M) X s (F)

= (F -c)[f'-p +
=(f -o‘)[—ihg—ih (x+1)
or
It can also be shown that:

(f' ) G)ZKJM (F)=—4 o (F)

jhEKJ (F)ZKJM (f)

112712017 PHY 741 Fall 2017 ~ Lecture 34 12




Further consideration of the full Hamiltonian:
e me* +V(r) (f"G)z (p-o)c
(f‘~6)2 (p~0)c —mc +V(r)
me? +V () (f'-c)(f'-p+iG-L/r)cJ
Y A . . _ 2
g_l(')b?n(ll:' p+ic-L/r)c mc® +V(r)

Eigenvalue

[ & (M) X ot (B) ] _ E[ &ies M) X e (F) j
s X oy (B) Wy A o (B)

Coupled differential equations for radial functions:

d -x+1
(V(’”)WL’"CZ7E)g5u(”):hc[*7L jfE;cJ(r)
dr r
d x+1
(V) =mc® =E) f,,, ()= —hc(— + —j 2 (1)
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Coupled differential equations for radial functions:
d —x+1
(V(r) +mc* — E)gE’d(r) = hc(;*fjfm(’)

(V) =me* =E) £, () :—hc(i+”—“)gm(n
dr r

Analysis of radial solutions following J. J. Sakuri, Advanced Quantum Mechanics (1967)
. & 1
Fine structure constant: ¢ = —~—————
he  137.035999139
E+mc* E-mc*
6=
he
Let g(r=NG(p)/ p f(r)=NF(p)/p

Lete = ENCING
Power series solutions in terms of

unknowns s,C,,D, :

d K | e, Za ©
(a*;)“‘”‘[ Z*?J”‘” Assume G(p)= "' 3.C,p°
=
d z D
(——KJF(/J): \/57—“ G(p) F(p)=e”p'Y.D,p
dp p & P =
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(i+£]G(p):[\/::+%1]p(p) Assume G(p):e’”p‘go:cup”

dp p

F(p)=e’p’) D,p"
(i—fjnm:[\g —Z—;]G(m %

dp p
Linear equations for determining s :

K -Z C,
(HK a}[ 0J:O s=tu’ - 7%’

Za s—k )\ D,

0

For physical solution, s =+x* —Z’a’
kK =2’

DO - Za CO

More generally, the relationships between the coefficients are:

[Hwn Za j(cﬂ)_ 1 \f(c
Za s—k+n)\D, )" \/Z 1 |\ D
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Relationships between the coefficients:

[S+K'+n —Za ](CHJ_ 1 \/;I [CMJ
Za  s—-k+n)\ D, \/Z 1 \Do
In order to satisfy boundary condition as p — o,
the series has to truncate. Condition for series

truncating at n =n'+1:
[S+K'+n'+1 ~Za j[Cn'+,]70
Za s—x+n'+1 )\ D,

+1

Further conditions for this case:

PN (S+n'):Za(q 752)
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Continued analysis of this case:
2Jee, (s+n)=Za(e —¢,)
2

E E-
Recall: ¢ = *me me

s=K*-Z%*

Bound state energy eigenvalues:

E=————— wheren'=0,1,2..

A more convenient accounting defines the principal quantum number 7:
n'=n—|xl=n—(J+3)  a=(J+1),(J+1+1),(J+1+2)...

1+#\
t (e (./»%)w,]
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Exact solution of Dirac equation for H-like ion:

m62
E'l = 1/2
2 2
I+ “ Oflz 2
(((J+§)2—Zza2) —(J+§)+nj
forn=(J+1),(J+L+1),(J+5+2),...




Dirac equation for electron in the field of a H-like ion
Comparison with Schroedinger equation --
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Schroedinger equation Dirac equation
ESeh — _ Z*a’*mc? EP" —mc’ ~
n 2
2n _Zad’mc? - Za’( 1 3
2n? n \J+%1 4n
Schematic diagram:
3ds,
3s,3p,3d —— 3p323ds,
" 3S4,9P12
2s,2p — 2p3;
— 2s4,2p
1s 1Sy,
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Some details

Exact solution of Dirac equation for H-like ion:

2
mc

n 1/2

Za?
(((“gy za)’ —(J+%)+nj

forn=1 and J=1:

E =mc*N1-Z%a?

2
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More details about ground state of H-like ion from Dirac
equation

n=1 J= K=-1

ol—

i i Zamc® _Z
E =m’N1-2°a>  s=N1-Z’a> \Jee,= ame 2
c

h

ay

((PU(I')] _ ./V[ Zij o Zriy sl
P (r) a, .D, 1
0 (o~r)( ]

— 1 0
where b _ 1= Degenerate with >
C, Za 0
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More general treatment of bound states of Fermi particle
within spherical potential V/(r)

H:(mc2 +V(r) p-oc ]

p-oc  —mc’+V(r)
Eigenvalue problem:

H[ & (M) X ot (B) ] _ E[ &ies M) X e (F) j

s X oy (B) Wy A o (B)

Coupled differential equations for radial functions:
d -x+1

(V(’”)WL’"CZ75:‘)&5,(1(”):710[;7L jfEi{J(r)

7

(V) =me* ~E) f,(r) = —hc[%ﬁ%”jgﬂ.,(r)
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Practical solution of radial portions of Dirac equation

(V) +me® ~E)gp, (r) = hc[%+ "(r ks ljfmm
(V)= me? —E)fm(r)=—hc(%+"7“)gm(r)

Let g,,, (1) =G, (r)/r and f,  (1)=F,, ()/r

(] Gu ) =l E4me V) o0

K 1 2
(E‘?)Fgm =g Emme’ =V ()G (1)
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