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PHY 741 Quantum Mechanics 
12-12:50 AM  MWF  Olin 103

Plan for Lecture 34:

Chap. 20 in Shankar:    The Dirac equation 
for a hydrogen atom

1. Angular and spin components

2. Radial components

3. Comparison with non-relativistic results
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Dirac equation for Fermi particle in a scalar potential field
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Dirac equation for electron in the field of  a H-like ion
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For H-like ion with nuclear charge  :
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Stationary state solutions:

            
( )

( , )
( )

( ) ( )

( )

( )

) (( )

U
iEt

L

U U

L L

t e

m Vc c
E

c mc

r

V r





 

 

 
   

 

    
 




  

     

r
r

r

p σ r r

p σ r r



11/27/2017 PHY 741  Fall 2017 -- Lecture 34 6

Dirac equation for electron in the field of  a H-like ion -- continued
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Note that the following operators commute with the Hamiltonian

and have simultaneous eig
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Dirac equation for electron in the field of  a H-like ion -- continued
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More details about spin-angular functions:
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show that:
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Dirac equation for electron in the field of  a H-like ion -- continued
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Dirac equation for electron in the field of  a H-like ion -- continued
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Dirac equation for electron in the field of  a H-like ion -- continued
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Evaluating the spin-orbital functions in terms of Clebsch-Gordan coefficien

     and    1

1 0
ˆ ˆ ˆ( ) ( ) ( )

0 12 1 2 1

ts

     and 

:

For 

For 

JM l M l M

l l J

l M l M
Y Y

l l

l

J

J






 

      

      
      











r r r

 

1 1
2 2

1
2

1 1
2 2

( ) ( )

   :

1 0
ˆ ˆ ˆ( ) ( ) ( )

0 12 1 2 1
JM l M l M

l J

l M l M
Y Y

l l





 

   

      
         

r r r

   

   

222

2 2 2

Now considering the full Hamiltonian:
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Further consideration of the full Hamiltonian:

( )
  =

( )

(

ˆ

ˆ

ˆ ˆ /
          

)

( )
  

ˆ ˆ /

V r
H

V

mc c

c mc

mc i r c

i r c

r

V r

Vm rc

  
 
    

    
  

    





 



r σ p σ

r σ p σ

r σ r p σ L

r σ r p σ L

ˆ ˆ( ) ( )

ˆ

Eigenvalue problem:

( ) ( )

( ) ˆ) )) (((
E J JM E J JM

E J JM E J JM

g r g r
H E

if r if r
   

   

 

  

   
   

   

r r

r r

 

 

2

2

Coupled differential equations for radial functions:

( ) ( ) ( )

( )
1

( ) ( )

1
J J

J E J

E E

E

V r mc E g r f r

V r m

d
c
dr r

d
c
dr r

c E f r g r

 

 





  

   

  
 

 

 
 

 





11/27/2017 PHY 741  Fall 2017 -- Lecture 34 14

 

 

2

2

Coupled differential equations for radial functions:

( ) ( ) ( )

( )
1

( ) ( )

1
J J

J E J

E E

E

V r mc E g r f r

V r m

d
c
dr r

d
c
dr r

c E f r g r

 

 





  

   

  
 

 

 
 

 





2

2 2

21 1 2

Analysis of radial solutions following J. J. Sakuri, Advanced Quantum Mechanics (1967)
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
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Continued analysis of this case:

2 's n Z     

 
2 2

2
2 2 2

2 2

1

2 2

'

2

2

2

Recall:          

             

Bound state energy eigenvalues:

    where  ' 0,1,2..
1

A more convenient accounting defines the principal quantum number  :

Z

Z n

E mc E mc

s

mc

c

n

n
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E

n

c



 

 
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 



 

 




 
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       

   

2 2

2
2 2 21 1

2 2

1

2

1 1 1
2 2 2 2

'          , 1 , 2 ....

1
n

Z

J Z nJ

n n J n J J J

mc
E







 
 

 
   

          



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Exact solution of Dirac equation for H-like ion:

   

1

for  , 1 , 2 ,...
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n J
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J J
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


 
 
 
 

   
  
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Comparison with Schroedinger equation --

2 2 2

2

Schroedinger equation

2
Sch
n

Z mc
E

n


 

2

2 2 2 2 2

2 1
2

Dirac equation

1 3
  1 ....

2 4

Dir
nE mc

Z mc Z

n n J n

 

 

  
       

Dirac equation for electron in the field of  a H-like ion

Schematic diagram:

1s

2s,2p

3s,3p,3d

1s1/2

2s1/2,2p1/2
2p3/2

3s1/2,3p1/2
3p3/2,3d3/2
3d5/2
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1/2

2 2

21/22 2 21 1
2 2

2 2 2
1

Exact solution of Dirac equation for H-like ion:

   

1

for  1   and   :

1

n

J Z J

mc
E

Z

n

n J

E Zmc








 
 
 
    

  

 


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

Some details
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More details about ground state of H-like ion from Dirac 
equation

 
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2

2

( )
  =
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V r
H

Vm r

mc c

c c

 
 

  





p σ

p σ

More general treatment of bound states of Fermi particle 
within spherical potential   V(r)

ˆ ˆ( ) ( )

ˆ

Eigenvalue problem:

( ) ( )

( ) ˆ) )) (((
E J JM E J JM

E J JM E J JM

g r g r
H E

if r if r
   
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 
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   
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 

 

2

2

Coupled differential equations for radial functions:
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 
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
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Practical solution of radial portions of Dirac equation
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