PHY 741 Quantum Mechanics

12-12:50 AM MWF Olin 103

Plan for Lecture 35:

Chap. 20 in Shankar — Supplemented with J.
J. Sakurai -- Dirac equation for hydrogen-
like ions and other atoms

1. Review of results for H-like ions

2. Generalization to approximate treatment
of spherical atoms

3. Comparison with non-relativistic results
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Dirac equation for electron in the field of a H-like ion
H=p-oc+mc’*f+V(r),

For H-like ion with nuclear charge Z :

2
vy =v(r=-2-
Pl r
in—Y=HY
ot
Stationary state solutions:
7))
Y(r,t)=
*0 [(p‘(r)}
me V() poe )(o'm)_ (0 ®)
poc  —mc’+V(r) )\ 9" (r) 9 (r)
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Exact solution of Dirac equation for H-like ion:

n 1/2
720
(((J+i)2 VA )1/2 —(J+9)+ n)z
2 2
forn=(J+1),(J+1+1),(J+31+2),..
Fine-structure constant:

e 1

hc - 137.035999139
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Dirac equation for electron in the field of a H-like ion
Comparison with Schroedinger equation --

Schroedinger equation Dirac equation
ESh Z*a*mc? EP" —mc’ ~
n 2
2n Z*a’me’ Z'a’ [ 1 3
_ g 1+ I
2n n \J+1 4n
Schematic diagram:
3ds,
3s,3p,3d —— 3p323ds,
— 9S429P12
2s,2p —_— 2P3
— 2542py,
A 151/2
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Some details

Exact solution of Dirac equation for H-like ion:

2
me
E, = 12

n

Z%a?
(((“;)2 -Za) _(J+;)+nj2

forn=1 and J=1:

E =mc’\1-Za’

1+
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More details about ground state of H-like ion from Dirac
equation

n=1 J= K=-1

ol

i i Zamc® _Z
E =m’N1-2°a>  s=N1-Z’a> \Jee,= ame _2

hc a,

(@U(r)}_N(ZZJ o Zriy sl
P (r) a, .D, 1
°(o~r)( ]

— 1 0
where b _ 1= Degenerate with [ ) > ( j
0 a 0
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More general treatment of bound states of Fermi particle
within spherical potential V/(r)

. me* +V(r) p-oc
p-oc  —mc*+V(r)

Eigenvalue problem:
H[ &y (1) Lot (F) ] _ E[ s () X (F) j
s ()Xo (F) T s ) X (F)
Coupled differential equations for radial functions:

(V(r)+mc* — E) gy, () :hc[%%“jfm(r)
(V)= me® ) (1) = —hc[% + K—“jg ")
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Practical solution of radial portions of Dirac equation

(V) +me® ~E) gy, (r) = hc[%+ "‘”jfmm
(V(r) —mc? — E)fEKJ(r) = —hc(% +K7+1ng,d(r)

Let g,,, (1) =G, (r)/r and f,  (1)=F,, @)/r
d « 1
—+— |G =

( ) s (1) 7

e —C(E +mc’ —V(r))FEKJ(r)

(d u )Fm(r) _ (E-me* V(1)) Gy, (r)

dar - he

11/29/2017 PHY 741 Fall 2017 — Lecture 35 10

11/29/2017

More general treatment of bound states of Fermi particle
within spherical potential V(r) -- continued

(% +§]Gm (r) = i(E +me’ =V (1) Fpey (1)
@y

Note that for an electron, mc? =0.511x10° eV

( ; ijE,(.l(r) :_i(E_mCZ - V(r))GE"J(r)

If we can assume that V() < mc’, then the equations simplify:

d K 2me
(ZJr?JGEu(r) z?FEw(”)

And then we can replace F,,_,(r) in the second equation:

d x\d « 2mc* 1 )
(Z’?XZ*?JGW(’) e e B =V ()G ()
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More general treatment of bound states of Fermi particle
within spherical potential V(r) -- continued

Approximate radial equation for upper component

(ilj( d +5ij,<r) =2 Ly ()G ()
;

drr \ar hc he
w(d x(x+) )
[_E[W = J+ V(r)]GM (1) =(E-mc*)G,,, ()

he (d K
Fp,(r)= Ime? (;'F?)Gfml(r)
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More general treatment of bound states of Fermi particle
within spherical potential V(r) -- continued

Full eigenfunction:

(GEKJ (r)/ V)ZA’JM (F)

(iFEKJ )/ r)lw./M (F)

(5160 = (B4 me =V 0) o)

Wy ()=

dr

d « 1 2
(E —7]Fm () = —E(E— me* =V () Gy, (r)
Choosing the non-relativistic zero of energy: E™ = E —mc®

[iﬁjgﬁw (r) = (E™ +2me* —V (1) F,,, ()
r he

d « 1/ w
(——7)@“(0 . (EY =V (1)) Gppy ()

C

PHY 741 Fall 2017 — Lecture 35

11/29/2017

Coupled radial equations: ~ E™ = E—mc?

(]G 01 =B 20 V) o 0

d «  lw
(E_7JFEA'J(}’) —_%(E _V(r))GEKJ(r)
Normalization:

Tdr(GéA,‘,(rHF;.J(r)):l
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Example results for Au (from an old code)

orbital a1 § electrons elgenvalue (Ry UI"IitS)

1512 1.8 6.8 8.5 2.06868 -8, 5BE5793E+84
251f2 2.8 0.8 0.5 2. 00680 -0.1038877E+04
3512 3.8 6.8 6.5 2.60060 -8.2452955E+03
431/2 4.8 8.0 8.5 2.00080 -8, 53173536402
551/2 5.8 8.8 0.5 2.88808 -8, 79244456481
6512 6.8 0.0 0.5 1.800800 -0.4418639E+00
2p1f2 2.6 1.8 8.5 2.86860 -8.9568147E+B3
2p3f2 2.8 1.8 1.5 4.00080 0.B63719BE+03
3p1f2 3.8 1.8 6.5 2.88888 -B.2262538E+83
3p3fz 3.8 1.8 1.5 4.00000 8, 1968860E+03
4p1j2 4.6 1.8 6.5 2.68888 -8.4565248E+02
4p3j2 4.8 1.8 1.5 4.00860 8, 3797B96E+02
Spif2 5.8 1.8 8.5 2.60008 -B.527T65965E+01
5p3f2 5.8 1.8 1.5 4.00060 -B.4864896E+01
6p1f2 6.8 1.8 6.5 0.00088 -8.9497264E 01
6p3j2 6.8 1.0 1.5 6.08880 -8, 54686R7TE-B1
3d3f2 3.8 2.8 1.5 4.08888 -8, 16522B9E+03
3ds/2 3.8 2.8 2.5 6.00660 -8, 15B8T23E+83
443/2 4.8 2.0 1.5 4,00068 -0, 24649B6E+02
4d5/2 4.6 2.8 2.5 6.88680 -8.233257T6E+82
5dif2 5.8 2.0 1.5 4,00088 -8.5898101E+00
5d5/2 5.8 2.8 2.5 6.80000 -B.4765816E+88
4fF5/2 4.8 3.0 2.5 . 0no06n -0.6152851E+01
4f7/2 4.8 3.8 3.5 8.80808 -8.5B72657E+81

nuclear charge=  79.000000
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For Au

More general treatment of bound states of Fermi particle

within spherical potential V/(r) — continued

Some sample results within density functional theory

Ref. https://www.nist.gov/pml/data/results

J=1/2
J=1/2

J=1/2

Neon Energy unit is “Hartree
1H=27.21138602 eV
10 Ne [He] 25 2p®
Non-relativistic Relativistic
1s  -30.305855 -30.314393
2s -1.322809 -1.326075
-0.500040
2p -0.498034 0496232

PHY 741 Fall 2017 — Lecture 35

J=3/2




Krypton
36 Kr [Ar] 3d™° a5 ap®
Non-relativistic Relativistic
1 -500.982989 -517.456410
25 -66.285953 -68.209637
-61.753188
2 -60.017328 -59.789712
3 9315192 -0.639319
7.347319
3p  -7.086634 Tt
-3.032140
3 -3.074109 305140
4 -0.820574 -0.851373
.0.361325
4 -0.346340 030132
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J=1/2

J=1/2
J=1/2
J=3/2

J=1/2

J=1/2
J=3/2
J=3/2
J=5/2
J=1/2

J=1/2
J=3/2
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Fig. 9: lonization potentials of the elements, as obtained from experiment (blue line, to be
referred to scale on left)); and differences of calculated and experimental values for the LDA
(black), L5D igreen), and RLDA (red) approximations, all to be referenced to the right-hand

energy scale.




