PHY 712 Quantum Mechanics
12-12:50 PM MWF Olin 103

Plan for Lecture 6:
Continue reading Chapter #5 in Shankar;
Quantum mechanical systems in 1-dim

1. Particle bound in an infinite square well
2. Particle bound in a finite square well

3. Particle in the presence of a potential
step
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PHY 741 Quantum Mechanics
MWF 12 PM - 12:50 PM 'OPL 103 | fnttp;/iwww wiu.edu/~nataliei 7phy741f

Instructor: Natalie Holzwarth Phone:758-5510 Office: 300 OFL je-mall: patabe fwhi sdu

Course schedule
{Preliminary schedule - subject to frequent adiustmant )
Dato F&W Reading Topic Assignment Dus
1 Mon, 8282017 Chap. 1 Review of basic principles ot w2017
2 \Wed BA0201T Chap, 1 Linear yector spaces 7] L2017 |
3 Fri, $012017  Chap 1 Linear vactor spaces a3 WE2017
4 Mon, 9/04/2017 Chap. 4 [Principies of Quantum Mechanics g WE2017
5 \Wed, QOEZ017 Chap, 5 Examples in 1 dimension i . |
& Fri 9082017 Chap.® Schrodingar aquation in ane-dimansian &5 H1N2017

7 Mon, 8112017
8 Wed GA2/2017
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Energy eigenstates of the Schrodingder equation

H|E)=E|E)
Example: Particle of mass m confined within an infinite
square well:

V()

for M <a

oo | for |x| > a

-a

9/08/2017 PHY 741 Fall 2017 — Lecture 6 3




9/8/2017

V(x)

for [x|<a

oo | for |x| > a

-a
d’y(x)
de

w(x)=0 for \x\ >a

In this case, £ >0

a

hZ
-— =Ey(x) for ‘x‘ <a
2m

Sy(x)= Cle[(\/ZmE/h)x + Czeﬂ(«/zmg/;.)x

PHY 741 Fall 2017 — Lecture 6

9/08/2017

In this case, £ >0

=Sy(x)= Clei(x/ZmE/h)x 4 Cze—i(JZmE/h)x

\2mE
7 X

:

Satisfying the boundary conditions:
w(ta)=0 = sin[ 27rlnE aJ
N2mE

ol 55,
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or y(x)=C; sin(

or y(x)=C, cos[ Z;nE

0

or

9/08/2017

Satisfying the boundary conditions:

0>

v(ta)=0 = sin[

~2mE
n

—“2';”5” —nr n=1,23..

or 0s sza =()_)v2mEa_(2i’l+1)7l'
n T =T 5
Summary of results:
2,22
E= Uitid r; Fornodd: w(x)= lcos[
8ma a

Forneven: y(x)= 1 sin[m[x
a
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ﬂ)
2a
%)

2
n=12,3...




Summary: Energy eigenvalue spectrum for a particle of
mass m confined within an infinite square well of width 2a:

4

ng1 nk2 nk3 ng4

N(E)

E/(1 | (8ma’))
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Example: Particle of mass m confined within an finite square
well:

V(x)

for ‘x‘<a

V(x)={°
v, V| for |x|>a v,

X
-a a
V(x)
_ 0] for ‘x‘<a
v, V(x)_{VD for |x| > a v,
X
-a a
n dy(x)
-— =Ey(x) for|x|<a
2m  dx’ v ‘ ‘
n dy(x)
-— =(E-V, x) for [x|>a
o di ( O)W( ) ‘ ‘

Note that either w(—x)=w(x) (even solution)
or w(—x)=-w(x) (odd solution)
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First consider the case E>V:

2 2
7%%:EW(” for ‘x‘<a
2 2
,%%:(E%)W(X) for || > a

Even solution:

For ‘x‘ <a: w(x)=C, cos[

2m(E-V,) [ y2m(E-V,)
For x>a: y(x)=C,cos fx +C,sin fx

2m(E—V") . 2m(E—V”)
For x<-a: v (x)=C,cos 7 x |=C,sin 7 x

\2mE
n X
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For ‘x‘ <a: w(x)=C, cos[

\2mE
7 X

2m(E-V,) . 2m(E-V,)
For x>a: v (x)=C,cos T}c +C;sin T}c

2m(E -V, J2m(E -V,
For x<-a: W(x)zczcos[yx]—qﬁn[wx}

Satisfying boundary values atx =a:

N 2m(E -V, 2m(E -V,
C,cos[ z;nEaj—Czco{ m(h O)aJ—Czsin[ m(h 0)aJ:O

[E ([ Y2mE ) oo 2= ), J2m(E-V,)
V57% | sin 4 a |—C,sin 7 a |+ C,cos Tu

=0
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Satisfying boundary values atx =a:

2m(E -V, 2m(E -V,
C,cos[ 2:‘Eaj—czco{ m(h O)QJ—C}sin[ m(h 0){1}:0

[E [ 27E ) o[ 2 E=R) ) J2m(E-V,)
\[E ,sm[ a a]— , sin 7 a |+ C,cos Tu

Equations for coefficients:

2m(E-, om(E-,
COS[¥{1J Sin[%% e COS[\/ZmEa]

h

Sin[ 2m(E—V0)u] _Cos[ﬂlzm(E-Vﬂ)aJ cc| | [E Sm(«/ﬁa]
7

h E-V, h

=>solution for all E>V, - continuum spectrum
similar solution for odd solutions
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V(x)

Now consider the case E<V,:

for [x|<a

0
v, Vix)= {Vu for |x| > a

X
_a a
2 2
_%% =Ey(x) for |x]<a
2 2
_;Lm% =(E—Vo)'//(x) for \x\ >a

Note that either y(-x)=y(x) (even solution)

or y(-x)=-w(x) (odd solution)
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Now consider the case E<V,:

2 2
—Zh—m%:ﬂ//(x) for ‘x‘ <a
2 2
7;’—”’%:(E7V0)y/(x) for ‘x‘ >a

Even solutions:

For Méa: y/(x):Clcos[

\2mE
7 X

fim(7,-£), , Boundary conditions:
For [2a: p=Ce * (B )
C, cos a|=Che

n

z Ce 1
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rE ) [aE,. E,
C;sin a|=,|-*—

Finite potential well — even parity bound solutions

Boundary conditions:

7, =)
N2mE - a
C, cos( i J =Ce "

—a
h

‘(«/ZmE] V- L,
C;sin a|=,""—

Ce "
h E

[«/2mE ] V,—E
tan a|=,——

h E

Similarly, we can analyze the odd-parity bound states:
N2mE V,-E
cot a|=—|———-
h E
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Solution of transcendental equations:

2mE ) [ - 2mV,a A
tan[ 7 aj—v i :stan[ \/7] \J E/V

tan(ue) =

or cot(ue) = —.
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L T -

w

01 02 03 04 05 06 07 08 09

For u=8 jas
0.7 08 0.9
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Summary: Energy eigenvalue spectrum for a particle of mass m

confined within an finite square well of height V,, and width 2a:

N(E)

1
Discrete eigenvalues  Continuum eigenvalues
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E/V,




