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Plan for Lecture 8:
Start reading Chapter #7 in Shankar;
Eigenstates of the harmonic oscillator

1. Solution of the differential equation
2. Operator formalism
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Course schedule

[Preliminiary schedule - subject to freguent acjustment |

Date FAW Reading Tapic Assignment Due
1 Mon, 8282017 [Chap. 1 Review of basic principles ] WERDT
2 Wed, 830017 Chap, 1 Linear vector spaces a2 L2017
3 Fri, 9012017  Chap. 1 Lingar vector spaces ) WE201T
& Mon, 30042017 (Chap. 4 Principies of Cuantum Mechamics 84 82017
5 Wed, 062017 Chap. 5 Examples i 1 dmension
6 Fri, Q082017 Chap. 5 Schiadinger equation in cne-Gmensicn 25 ST
7 Mon, §1172017 Chap 5 {Echradingar equation in one-emension
8 Wed, 9132017 Chag. 7 Schiddingsr equalicn in cne-Grensicn 46 152017
» B Fri, 52017
10 Mon, S1B2017
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Quantum mechanics of a harmonic oscillator
from https://en.wikipedia.org/wiki/Simple harmonic_motion
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Classical trajectory:

x(t)=X,cos(wt)  where o= \/?
m

Oscillator potential:

V(x)=—hx*= lma)z)c2

1
2
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V(x)=1/2 k x2

X
Comes from analysis of systems near equilibrium:
av 1 d&*v
V(x)=V(xo)+—| (x—x)+=—| (x—x0)’+: -
(%)= V(x0) dxx.,( 0) 2',dxzm( 0)




Eigenstates of the the Schrddinger equation:

Solutions to the differential equation -- let X = by

d’y N 2mED:  mlw’b’
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In these units, the equation becomes:
” 2 —
y'+Q2e—y)y=0
Further transformation:
y(=u(y)e
Equation for uy): 3" — Zyu' + (28 — l)u =0

—y%/2

Hermite polynomial solutions for u(y)=H,(y)

2
d If 72de" +2nH,=0
dy dy

=(2c-1-2n)H,(»)=0 35”:%+n
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Complete solution including normalization

1/4 ) 172
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Figure 7.1. Normalized eigenfunctions for n=

0,1,2, and 3. The small arrows at
Ml=(2n+1)"? stand for the classical turning Vi)
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points. Recall that y= (mw/#)'*x. /\ /\ N /\
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Some useful relationships of Hermite polynomials:
Hy(y)=2nH,-,

Hyi(p)=2yH,—2nH, -,

j H(y)HAy) €™ dy=8,u(n'2"nl)

Useful matrix elements: 2
h /
<n'IX|n>=(T) [Suwmii(n+ 1) 2468, 0"
mao
wh 2
<n'\P|n>=('"T> [8mer(n+ 1) = 8, 2]
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Representation of the position and momentum operators
in terms of the energy eigenstates of the harmonic
oscillator: n=0 1 2 3
o 1" o0 o
N 1" 0 22 0
X o (—) 0 22 o 372
me 0 0 37 o

o -1 o 0

12| 1172 0 —2!72 0
pHi(M) 0 212 0 —3i2
2 0 o 32 0
Note that: :
Pl=ikl=1n

X,
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Average values and uncertainties

(n| X|n)=0 <n|X2|n>=ﬁ(2n+l)
(n|P|n) =0 <n|P2|n>=hmTw(2n+1)

(o] AX[1) (n|ap|m)=2 (20 +1)
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Analysis of the Harmonic Oscillator Hamiltonian in terms
of raising and lowering operators

Define:

mo 1/2 1 1/2
a=(_) X+,~(_) P
2h 2mwh

1/2 1 1,2
aT=(ﬂ> X—i(—) P
2h 2moh

It follows that:  [a, a'] =1
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+ mo _, 1 2,
: aa=—X+——P'+—[X, P
Note that: P Smak " [X, P]
_H_1
o 2
so that

H=(d'a+1/2)lw

Unitless operators:

i]=£=(a*a+ 1/2)
fw
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Eigenstates of ﬁ=ﬁ£= (@'a+1/2)
1)

Hey=¢le)
Note that: [a, I?] =[a,d'a+1/2]=[a, a'al=a
[a", H)=—d'

Hale>=(afl~[a, M)y Ha'ley=(a'H~[d", H))| &)
=(aH-a)| &) =@ H+a"e>
=(e—1)al&> =(e+1)d|&)
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Hale>=(afl~[a, M)y  Ha'ley=(a'H~[d", H))| &)

=(afl-a) &) =(d'H+d" &)
=(e—1)d| &> =(e+1d'|&)
ale)=C,|e-1) a'le)=D,|e+1)

Argue that the eigenvalues have a sequence and can be
labeled with energy n=0,1,2,3

a‘50>=0
ataf£0>=0
H-1/Dle>=0 B Hley=1le0) W) €03
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This implies
5,)=|n) Whereﬁ|n>=(%+n}|n>

Determining coefficients:
ale)=C,|e-1) a'le)=D,|e+1)

(ﬁz_%]|n>=a+a|n>=n|n>
C, 2<n—1|n—1>=n<n|n>
=C, = Jn similarly, D, =+/n+1

(n|a'a|n) = (an|an) =
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Summary of results
H|n> = ha)(% + afaj|n> = ha)(% + nj|n>

alny=aln-1)
aT|n>=\/m|n+l>
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