PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 10:

Continue reading Chapter 3 & 6
1. Constants of the motion
2. Conserved quantities

3. Legendre transformations
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Course schedule

(Preliminary schedule - subject to frequent adjustment.)

a3
Date F&W Reading Topic ‘Assignment Due

1 Mon, 8/27/2018 Chap. 1 Introduction W1 972018
Wed, B/29/2018 No class

2 Fr, 8312018 [Chap. 1 Scattering theory #2 12018

3 Mon, 902018 Chap. 1 Scattering theary

4 Wed, 5/05/2018 Chap. 1 Scattering theary #3 9/10/2018

5 Fri, 907/2018 [Chap. 2 Non-inertial coordinate systems m a112/2018

6 Mon, 9/10/2018 |Chap. 3 Calculus of Vanation #5 91122018

7 Wed, 9/12/2018 Chap. 3 Calculus of Vanation #5 917/2018

| Fri, 9142018 |No class University closed due lo weather.

8 Mon, 9/17/2018 (Chap. 3 Lagrangian Mechanics W7 9192018

9 Wed, 811572018 Chap. 3 and & Lagrangian Mechanics and constraints #3 9/24/2018

10 Fri, %21/2018 |Chap. 3 and 6 Constants of the motion
11 Mon, 9/24/2018 (Chap. 3 and 6 Hamiltonian formalksm
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Public Talk — ®BK Lecturer -- Mon. 9/24/2018 at 7 PM

Exploring Space for Earth: Earth's Vital Signs Revealed
with Dava Newman

Professsor Dava Newman is (he former Deputy Administrator of MASA, an MIT
Apollo Professor of Astronautics at the M s Institute of Technology
and an expert in space technology and policy. Her pu ture offers an
orbital view of planet Earth's interconnected systems through supercomputer

data visualizations and stories 1o demonstrate risks, aclions and salutions.

@ Monday, September 24 at T:00pm

¥ Porter Byrum Welcom
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“Human Exploration from Earth to Mars: Becoming Interplanetary” »
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Summary of Lagrangian formalism (without constraints)

Forindependert generalized coordinates ¢, (¢):

L=L(lg,®1g,©O)t)

Note that if a—L =0, then ia—L =0
oq, dt 04,

oL
— — =(constant)
9
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Consider a particle of mass m moving frictionlessly on a
parabola z=c(x?+y?) under the influence of gravity. Find
the equations of motion, particularly showing stable
circular mation.

_—

L(x,y,%,7) =%(X2 +3° +4CZ(JC)IC+yj/)z)—mgc(x2 +y2)
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L(x,y,%,7)= %(xz +j/2 + 4cz(x)'c+ yy)z) —mgc(x2 +y2)
Transform to polar coordinates;
X =rcos¢g y=rsing

o _ Mo o 222 2
L(r,¢,r,¢):z(r +7°¢ + 4 )7mgcr

Euler-Lagrange equations

%_1%20 = O—Emr2¢5:0
04 diog a "

= Letmr’¢=(_ (constant)
oL _doL_

9/20/2018

mr¢52 +4mr-262r_2mgcr_%(mi(l+4czr2))= 0

2

Lo 2mger +4mic’r —%(mf(l +4c%? )) =0

3
mr

Now consider the case where initially the particle is moving in a circle
. 2 P o
at height z, and (_ = mz, 8 mry +J2gc with 7, =0.
c
Consider small perturbation to the motion: r =7, +or
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2
Ez
3
mr

—2mger +4m’;202r—%(mf(1 +4czr2)) =0

Consider small perturbation to the motion: » =7, +or

where initially the particle is moving in a circle

. 2 L
at height z, and (, = mz,,| =& = mr?\[2gc with 7, =0.
c

Keeping terms to linear order:

—8mgcor — me(l + 202}’02) =0

o7 =-S5
1+2c7r,
= Or = Acos Sgc; st+a
1+2cr;
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Examples of constants of the motion:

Examplel: one-dimensional potential :
L=tm(e+3*+)-V(2)
d

= ;mx =0 = mx=p, (constant)
!

d . .
:Emy:O = my = p, (constant)
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Examples of constants of the motion:
Example 2: Motion in a central potential

L= %m(fz + r2¢2)— V(r)

= %mrng =0 =>mrigp= p, (constant)

d oV P,,, 8V
= —mi=mre’ ——= —
dt or mr  or

Recall alternative form of Euler-Lagrange equations:
Starting from :

L=L({g,O}14,O}h1)

da o
dt 0q, 0q,
Also note that : —:Zaiq 2 i+
(g, )a
di aq 4 a
5L _oL
2 oL
o




Additional constant of the motion:

1If a—L:O;
ot
d oL oL
then: —|L-) —q, |=—=0
dz[ zaqo "] ot

= L*Z?"Lqﬁ =—FE (constant)
o 0o

Examplel: one-dimensional potential :
L=im(i+ 2 +2)-V(z)

:%(%m(jﬁ +y'2+z'2)—V(z)—m)'cZ -my? —miz)zo

= _(% m(f‘2 +37+ 22)+ V(Z))Z —E (constant)
For this case, we also have mx=p_ andmy=p,
2 2
L P iy
2m  2m
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=>FE
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Additional constant of the motion -- continued:
oL
If —=0;
ot

d oL oL
then: —|L-)» —q, |=—=0
dt[ Z{,:aq[, "] ot

=L- Z;“Lq}, =—E (constant)
o U4,
Example2: Motion in a central potential
L=1% m(f’2 +r2g? )— V(r)

= %(%M(fz PG )V () =i = mr?g?) =0

= —(% W’(V'z + VZ¢Z)+ V(r)): —E (constant)
For this case, we also have mrz(b =p,

2

= E=—Le i imi? vy (r)
2mre °
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Other examples

L=tm(i+5? +z'2)+%80(—)'cy+j/x)

a—L:O = mzZ=p_ (constant)
0z
E=y Ly -1
- 04,
=m(2+ 92+ 22 )+ LB =iy + ix
(#4574 27) By (=i + x)




Other examples

L=tm(i*+5+2)- LBy
C

ai‘ =0 = mz=p,_ (constant)
Oz

6—1‘ =0 = mx=p, (constant)
Ox ’

=m(i*+ 57 +22)7%BO)'C)/
—im(i+ 37 +z'2)+%BD)'cy
pl ., p

2m  2m
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_1 22 .2 a2\ g, 2
73m(x +y +z) smy” +
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Lagrangian picture

For independent generalized coordinates ¢, (¢):

L=L({g, (Oh1d,0}t)
d OL oL -0

dt 04, Oq,

= Second order differential equations for ¢, (7)

Switching variables — Legendre transformation

Mathematical transformations for continuous functions of
several variables & Legendre transforms:
Simple change of variables:

z(x,y) & x(y,z)?77?
z(x,y) = dz= % dx + o dy
ox ), oy ).
x(y,z) = dx= o dy + o dz
oy ). oz,
ox (6z/0y).
But: | —| =—7F———7%-
o). (oz/ex),
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Simple change of variables -- continued:

z(x,y) = dz= [Z—ildx [Zjldy

ox ox
x(y,z) = dx= (Gylder(ﬁzj} dz,
3[6xJ =_(6z/!y),,

(/o). 3(@] I
o). (oz/ax) oz ), (oz/ax),

9/20/2018

Simple change of variables -- continued:

Example: 2(x,y) = dz:[@} dx.,_(@j dy
iy ox ), oy
Hxy)=e ‘ .
x(y,z)=(lnz—y)l/2 x(y,2) = dx:(ﬁj dy+(a—xj dz
oy ). Oz
ax) 2 (6z/dy), (@] 2 1
Gy ( z/ax) 0z), - (62/6x)v
1 A 1 v o1

Z(Inzfy)”2 et 2z(Inz-y)

Mathematical transformations for continuous functions of
several variables & Legendr( trEjnsforms continued:

z(x,y) = dz_(ij dx+ o dy

y

Let uz[a—zj and v= %
ox), ).

Define new function

dw dz— udx xdu —A+ vdy — 74 xdu
((’N)) ow 0Oz

= |—| == — | == =v
ou ), ) \),
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For thermodynamic functions:

Internalenergy: U =U(S,V)

dU =TdS - PdV
dU:(égjcm+[ﬁﬁjdV
as ), or )

%) )
as ), v ),

Enthalpy: H=H(S,P)=U+PV

dH:dU+PdV+VdP:TdS+VdP:(g—1;J dS+(6—H) dpP
P N

oP
{8, )
s ), oP ),

9/20/2018
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Name Potential Differenti
Internal energy E(S. V.N) dE =TdS
Entropy S({E,V.N) ds = Jllrn'.f'.' +
Enthalpy H(S,PN)=E+ PV | dH =TdS 4
Helmholtz free energy | F(T.V.N)=E - T8 | dF = —SdT — PdV + pdN
Gibbs free energy G(T.,P.N)=F + PV | dG = —SdT + VdP + pdN
Landau potential HT.V,p)=F - uN d} = ~5dT — PdV — Ndp
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Lagrangian picture
For independent generalized coordinates g (¢):
L=L{g, 0}{d,(0}1)
da_o_

dt g, oq,
= Second order differential equations for g_(¢)

Switching variables — Legendre transformation
Define:  H =H({g,®)},{p,®)}1)

H:Zq(,pg—L Wherep(,:;—lL
oL oL oL
dH = i.dp, + p,dq, ———dq, ———dq, |-—dt
;(qg e s qg] a
ai21/2018 PHY 711 Fall 2018 - Lecture 10 2
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Hamiltonian picture — continued

H=H(lg, O} {p, O}t)
H=34,p,~L where p, = -
- o4,
oL oL oL
dH = 7.dp,+p.dq, ———dq, ———dq,_ |——dt
;[qa o+ podi =2 = da, = qa] Py
:Z 37qud+8H dp, ﬂdt
>\ 0q, op, ot
. oH oL d oL OH
=4q, = =2 =p,=- oL _ ot
oq, dt 0q aq, ot ot
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