PHY 711 Classical Mechanics and
Mathematical Methods

10-10:50 AM  MWF Olin 103

Plan for Lecture 11:
Continue reading Chapter 3 & 6
1. Constructing the Hamiltonian
2. Hamilton’s canonical equation

3. Examples

9/24/2018 PHY 711 Fall 2018 — Lecture 11

9/22/2018

=S

Course schedule

(Prefiminary schedule — subject to frequent adjustment )

nan

Date F&W Reading Topic Assignment Due
11" |Mon, 872712018 |Chap. 1 Introduction #1 712018
[Wed, 82872018 No class
2 [Fri, 83112018 [Chap. 1 Scattering theory #2 972018
3 Mon, 2032018 Chap. 1 Scattening theory
4 Wed, 9/05/2018|Chap. 1 Scattering theory %] 3102018
5 [Fri, 307/2018 [Chap. 2 Non-inertial coordinate systems B4 31272018
6 Mon, 9/10/2018 [Chap. 3 [Calculus of Variation #5 9/12/2018
7 (Wed, 9/112/2018[Chap. 3 Calculus of Variation a6 3/17/2018
Fri, ¥14/2018 |No class Liniversity closed due to weather,
8 |Mon, 9/17/2018 |Chap. 3 Lagrangian Mechanics a7 4192018
9 Wed, 9119/2018/Chap. 3 and 6 Lag and 28 9/24/2018

10 Fri, 9/21/2018 |Chap. 3 and 6 Constants of the motion
11 Mon, 9:24/2018 (Chap. 3 and 6 Hamiltonian formalism
12 Wed, 9/26/2018|Chap. 3 and & Canonical transformations

&
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Department of Physics

SPS Meeting and
Career Advising Event

Professor Dava Newman

Apollo Program Professer of Astronautics
P of ics and {
Harvard-MIT Health, Sciences, and Technology
Phi Beta Kappa Visiting Scholar

12:15 PM today in Olin 105
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Public Talk — ®BK Lecturer -- Mon. 9/24/2018 at 7 PM

2\

Exploring Space for Earth: Earth's Vital Signs Revealed
with Dava Newman

Professsor Dava Newman is the former Deputy Administrator of NASA, an MIT
Apolio Professor of Astronautics at the Massachuselts Institute of Technology
and an expert in space technology and policy. Her public lecture offers an
orbital view of planet Earth's interconnected systems through supercomputer
data visualizations and stories o demonstrate risks, actions and solutions.

© Monday, September 24 at 7:00pm

n Welcome C©
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“Human Exploration from Earth to Mars: Becoming Interplanetary” »

Physics Colloquium:

Rocer 1pac b 1o Pl vl Jugeter.

Tue. 9/25/2018 at 4 PM aousands of exoplatat, snd sebitsl mision |:-«-m: s:::»::‘z..-_».
Olin 101 oty 10 Weara. Wee iw chibet 10 resching Thr Bad Plaret mith humen

wxplorens than we have sves been in aur b

et irhtry avw weorking it o oo the D brokeghes and metson that

Wil amable kuman "Bt om Mary® in the 1030 We srw testing advanced

bechnalogies for the next glant leaps of sploration. From solar shestric

» g 3 pace st 1
o, M o

Fangtle oyt Todey 2 Eomorrew,

fuace agencies, acadenis

A thiwe-

mdvancing tn missions in Larth-Meon crba, o deep space, and finslly

mceving on o Mars, o o

scraas science, s technslogy

Fundamentalty. schstation. bnowledpe and sccess are the beys o expioting
oot slar iyt . wedl qursehees.

about caur e plaret b thirwe through usperompster dats wissbzation
e e with
‘an inchutive maszage an STIAMD [1cisns-tachnology-seginearing 415

Prof. Dava Newman e
Earthl
®BK Lecturer from MIT
Elaants Rooewelt the ! . 3
I i e ol thew drearmi "
9/21/2018 PHY 711 Fall 20° S.:‘\'etlmm 10

Lagrangian picture
For independent generalized coordinates ¢ (¢):

L=L({g,(Oh{g,(Oh1)
doL_aL_

dt 0q, 0q,

= Second order differential equations for ¢, (¢)

Switching variables — Legendre transformation
Define:  H =H({g,®)},{p,®)}1)
oL

H:anpg—L Wherepc,:a—.

o

aL oL oL
dH =Y 4.dp, + p.di, —dg. — = aq. |- L ar
;(qg e s qg] a
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Hamiltonian picture — continued

H=H(lg,®)}{p.0)}1)

H:Zq’ﬁpg—L where p, =

dH = Z[q'ﬂdpa +p,dq, —?*qua —f.d%]—*df
= oq, 4,

>\ 0q, ot
. _OH oL d OL _ O0H oOL OH
=4q,= = —C=p, = =
p, oq, dt 04, aq, ot ot
PHY 711 Fall 2018 -- Lectus 1
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Direct application of Hamiltonian’s principle using the
Hamiltonian function --

ds Generalized coordinates :
L )

Define -- Lagrangian: L=T-U

L=1({q,}.{4.}-1)

= Minimization integral: § = J.L({qg},{qn},t)dt

f

Expressed in terms of Hamiltonian:
H=H({g,0}{p,(0}.1)
H=34,p,~L =L=4,p, - H({¢,0}.{p,0)}.)

912412018 PHY 711 Fall 2018 — Lecture 11

Hamilton’s principle continued:
Minimization integral:

°" lj[;q"pﬁ - H({g,0}.{p,(0}.1) ]dt

3= j(Z(fMpa +&,p, *STH&L, fSTH@JJ]dz =0

. _OH
=qe =7 . .
p, Canonical equations
= PRt
Ps 2q,
Detail : R
(St o = [ “0e)p, Jr = S| - [ S o




Constants of the motion in Hamiltonian formalism

H=H(lg,®O}{p. "))

da, _ ot = constant g, if o _ 0
dt op, P,
dp, _ _OH = constant p_ if o _ 0
dr 0q, 4o
dH OH .  OH . oH
DD Pl ARt M L
dt T\ 0q, op,, ot

= constant A if aélj =0
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Recipe for constructing the Hamiltonian and analyzing
the equations of motion

1. Construct Lagrangian function: L = L({qa (t)}, {q‘, (t)},t)

2. Compute generalized momenta: p_= oL

94,
3. Construct Hamiltonian expression: H = Z q,p,—L
4. Form Hamiltonian function: H = H({g, (1)}, {p, ()}1)
5. Analyze canonical equations of motion :
d4, _OH  dp, __OH

dr op, dt aq

o
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Examplel: one-dimensional potential :
L=tm(#+37 +2)-V(2)

p,=mx p,=my p =mz

H=mt* +mp” +mz> = Lm( + 37 +22)-V(2))
Pl P

2
——+—+&+V(z)
2m 2m 2m

Constants:  p.,p ,H

Equations of motion : d_oH _ P dp. __dv

dt op, m dt  dz
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Example 2: Motion in a central potential

L=Lmlr? +r%¢*)-v(r)

p, =mr py=mr’$

H=mi* +mr’¢* - (%m(iz + r2¢2)— V(r))
=Lm(i* +79?)+V ()

2 2
P, Py

=+ —"=+V(r
2m  2mr’ )

Constants:  p,,H

Equations of motion :

dr_p, A O _p
dt  m dt or  mr* or
PHY 711 Fall 2018 -- Lecture 11
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Other examples

Lagrangian for symmetric top with Euler angles &, 5,7 :

L=L(a, .y, p7) =4 1(a sin B+ )+ L 1, (ccos f+ 7 F

—Mghcos
p, =1Lasin® B+1,(ccos f+7)cos f
Pp= [1ﬁ"
p, =1(dcos f+7)

H:%],(o‘:zsin2 ﬁ+/?z)+§13(dcosﬂ+;?)z +Mghcos 8

(b =p,cospf Pl
2[lsin2ﬂ 21, 21
Constants:  p,,p,,H

+Mghcos
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Other examples
L=1im(e+)? +z‘2)+2130(—xy+y'x)
C
p.=mi--LBy
2c

p,=my+ lBox
K 2¢

p.=mz

H=1m(&* +57 +2)

-2

2 2
(pr +2lCBoyJ [py 721030’6) 2
H= + + 2=

2m 2m 2m
Constants:  p,,H
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Canonical equations of motion for constant magnetic field:

2 2
(pr +%Boyj [py 7%30’6) 2
H= + + 2=

2m 2m 2m
Constants:  p,,H

49 _4
@:m+gﬂw Aﬁzh %B
dt m dt m

dp._ oM _abf 4 p,
dt 6x " 2me 2¢

dp,  oH B
7}:—*:—h(l’x +igoyj
dt oy 2mc 2c

PHY 711 Fall 2018  Lecture 11 16

Canonical equations of motion for constant magnetic field
-- continued:
9 -1

@ _ Dy +ZB<)J’ dl B py 2 Byx

dt m dt m

. 4B [, 4 p ) 9By

= ) X | =
d 2me\"’ 2c 2¢ dt
dp) - ( j __ 4B, dx
2¢ dt

d’x _p., 4 qB@

a* m 2mec " mc dt

Q:ﬂ_igox: 9B, dx

dt® m  2mc me dt

General treatment of particle of mass m and charge ¢ moving

in 3 dimensions in an potential U (r) as well as electromagnetic

scalar and vector potentials ®(r,) and A(r,z):

Lagrangian: L(r,f,t)=%mi‘2 ~U(r)—q®(r,t)+ qy. A(r,z)
c
Hamiltonian: p= ('LL =mr+ gA(r,t)
or c

9/24/2018 PHY 711 Fall 2018  Lecture 11 18




Poisson brackets:

Recall:
H=H(g,0h{p,(0}1)
44, _ OH = constant ¢, if o _ 0
dt  op, op,
dp, __ 0 = constant p,_ ifai:O
dt oq.,, aq,
dH OH .  OH . OH
T2\ A Yt P |t
dt 5\ oq, p, ot

Similarly for an arbitrary function: F = F({qJ o}, {pg(t)}, t)

oF ]ap (aFaH 3F3HJ

ﬁ_z oF L oF ) oF .
a =g, o, e

a  <\oq, op, ap, o,

PHY 711 Fall 2018 - Lecture 11
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Poisson brackets -- continued:

For an arbitrary function: F = F({g, (0},{p, (®},7)

dr 99, op, p, 04,

Define :

_y[OF G _oF oG |_ |
w@rj%@”%%jmmg

oq, op,

o

dF oF
Sothat: — =|FH |y +—
dt [ ]["E at

PHY 711 Fall 2018 — Lecture 11

dF oF . OF . oF OF 0H OF oH
By L+ o, | Loy L),

ot

oF

Poisson brackets -- continued:

Y[ OF 8G _OF 8G)_
[7:6L = ;[Oqg o, op, Oq,,] (671,
Examples :

[edw=0  [plu=1  [wp],=0

L.],=L

Liouville theorem

Let D =density of particles in phase space :
dD oD
—=|DH |y +—=0

dt [ ]["B 81‘

PHY 711 Fall 2018 — Lecture 11




Phase space

Phase space is defined at the set of all
coordinates and momenta of a system :

(lg. Ok ir, )
For a d dimensional system with N particles,
the phase space corresponds to 2dN degrees of freedom.

PHY 711 Fall 2018 - Lecture 11
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Phase space diagram for one-dimensional motion due to
constant force

P

2
H(x,p)=§—m—ﬁ)x p=F, x:ﬁ

Poi t+lF;]t2
m 2

p,(t)=p, + Fit x,(t) = x,; +

012412018 PHY 711 Fall 2018 -- Lecture 11

Phase space diagram for one-dimensional motion due to
spring fo_rqg )

p |
a 0\
A
|
2
H(x,p):zp—m-f—%ma)zxz p=-ma’x x=§
p,(t) = p,,cos(wt +6,) x () ="2u sin( ot +6,,)
mo




Liouville’s Theorem (1838)

The density of representative points in phase
space corresponding to the motion of a system of
particles remains constant during the motion.

Denote the density of particles in phase space: D = D({qo (t)}, {p‘, (t)},t)

dD oD . 0D . oD
D3| L4+ 2, | 2
dt aq.,, p,, ot

dD

According to Liouville's theorem :

9/22/2018
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Liouville’s theorem

(X,p+4p) I (x+4x,p+4p)

oD

p X @y
- ot ‘
(x.p) ’1 (x+4x,p)
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Liouville’s theorem -- continued I

(X,p+4p) (x+4x,p+4p)

oD

(x.p) pI (x+4x,p)

oD . X . o
> = time rate of change of particles within volume
t

= time rate of particle entering minus particles leaving

L,

X P




Liouville’s theorem -- continued I

(X,p+4p) (x+4x,p+4p)

P % oD

- ot ‘

(x.p) pI (x+4%,p)

X
G )
ot Ox op
a ap. ap,  db
ot Ox op di
] PHY 711 Fall 2018 - Lecture 11 2
Review:

Liouville’s theorem:
Imagine a collection of particles obeying the
Canonical equations of motion in phase space.

Let D denote the "distribution" of particles in phase space :
D= D({ql "'%N}v {pl Psn }at)
Liouville's theorm shows that :
a_

- 0 = D is constant in time
t

PHY 711 Fall 2018 — Lecture 11

Proof of Liouville’e theorem:

l vp
Continuity equation :
oD

—=-v-(vD)
Y ¢ %, @
Note : in this case, the velocity is the 6 N dimensional vector :

v =(i.l7l..2""l..N7pl’I.’2""pN)
We also havea 6N dimensional gradient :
V=(V,\V, ...V, V, .V, .0, )

9/22/2018
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%?:—v(vD)
R ) o /.
: [&L( >+6p/_<pju>}

%, %, _ oH { oH ]z

o4, o, 04,0p; \ 0p,0q,
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gt s)

j=t 8q] ap J

oD 3“{&0 &D,}
P

=— o+
ot =|0q;, " op,

oD ¥\ oD . oD . dD
=S4 D gy ==
ot aq; op; dt

j=1
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dD

dt

Importance of Liouville’s theorem to statistical
mechanical analysis:

In statistical mechanics, we need to evaluate the
probability of various configurations of particles.
The fact that the density of particles in phase
space is constant in time, implies that each point
in phase space is equally probable and that the
time average of the evolution of a system can be
determined by an average of the system over
phase space volume.
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