9/28/2

PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 13:
Finish reading Chapter 6
1. Virial theorem
2. Canonical transformations

3. Hamilton-Jacobi formalism
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Course schedule

{Prefiminary schedule — subject 10 frequent adjustment.

]

Date F&W Reading Topic Assignment Due
1 |Mon, 8727/2018 Chap. 1 Introduction #1 72018

Wed, 8292018 |No class
2 |Fri. 8312018 |Chap. 1 Scatiering theary W2 a7iz018
3 [Mon, @03/2018  |Chap. 1 Seattering theary
4 Wed, 052018 |Chap. 1 Scattering theory ] aMz018
S |Fri, W0T/2018 Chap. 2 HNon-inertial coordinate systems. i aM22018
6 [Mon, ¥10:2018 Chap. 3 Calcubs of Variation #3 1272018
T Wed, 91272018 |Chap. 3 Calcubus of Variation i) anTRma

Fri, 314/2018 No class University closed due to weather.
8 |Mon, 917/2018 |Chap. 3 Lagrangian Mechanics W7 192018
9 Wed, 9/19/2018 |Chap. 3 and 6 Lagrangian Mechanics and constraints #8 2412018
10 Fri, 2212018 Chap. 3 and & Constants of the mation
11 Mon, 924/2018  |Chap. 3 and 8 Hamiftonian Tormalism #3 ai28r2018
12 Wed, 92672018 Chap. 3 and 6 Liouville theorem #10 107372018

- 13 |Fri, 9/28/2018 Chap. 3 and 6 Canonical transformations
14 Mon, 10/1/2018 Chap, 4 Small escillations about equilibrium
15 Wed, 10/3/28/2018|Chap. 4 Normal modes of vibration
ot oEq 1072018 Chap. 14,5,y RO 015 Lociuro 13 2
Virial theorem  (Clausius ~ 1860)
2AT)= —<ZF6 ~r(,>
E
Proof:
Define: 4= Zpa T,
o

dA . .

—==3(p, 1, +p, T,)=2 F, -r, +2T

a = . ,

A Because p,=F,
<7> _(SF, )+ 2(7)
dt

v () ( ) ( ) Note that this
d4\ 17dA(t) ,  A(r)-A(0 implies that
< > 7.([ di = T =0 « the motion is

bounded

= Z‘Fg«r>+2<T>:0
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Examples of the Virial Theorem (T

<Z FJ ‘ ro>
Harmonic oscillator: ‘ ’ ‘

F =kt T:%mf (me?)=(ks’

Check: for x(¢) = Asin[\/gt + a}
m
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Examples of the Virial Theorem  2(T)=—(>"F, 'rg>

Circular orbit due to gravitational field

of massive object: ’ ‘

F :_Gj\fml._ T:lmrza)z <mr2a)z>=<GMm>
r 2 .
Check: for re’ = G}i/[ N <mrzwz>:<GMm>
r I
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Hamiltonian formalism and the canonical equations of
motion:

H=H({g,O}{p, )

Canonical equations of motion

dq, OH
dr op,
dp, ©OH

@ o,
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Notion of “Canonical” transformations

q(,=q{,({Q,--<Qﬂ},{Pl~-R,},t) for each o

pc,=pa({Ql»--Q,,},{P,mP”},l) for each o
For some A and F,  using Legendre transformations

Apply Hamilton's pr1nc1ple

5:[{%F({qﬂ}’{Q,},t)}dt 21{%5F({qﬂ},{gﬂ},t)}t
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3 pudo =g, p 1) = 20~ (0B )+ S F (fa,110.1.0)

J[EP@; (1@ 21+ 0. 101 =0

=6F(t,)-0F(1)=0  and Q":(T P =

Some relations between old and new variables:
}:paqg AP ht)=
ZP o0,-f(o, L{P.}; t) -Fla. )10, )1)

i (2 H o )%

:»z( | R UARTARE

aQO'
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W[SFJ ( )
qd o
}

Jt)=H({ a}’{pv}’t)Jr%
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Note that it is conceivable that if we were extraordinarily
clever, we could find all of the constants of the motion!

o, o P
oP 00,

Suppose : Qn:ég:O and P‘,:—sg =0

14

= Q,,P,  areconstants of the motion

Possible solution — Hamilton-Jacobi theory:

Suppose:  F(lg, }10,}1)= -2 R0, +S(la {7 }1)

9/27/2018

% .~ la,ip, 1)~
0.~ QM) -3 0. 450, )|

o

-l M) F 0 F[ Bt i o

oq OP, ot
Solution :
_ oS _ oS
S ° 0P,
~ oS
(o, ) ip )= Hlig b {p. o)+ =
When the dust clears:

Assume {Qg }, {Pg }, H are constants; choose H = 0
Need to find S({g, },{P, }.7)
oS oS

" g, T op,

os os
H g 1B 2B g
= [{qg} {6%} t} 5

Note: Sisthe"action":

> r.d,—H(la. }{p. )=
T 0 o /0
I BUANIEAE VR RTAN)
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Z Pd,—H(g, {p, )=
0

[0\ d
S0 -0 e 4 -5 0. +sll. L2

[ [Zma RETRY )jd :}(%(s({qa},{pa},z))jdt

)

9/27/2018

Differential equation for S:

eSS

1
Example: H({q},{p},t):é)—m Ema) q°

Hamilton - Jacobi Eq : H( {67‘9 j

q
2
L[ +lma)2q2+§:0
2m\ Og 2 ot
Assume:  S(q,t)=W(q)—Et (E constant)
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Continued:

2

L[S +1ma)2q2+§=0

2m\ oq 2 ot

Assume:  S(q,t)=W(q)—Et (E constant)
2

(YL e g

2m\ dg 2

aw

d—q = 2mE—(mw)2q2

W(q)= I\IZME—(mw)zqqu




Continued:
W(q)= [\2mE—(mw) ¢*dg
[ -
=Eq 2mE —(mo) ¢* +—sm [\/7)

S(q,Et)—fq 2mE — ( q +—sm [

+C

)

B o= L[ mea )

g 2=, (\/2mEj !

=q)= 2mE sin(a)(t+Q))
mao
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Another example of Hamilton Jacobi equations

2
Example: H({q},{p},t)zé?—m+mgy

Assume y(0) = 7; p(0)=0

Hamilton-Jacobi Eq: H({q},{as},tl as =0

oq o
aS oS
+mgy+—=0
2m 8y ot

Assume: S(y,t)y=W(y)—Et (E constant)
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2
Example: H({q},{p},t):f—m+mgy

Assume y(0) = &; p0)=0

2
1 (dWw
=F= h
2m[ e j +mgy mg
h 2
W(y)sz.JZg(h—y')d '=§m@(h—y)m

S(y,t)=W(y)— Et =§m@(h—y)m —mght




Check action:

. 1
For this case: y(¢)=h— Egt2
i 1 -2 1 2.3
Szj —my” —mgy |dt'=—mg°t’ —mght
2 3

S(y,t)=W(y)- Et = %m@(k ~ )"~ mght
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Recap --

Lagrangian picture
For independent generalized coordinates ¢, () :
L=L{g,O}{4, }e)
doL_oL_
dt oq, oq,

= Second order differential equations for g (¢)

Hamiltonian picture
H=H(lg,(Oh{p,(O)t)
dq, _OoH dp, _ OH

dt p, dt 0q,
= Coupled first order differential equations for
q,(t) and  p,(2)
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