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PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103

Plan for Lecture 15:

Continue reading Chapter 4

1. Normal modes for extended one-
dimensional systems

2. Normal modes for 2 and 3
dimensional systems

Course schedule
(Preliminary schedule - subject to frequent adjustment.)
>>>55>> >
[ |pate F&W Reading |Topic |Assignment Due
1 |Mon, 8/27/2018 IChap. 1 Introduction #1 9/7/12018
|Wed, 8/29/2018  |No class

2 |Fri, 8/31/2018 Chap. 1 Scattering theory Eg 9/7/12018

3 |Mon, 9/03/2018 Chap. 1 Scattering theory \

4 |Wed, 9/05/2018  |Chap. 1 Scattering theory !#:3 9/10/2018

5 |Fri, 9/07/2018 Chap. 2 INon-inertial coordinate systems #4 9/12/2018

6 [Mon, 9/10/2018 IChap. 3 Calculus of Variation #5 9/12/2018

7 |Wed, 9/12/2018  |Chap. 3 Calculus of Variation #6 9/17/2018

Fri, 9/14/2018 No class University closed due to weather.

8 |Mon, 9/17/2018 Chap. 3 LLagrangian Mechanics #7 9/19/2018

9 |Wed, 9/19/2018 |Chap. 3 and 6 |Lagrangian Mechanics and constraints 8 9/24/2018

10 |Fri, 9/21/2018 Chap. 3 and 6 |Constants of the motion

11 |Mon, 9/24/2018  |Chap. 3 and 6 |Hamiltonian formalism #9 9/28/2018

12|Wed, 9/26/2018  |Chap. 3 and 6 |Liouville theorem #10 10/3/2018

13 |Fri, 9/28/2018 (Chap. 3 and 6 |Canonical transformations

14 |Mon, 10/1/2018 Chap. 4 'Small oscillations about equilibrium #11 10/5/2018
‘ 15|Wed, 10/3/28/2018 |Chap. 4 INormal modes of vibration

16 |Fri, 10/5/2018 Chap. 1-4,6 |Review
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Colloquium: “Adaptive Modsling of
Vegetation Green-up and Die-Off
Responses to Extreme Weather” —
Wednesday, October 3, 2018, at 4:00 PM
Professor Lauren Lowman, Assistant

Professor, Department of Engineering, Wake
Forest University George P. Willams, Jr
Lecture Hal, (Olin 101) Wednesday, October
3, 2018, a1 4:00 PM There wil be a

Colloquium: TSP End Objectivity:
Reflections on Steven Weinberg's “Against
Philosophy” - Wednesday, October 10,
2018, at 4PM

Professor Gordon Britan, Montana State
Unlversity George P. Willams, Jr. Lecture
Hal, (Oln 101) Wednesday, October 10,




Example — linear molecule
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Let: x, —>x-x x,ox-x —{, x,>x-x —{,—(,
L= %mlxl2 +%m25¢22 + %mgc}z —%k(x2 - xl)2 - %k(}@ - X, )2
Coupled equations of motion :

m¥, = k(xz _xl)

my¥, = _k(xz _x1)+k(x3 _xz): k(xl —2x, +x3)

myxy = _k(xz _xz)

Let x(1)=X/e™

—atm X¢ =k(xs - x7)

—alm X7 =KXy —2x5 + X7

- @lm XS =—k(xy - x7)
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Consider an extended system of masses and springs:

k k k
000 ) 0000 0000
oy - 1 AOMJAOW
Xi X,

xi+l
Note: each mass coordinate is measured relative

to its equilibrium position x;
1 ul .2 1 N 2
L=T-V :E’”Z"f _EkZ(xm X )
i=1 i=0

Note: In fact, we have N masses; x, andx,,,

will be treated using boundary conditions.
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L =T—V=lmzwle —lki(xi+1 —xf
2 5 2 3

x,=0andx,, =0
From Euler - Lagrange equations :
mi; = k(x2 _2x1)

mit, = k(x, = 2x, +x,)
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From Euler - Lagrange equations :
m)‘c'/:k(xj+172x/+xj71) with x, =0=x,,

Try: x;(t)=Ae” ™™

— 0 Ao :E(eiqu D4 )Ae—imﬂqaj
m

-0’ = 5(2 cos(ga)—-2)
m

S o= ﬁsinz[ﬂ)

m 2
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From Euler - Lagrange equations - - continued :

mj€j=k(x/+l—2xj+x/71) with x, =0=x,,,

Try: x;(f)=Ae”™™ >0 = ﬁsinz(q—;)
m

Note that:  x,(¢) = Be™ ™ > = ﬁsinz[q—;)
General solution :
x, ()= ‘R(Ae"‘"’*‘”“f + Be 79 )
Impose boundary conditions :
%, () = R(4e ™ + Be ™ )=0
Xy () = R(Ae sV 4. perioriaa¥)_
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Impose boundary conditions - - continued :
x,(6)=R(4e™ + Be™)=0
Xy, (1) = E}»{(Ae—iwlﬂqa(NH) i Beﬂ'{u{ﬂl]u(NH)): 0
= B=-4
Xy, (1) = M(Ae—mr (elqa(NH) _ e—iqa(NH))): 0
= sin(ga(N +1))=0
=qa(N+1)=vz wherev=0,1,2--
VIT
TN

qa
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Recap - - solution for integer parameter v

x, ()= i}{(ZiAe”‘”V’ sin( ]:,”i’ 1))

» 4k L wvx
W, =—SMN" | ————=
Y om 2(N +1)

Note that non - trivial, unique values are
v=12,--N
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.
o8
a)\/
os
4k /m
i
02
3
0 os . m 2 25 E

qa
Note that solution form remains correct for N >«

w(qa)=~4k/m ‘sin(qa)‘
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For extended chain without boundaries:

k k k k
0 000 000 0000 ...
BRI - T . Yl - Ni
Xis1

it X,
From Euler-Lagrange equations:

mi; :k(x 2x/.+x,,1) forall x;

j+1

. _ —iot+igaj
Try:  x,(t)=Ae

o A k ( o0t ef,qa) e riae
m

-’ :5(2005(@)72)

S o= ﬁsin2 (%] distinct values for 0 < ga <7
m
1
0.8
_%% 06
4k /m
0.4
0.2
00 1 2 3
qa




Consider an infinite system of masses and springs now
with two kinds of masses:

xl yi xi+1 y1+l xi+2
Note : each mass coordinate is measured relative

to its equilibrium position x, y?, -+

L=T-V
1
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R | e
=§mzx,2+5sz,2—§k2(xi+1—y,)Z—EkZ(y,
i=0 i=0 i=0 i=0

)2
- X,
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L=T-V

1 & 1 . 1, & 1, &
=Em2x,2 +5MZJ’,2 —EkZ(XM -V )Z —EkZ(y, -
i=0 i=0 i=0 i=0

Euler - Lagrange equations :
mi; = k(y/—l —2x, +y,)
My, =k(x,. -2y, +xj+l)
Trial solution :

x/ (t) — Ae—iniunj

y[ (l) — Be—imﬂan/

mae’* -2k k(e"z"“ +1) (AJ 0
ke +1) Mo? -2k \B)
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)2
X

mo* ~2k k(e +1) [AJ 0
Ke™ +1) Mo* -2k \B)

Solutions :
op -k iik\/%LﬁM
M mM

Y M




Eigenvectors:

For qa=0:

10/2/2018

Potential in 2 and more dimensions

2 0%V
V() 2V (5 v+ (x-x, ) S5

Example — normal modes of a system with the
symmetry of an equilateral triangle

Degrees of freedom for
u . . .
3 2-dimensional motion:

2N =6

u;
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued

U3 Potential contribution for spring 13:
1
Y = Vm:Ek(‘élﬁus*“l‘f‘gm‘)z
2
zlk Ly -(u3 7“1)
u, 2 |2,
1(1 3 '
u, zgk[a(uﬂ—uﬂ)+7(uy} _HN)J
e
Ly *‘[n‘[ x*?)’
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued
Potential contributions: V =V, +V,;+V,;

2 2
:lk[zlz'(“z_ul)] +lk[zls'(“3_“1)1
2 [€12] 2 €]

2
+lk(zzs'(“3_“z)]
2

[£20]

Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued

T o aT S| fuy
R S L A A LY W
; = 7% % 7%ﬁ %ﬁ 9 ux3 ux3

PRI S S S P

N R S | PR I P

SR TCEEIEE I PR P
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued

U

3 | =

u;

=
e
-
|
© © o ww pw w
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3-dimensional periodic lattices
Example — face-centered-cubic unit cell (Al or Ni)

Diagram of Diagram of g-
atom positions space 1(q)
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From: PRB 59 3395 (1999); Mishin et. al. v(q)

o | & [900) K [aq0] ) lagal L 10 o [q00] X K [ag0] r lagal L
Al
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FIG. 2. Comparison of phonon-dispersion curves for Al (a) and
Ni (b) predicted by the present EAM potentials, with the experi-
mental values measured by neutron diffraction at 80 K (A1) and 298
K (Ni) (Ref. 33 for Al and Ref. 34 for Ni). The phonon frequencies
at point X were included in the fitting database with low weight.
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Lattice vibrations for 3-dimensional lattice

Example: diamond lattice

Ref: http://phycomp.technion.ac.il/~nika/diamond_structure.html
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Atoms located at the positions:
R‘=R, +u’
Potential energy function near equilibriu :
), 1 .)_oU -
U(R )~ U(R, J+= Y (R -R,)- R*-R
ol Dl w) T8 few)
Define:
w_  OU
k= a b
RO i)
so that

Ul )=v,+ L Suingid

abjk

i) =3 Zm i} 0, Tyt
@b,

a,j

)= 3 Tm (i v, Ty

aj

Equations of motion :
va ab, b
m; = ZDM Uy
bk

Solution form:
1

”f(f):ﬁ

Details: Rj=1“+T wheret” denotes

fopioriaRy
j

unique sites and

T denotes replicas
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Define:

W”h( )7 D;I:e(q(-p' ) ’

QT

Eigenvalue equations:
2 b b
o' 4] = ZW(q)';k Ay
bk
In this equation the summation is only over

unique atomic sites.
= Find "dispersion curves" (q)
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B. P. Pandy and B.
Dayal, J. Phys. C.
Solid State Phys. 6
2943 (1973)

Frequency (THz)
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Figure 2. Phonon dispersion curves of diamond. Experimental points
et al (1965, 1967). & and O represent the longitudinal and transverse m«
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