PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 18:

Continue reading Chapter 7
1. More comments on non-linear equation example
2. The wave equation
3. Sturm-Liouville equation
4

Green’s function solution methods

10/9/2018

Wake Forest College & Graduate School of Arts and Sciences

Colloquium: Realit, Truth, and Objectivity
Reflections on Steven Welnberg's “Against
Philosophy” - Wadnesday, October 10,
2018, at 4PM
Protessor Gordon Britan, Montana State
University George P. Willams, Jr. Lecture:
Hall, 0ln 101) Wednesday, Ociober 10,
2018, a1 400 PM There willbe a receplion

iih retreshments at 3:30

‘Two Tenure Track Faculty

Positions

/1012018 PHY 711 Fall 2018 ~ Lecture 18
Date [F&W Reading Topic Assignment Due
1 Mon, 8/27/2018 |Chap. 1 Introduction #1 9/7/2018
Wed, 8/29/2018 |No class
2 |Fri, 8/31/2018  [Chap. 1 Scattering theory #2 9/7/2018
3 |Mon, 9/03/2018 |Chap. 1 Scattering theory
4 |Wed, 9/05/2018 |Chap. 1 Scattering theory #3 9/10/2018
5 |Fri, 9/07/2018  [Chap. 2 Non-inertial coordinate systems \gﬁ 9/12/2018
6 |Mon, 9/10/2018 |Chap. 3 Calculus of Variation \gS_ 9/12/2018
7 Wed, 9/12/2018 |Chap. 3 Calculus of Variation #6 9/17/2018
Fri, 9/14/2018 No class University closed due to weather.
8 Mon, 9/17/2018 |Chap. 3 Lagrangian Mechanics #7 9/19/2018
9 Wed, 9/19/2018 |Chap. 3 and 6 |Lagrangian Mechanics and constraints #8 9/24/2018
10 |Fri, 9/21/2018 IChap. 3 and 6 |Constants of the motion \
11 |Mon, 9/24/2018 |Chap. 3 and 6 [Hamiltonian formalism \ﬁ 9/28/2018
12Wed, 9/26/2018 [Chap. 3 and 6 |Liouville theorem #10 10/3/2018
13 |Fri, 9/28/2018  |Chap. 3 and 6 (Canonical transformations
14Mon, 10/1/2018 [Chap. 4 Small oscillations about equilibrium ~ #11 10/5/2018
15 Wed, 10/3/2018 Chap. 4 Normal modes of vibration
16 |Fri, 10/5/2018  |Chap. 1-4,6 |Review
17 |Mon, 10/8/2018 |Chap. 7 Strings
» 18 |Wed, 10/10/2018 [Chap. 7 |Wave equation
Fri, 10/12/2018 |No class Fall break
19 |Mon, 10/15/2018 Chap. 7 \Wave equation
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Non - linear oscillator equations (example from one dimension)
)2 d*v
eq

T epben )
X

V(x)z V(xeq)+l(x7x +1 X, e

2

X,

oq X

= lma)z[x2 +lgx“)
2 2
L(x,)'c):lm)‘c2 L R
2 2 2

Euler - Lagrange equations :

i= —a)z(x +ex )
Superposition - - no longer applies
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>0

<0

Non - linear example - - continued

L(x,)&):%mjc2 7%ma)2[x2 +%gx4)

Euler - Lagrange equations :
jc‘+a)2(x+gx3):0
Perturbation expansion :
x(t)=x, (1) +&x,(e)+ ...
Euler - Lagrange equations :
zeroorder: ¥, +w’x, =0

firstorder: ¥ +@’x, +@’x; =0
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Non - linear example - - continued  [::1 conditions :
i+at(r+a’)=0 x0)=X,  #0)=0
Perturbation expansion :
x(t) = xﬂ(t)+ &x, (t)+ e
Euler - Lagrange equations :
zeroorder: ¥,+@’x, =0 = x(t) = X, cos(wr)

firstorder: ¥ +@’x, +@’x; =0

v 2 253 03 @’ X,
= X))+ "X, (1) =~ X, cos’ (wt) ===~ (3cos (et ) +cos (3wr))

= x(1)= —X?g {3a)t sin(a)t)+%[cos(a)t)—cos(3wt)]}

3
x(1) = X, cos(wt) - 8% {3wt sin (ot )+ %[cos(wt) —cos(3wt):|} + 0(82)
Blows up at large t
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Some details: Initial conditions:
5c‘+a;2(x+gx3):0 x(0) = X, #0)=0

Perturbation expansion:
Let: 7=w(e)t: where m(e)=w+em+ ... u(r) :uu(r)+su, (r)+...

Differential equation: (a}(f))2 ii+a’ (u +eu’ ) =0

d* 5
Zero order term:  ” 7 u;‘ +w'u,=0 = u,y(t) = X,cos(wr)
T
L d’u d’u
First order term: @ 7 o'y, =200, 7 L~ 0’uy = 200X cos(wt) - o X,cos’ (or)
T 2
2 y3 243
:[20)60')(“ - 30)4)(“ ]cos(wt)— o X, cos(3awt)
2 2, 3
Let o, _3eX, = d u; +u, :—ﬁcos(ﬁ)
8 dr 4
X} X X,
u,(t) ==Lcos(37) + Acos(7) = —>cos(37) ——Lcos(r
|()32 (37) (7) m ()32 (7)

x(t) = X[,cos[w[l +%)t}+(%(cos(3m) —cos(wr))+ O(e*)
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Result for =1, £¢=0.5

15 .

“plotrés’ Numerical
‘plotresl’ —— results
cos(x) ———
14 875))+(cos(3"X)-cos(x))/64.
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t
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Back to linear equations --
One dimensional wave equation for u(x,?):
2 2
a—f—cza—’? =0 wherec* ==
ot Ox o
Generalization for spacially dependent tension and mass density plus
an extra potential energy density:
o’u 0 ou
o(x)—5——| 7(x)— [+ v(x)u =0
( P ax[()ax (x) 4
Separating time and spatial variables:
u(x,1) = p(x) cos(et + ¢)
Sturm-Liouville equation for spatial function:

—%(r(x)%) +v(x)p = 0’c(x)p
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Linear second-order ordinary differential equations
Sturm-Liouville equations

Inhomogenous problem: [—di r(x)i +v(x)— Za(x)](p(x) =F(x)
X X

applied

given functions
force

solution to be
determined

Homogenous problem: F(x)=0
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Examples of Sturm-Liouville eigenvalue equations --

(—%r(x)% +v(x)— ﬂo’(x)j(p(x) =0

Bessel functions:
r(x)=—x v(x)=x ox)= 1 A=v' p(x)=J,(x)
x
Legendre functions:
() =—(1-¥") w0)=0 o(x)=1 A=Il+1) ¢(x)=PR(x)
Fourier functions:
r(x)=1 v(x)=0 o(x)=1 A=n’7" ¢(x)=sin(nrx)
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Solution methods of Sturm-Liouville equations

(assume all functions dgonstagts are real):

Homogenous problem: T— ™ z'(x)a +v(x)— io‘(x)}gﬁo (x)=0
X

Inhomogenous problem: [— % 7(x) % +v(x)— io‘(x))gﬁ(x) =F(x)
Eigenfunctions :

[7 % r(x)% + v(x))f” x)=A,0(x)f,(x)

Orthogonality of eigenfunctions: J.bcr(x) /. (x) f, (x)dx=0,,N,

nm* ' n>

where N, = [ o(x)(/,(x))"dx.
Completeness of eigenfunctions:

AITHILLD
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Comment on “completeness”

It can be shown that for any reasonable function h(x),
defined within the interval a < x <b, we can expand that
function as a linear combination of the eigenfunctions f,(x)

h(x)~ )" C,f,(x),

1 b )
where C, :N—J' o(x"h(x") f,(x")dx'".
These ideas lead to the notion that the set of
eigenfunctions f,(x) form a ““complete" set in the sense
of “'spanning" the space of all functions in the interval
a < x <b, as summarized by the statement:

a(x)zw =o(x—x").

n

Variation approximation to lowest eigenvalue
In general, there are several techniques to determine the
eigenvalues 4, and eigenfunctions f,(x). When it is not
possible to find the ““exact" functions, there are several
powerful approximation techniques. For example, the
lowest eigenvalue can be approximated by minimizing the

function <}; S };> _d d

ﬂo < ~| | /. S(x) o 7(x) dx+v(x)

(holh)

where #(x) is a variable function which satisfies the
correct boundary values.  The ““proof" of this inequality is
based on the notion that/(x) can in principle be expanded
in terms of the (unknown) exact eigenfunctions f,(x):
h(x)= ZCnf”(x), where the coefficients C, can be

n

assumed to be real.




Estimation of the lowest eigenvalue — continued:

From the eigenfunction equation, we know that
S()h(x)=S(x).C, 1, (x) =D .C,2,0(x)f, ().
It follows that:

(i|s|i)= Lbﬁ(x)S(x)ﬁ(x)dx =SC, P N4,

n

It also follows that:
(ho|i)= [ hx)oh@de= ¥ [C,F N,

i[s|h) YIC PN,

Therefore J=——t ="45——F—2>1,.
(Alol) — XIC.FN, &
PHY 711 Fall 2017 — Lecture 21
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Rayleigh-Ritz method of estimating the lowest eigenvalue

(|s|h)

Ay S g=—=s
<h|0'|h>

trial function £ (x) = x(x —a)

2
Exact value of 4, = ”—Z = w
a a*

<X(a—x)‘—%‘x(a—x)>710

<x(a7x)‘x(a7x)> 7

Raleigh-Ritz estimate:

Example: - Zx—zzﬂ,(x) =A,/,(x) withf (0)=f (a)=0

Green'’s function solution methods

Suppose that we can find a Green's function defined as follows:

[—%r(x)% +v(x) _ﬂd(x)sz(X,X') =5(x-x")
Completeness of eigenfunctions:

o(0) S LD ()

n

Recall:

In terms of eigenfunctions:

_4d da _ n_ S () f,(x)
( o 7(x) T +v(x) ﬂa(x)le(x,x) o‘(x) Eﬂ N,

Y/ N,
=G, (x,x)= %:ﬁ(x){n,,(j‘; n




Solution to inhomogeneous problem by using Green’s
functions

Inhomogenous problem:
(—%T(x)% +v(x)— ﬂo(x)) o(x)=F(x)
Green's function :
d d
(— —7(x)—+v(x)— la(x)]Gl (x,x") = 5(x - x')
dx dx
Formal solution:

() = @,0{) + [ G, (o, x)F (')l

Solution to homogeneous problem
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Example Sturm-Liouville problem:
Example: 7(x)=1, o(x)=1 v(x)=0; a=0 and b=L
A=l F(x)=F, sin(%}

Inhomogenous equation :

(_ 5:2 _1J¢(x) =F, sin(%)

Eigenvalue equation :

(— %zzjfn (x)=4,1,(x)

Eigenfunctions Eigenvalues :

f,(x)= %sin[%) 2= (%j

Completeness of eigenfunctions :

O'(x)z L(/() (x]){” (') = 5(x - x')

n

In this example : %z sin[%) sin[ﬂ) =0 (x - x')

L




Green's function :
d d
— () —+v(x) - Ao (x) |G, (x,x") = 5(x - x')
dx dx

Green's function for the example :

(nmx) . (nm'

S LGN, 2 Sm( L jsm( Lj
D D N R :

m — B [M) .
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Using Green's function to solve inhomogenous equation :

(7 j); - 1]¢(x) =F, sin(%)

T , . [ mx ,
46) = 4, () + j Glxx)F, sm( i ]dx

sin(ﬂj
=@ (x)+ % Z"“ ( . )]; l _([sin(nTm')Fo sin( Izc‘)dx'

L 3
=g, (x)+ sm( i }

i)

Alternate Green's function method :

Ge) = g (e ()

(—j—z—ljg, (x)=0 =g, (x): sin(x); g,,(x): sin(L —x);
X
w=g, (X)M -g, (X)M =sin(L - x)cos(x)+sin(x)cos(L — x)
dx dx
= sin(L)
d(x) =g, (x)+ Misin(x')F sin(ﬁjdx'
0 sin(L) )
s?niﬁg j sin(L —x")F; sin( ?'jdx'
sin(L) %
Fy . (ﬂxj
P(x) = ¢y (%) + ——3—sin| —
)
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General method of constructing Green’s functions using
homogeneous solution

Green's function :
d d
——1(x)—+v(x)-Ao(x) |G, (x,x") = é‘(x - x')
dx dx
Two homogeneous solutions

(—ir(x)i+v(x)—/la(x)jgi(x): 0 for i=a,b
dx dx
Let

G, (x.x") = %gu (r)g,(x.)
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For ¢—0:

x'te x'te

d d
J dx(—;r(x);Jr v(x)— ﬂa(x)ij(x,x') = ,Y[deg(X7XI)

x'—€

d d\1
j dx(—ar(na]wga(xggh(m:1

_rw(d ) nd o ad
W (dxgu(&)gh(x))]l% W (g[,(X)dxgh(X) gh(X)dxga(X)j
NG ' d
:>W:T(X')[ga(X)dfg,,(x)*g,,(X')fgu(X')j
x dx
Note - W (Wronskian) is constant, since — =0.

= Useful Green's function construction in one dimension:

G, (x.x') = %gu (r)g,(x.)

10/20/2017

(*if(x)i +v(x)— ia(x))go(x) =F(x)
dx dx
Green's function solution:

0,(0)=0,0(5) + [ G, ()P ()’

X1

:¢40<x>+%jguu')ﬂx')m%m]ig,,(xwm')dx'




