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PHY 711 Classical Mechanics and 
Mathematical Methods

10-10:50 AM  MWF  Olin 103

Plan for Lecture 22:

Read Chapter 7 & Appendices A-D

Generalization of the one dimensional wave equation 
various mathematical problems and techniques including: 

1. Complex variables
2. Contour integrals
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Complex numbers

  

 
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1           1

Define   

             *

Polar representation

             sin   cos i

i i
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z zz x iy x i
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i    

   
 
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

Functions of complex variables

        ( , ) ( , )f z f z i f z u x y iv x y     

Derivatives:
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           

          

Argue that =         and        

f z u z v z f z u z v z v z u z
i i i

x x x i y i y i y y y

f z f z u z v z v z u zdf

dz x i y x y x y

       
     

       

     
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     

Cauchy-Riemann equations
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Analytic function

( ) is analytic if it is:

               continuous

               single valued

                its first derivative satisfies Cauchy-Rieman conditions

f z
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


cos( ) sin( )

cos( )        sin( )

z x
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  

  
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 

Examples of analytic functions

   22 2 2 2

2       2

z x iy x ixy
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y
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x y x y
y

   

 



   



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

  
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Examples of non-analytic functions

 

2Note that     for any integer 

ln ln 2

ii nie e

z i n

z n   
  



  

 


ln    is not analytic because it is multivaluedz

2i i nz e e    
   is not analytic for non-integer 

because it is multivalued        

z 

1 (1 )
2 2

0 0

1
Behavior of   ( )  about the point 0 :

For an integer ,  consider

0 11

2 1

n

i
n
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f z z
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n
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d
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 
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
    

  
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 z x 

 z y 

pz

pz

pz

pz

  Res
( )

p

p

f z
f z

z z




 2 Res ( )( )
C

p
p

f iz zdz f 

No 
contribution

C

  2 Res pi f z
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 
 

 

General formula for determining residue:

Res (( )
Suppose that in the neighborhood of ,  ( )

Since ( ) 

)

,  we ca

(

is analytic near on make a Taylor exansi n about 

)

 :

( ) (
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
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 

 

10/22/2018 PHY 711  Fall 2018 -- Lecture 22 9

Example:
2 2 2

4 4 4
0

1 1 1

x x z
dx dx dz

x x z

 

 

  
    

Re(z)

Im(z)

    

    

   
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 
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      

   


    

 
     









Note:
m=1
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Some details:

   
    
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/
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i
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Another example:

    

4 2 4 2 4 2

4
2

0

2
2

cos( ) 1 1

4 2 4 25 1 5 1 5 1

4 4

4

5 1

iax iaz

i i

x x z

ax e e
dx dx dz

x x z

z z z i z z i z

 

     

  



   

  

Re(z)

Im(z)

I 

    2Res R2 es i
p pi z iI z   

Note:
m=1
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    
 
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
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   

  
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Another example:

  

2 2 2 2 2 2

2 2

sin 1 1ikx ikz

a a a

a

x kx xe ze
dx dx dz

x i x i z

z z ia z ia

 

 

   

 









  

Re(z)

Im(z)

I 

  Res2 pi zI ia 

2 2

sin
     for 0 and 0

x kx
dx k a

x a










ia

10/22/2018 PHY 711  Fall 2018 -- Lecture 22 14

  

2 2 2 2 2 2

2 2

2 2 2 2

1
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sin 1 1
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2      =
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x i x i z

z

ze
dz

a a a
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i e
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 

 

 
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


   

   

 
   



 



  


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
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Cauchy integral theorem for analytic function f(z):
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Example

 
)()()(                             

:for  and  0 Suppose

xibxaxf

xzz f





Re(z)

Im(z)
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Example -- continued

   
)()()(        where'

'

'

2

1
xibxaxfdz

zz

zf

i
zf 


 

Re(z)

Im(z)

       ' '1
' +0

2 '

a x ib x
a x ib x dx

i x x






 


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Example -- continued

Re(z’)

Im(z’)

x

       

   






































xfidx
xx

xf
P

dx
xx

xf
dx

xx

xf
dx

xx

xf
dx

xx

xf x

xx

x

 '
'

'
                 

'
'

'
'

'

'
'

'

'
'

'

'








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Re(z’)

Im(z’)

x

 

 

0 2 2

2

0

20

' 1
' ( ) lim ( ) lim

'

                       )  since    l (im

x

x

f x u i
dx f x du f x du

x x u i u

i
i i uf x

u

 

 
 








 

 




 
  




 

 








  

let   '     

let   

u x x

x x i
 
 
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20 2
( ) lim

u
u



 
 


More details --

u
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Example -- continued

       

   






































xfidx
xx

xf
P

dx
xx

xf
dx

xx

xf
dx

xx

xf
dx

xx

xf x

xx

x

 '
'

'
                 

'
'

'
'

'

'
'

'

'
'

'

'









            

       



























'
'

'
          '

'

'

2
 '

'

''

2

dx
xx

xaP
xbdx

xx

xbP
xa

xibxa
i

i
dx

xx

xibxa

i

P
xibxa








Kramers-Kronig relationships
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Comment on evaluating principal parts integrals

       lim' ' '1 1
' = ' '

0' ' '

x

x

b x b x b xP
a x dx dx dx

x x x x x x  

 

  

 
     

  




x’

y’
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x’

b(x’)

L

-2L

2L

-L

  0

0

Example:

for ' 2 ,   ' ,    ' 2
0

' for   ' 2

for   2 '

x L L x L x L

b x B L x L

B L x L

     

  
    


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  0

0

Example:

for ' 2 ,   ' ,    ' 2
0

' for   ' 2

for   2 '

x L L x L x L

b x B L x L

B L x L

     

  
    



       

0 0

2 2
0 0 0

2

2

2

lim' ' '1 1
' = ' '

0' ' '

For 2     or    2     :

' '
( )

' '

2 4
      ln ln ln

2

x

x

L L

L L

b x b x b xP
a x dx dx dx

x x x x x x

x L x L L x L

B Bdx dx
a x

x x x x

B B Bx L x L x L

x L x L x

 

 





 

 

  





 
     
     


 

 

      
          

  

 





2L

 
 
 
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       lim' ' '1 1
' = ' '

0' ' '

x

x

b x b x b xP
a x dx dx dx

x x x x x x  

 

  

 
     

  



2 2

0
2 2

4
( ) ln

x

L
a x

xB

L



 
  

 
For our example:

b(x)

a(x)


