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PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 22:
Read Chapter 7 & Appendices A-D

Generalization of the one dimensional wave equation 2
various mathematical problems and techniques including:
1. Complex variables
2. Contour integrals
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6 Mon, 9/10/2018 |Chap. 3 Calculus of Variation #5 9/12/2018
7 |Wed, 9/12/2018 |Chap. 3 Calculus of Variation #6 9/17/2018
Fri, 9/14/2018  |No class University closed due to weather.
8 |Mon, 9/17/2018 |Chap. 3 Lagrangian Mechanics #7 9/19/2018
9 |Wed, 9/19/2018 |Chap. 3 and 6 |Lagrangian Mechanics and constraints #8 9/24/2018
10|Fri, 9/21/2018  |Chap. 3 and 6 |Constants of the motion
11 |Mon, 9/24/2018 |Chap. 3 and 6 Hamiltonian formalism #9 9/28/2018
12|Wed, 9/26/2018 |Chap. 3 and 6 |Liouville theorem #10 10/3/2018
13|Fri, 9/28/2018  |Chap. 3 and 6 |Canonical transformations
14 |Mon, 10/1/2018 |Chap. 4 'Small oscillations about #11 10/5/2018
15|Wed, 10/3/2018 |Chap. 4 Normal modes of vibration
16|Fri, 10/5/2018  |Chap. 1-4,6 |Review
17 Mon, 10/8/2018 |Chap. 7 Strings
18 |Wed, 10/10/2018 |Chap. 7 Wave equation
Fri, 10/12/2018 |No class Fall break
119 |Mon, 10/15/2018 |Chap. 7 Wave equation
20|\Wed, 10/17/2018 |Chap. 7 Fourier Transforms #12 10/22/2018
21 |Fri, 10/19/2018 |Chap. 7 Laplace transforms; Contour integrals [#13 10/24/2018
- 22|Mon, 10/22/2018 |Chap. 7 Contour integgrals
23 |Wed, 10/24/2018 |Chap. 5 Rigid body motion
10/22/2018 PHY 711 Fall 2018 - Le 2
Dr. llias Belharouak
Distinguished Scientist and Group Leader
5 2 .
Oak Ridge National Laboratory
“Science and Technology Drivers in Batteries for
Renewables Energy & Mobility Applications”
Wednesday, October 24, 2018, at 4:00 pm
George P. Williams, Jr. Lecture Hall (Olin 101)

The integration of renewable

energies and electric vehicles will reguire massive

deployment of energy storage solutions. The aim of

this seminar s to discuss the potential of batteries to

stabilize the grid whilst storing energy, understand

various types of batteries used to store energy and

addrass battery life expactancy, and how it can be

i A case stud)

centered around a 250kW/500kWh lithium-ion battery

coupled with & 200kW PV-plant represents an

opportunity for investigating the cycling conditions and

aging behavior of a grid-connected Li-ion battery. In a

second part, the application of the LNMO/LTO cell

chemistry will be discussed in the light of recent resuits

which anticipate the potential deployment of this

lithium-ion battery in both grid-storage and electric
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Complex numbers

i=\-1 P2=-1

Define z=x+iy
‘z‘z =zz*=(x+iy)(x—iy)=x"+)’
Polar representation
z= p(cos¢+ isin¢) =pe’
Functions of complex variables

F(2)=R(1(2))+i3(f (2)) =uCx.p) +iv(x, )

Derivatives: Cauchy-Riemann equations

U (z) ou(z) N ov(z) ¥(z) E}u(z)Jr ov(z) ov(z) B ou(z)
o ox ! ax iy B iy ! idy - ay ! dy
FAE) TG _aE) o) L, v e
dz  ox iy ox ay Ox ay
2.
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Argue that
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Analytic function
f(2) is analytic if it is:
o continuous
osingle valued

o its first derivative satisfies Cauchy-Rieman conditions

Examples of analytic functions
e’ =e"" =e"cos(y)+ie*sin(y)
ov

a—u:e*'cos(y):— @:exsin(y):—a—u J
ox

dy Ox oy

Examples of non-analytic functions

Note that z = pe = pe'**™  for any integer n
=Inz=Inp+i(p+27n)
Inz is not analytic because it is multivalued
a a iag i2rna
= z% = p“e“e
z” is not analytic for non-integer

because it is multivalued

Behavior of f(z)= i” about the pointz=0:
z

For an integer n, consider

2 g 2 0 1
(ﬁ%dz _ j pe’ide :pm J‘ ez(]—n>¢id¢ ={ n
z 0

0 p"e"’¢ 27i n=1
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§ f(2)dz =271y Res(f(z,))
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General formula for determining residue:

gz Res(/(z)

(Zizﬂ) =y ETE

Suppose that in the neighborhood of z , f(z) =

Since g(z) is analytic near z,, we can make a Taylor exansion about z,, :

P’

m-1 .
dg(z,) | +(z—z,,) gz, |

g2 g(z,)+(z-2,)

dz T (m=1)! dz"!
a"'((z-2,) 1)
. . 1 ’
=Res(f(z,))= lim D! ( pFE= )

0 2 © 2 2
BTy = [ et 0= dz

431‘1‘)54 ,w1+x4 1+Z4
Im(z)
/’T‘N
1+2* :(z—g'fr/4)(z—g3xm4)(z _e"”m)(z—e’}’”/") Re(z)
(ﬁlj;‘ dz= Zﬂi(ReS(Zp = e"f"‘)_*_Res(zp — e3xm4)) :;!]C;t?:
Res(zp = e”'/“) - % Res('zp _ i ) __ e:f;zt
2 (™ &
(f,l,’ﬁ,z" dz:zm[ 4 4 ) 2




Some details:
2
V4
/@)= 1+z*

( in/4 )2
e

_inl4) _
Res(f(z =e ) - ( in/4 3,‘”/4)( ir/4 47:/4)( in/4 731'”/4)
e —e e —e e —e

&2
(ew/4 +e—w'4)(em’4 _e—zmzt)(ezmzt +ex/r'4)
& &
2(i-(-) 4
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[ cos(ax)
Another example: £ =
P o 4dxt+522+4+1

T cos(ax) 17 é 1 e
dx=— dx =— d:
~ll;4x4+5x2+1 N 2:[C4x4+5x2+1 PN
4z4+522+1=4(z—i)(z—é)(z+i)(z+é) N°t1e:
m:
Im(z)
! 7
| Re(z)

I =27ri(Res(zp =i)+Res(zp :é))

e
04x" +5x" +1 274z +5z7 +1

=2m'(Res(zp = i) +Res(zp =é))

:%(—e’” + 2@’”/2)

10/22/2018 PHY 711 Fall 2018 ~ Lecture 22




XSIKY o fork>0anda>0

Another example: I= :';szraz

T xsin kx 17 xe’h ze'™
[Sae==] T q; —dz
Jx’+a i X+

22 +a2 =(Z—la)(Z+lll)
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T xsmloc 1 T xei 1 q; ze™
-7 2, Y2 2
wx +a’ is X+ z"+a
2
22 +a’ ( —za)(z+za)
1 1 ze™
i dz 27i—lim (z—za)—
i [ zia +a
lzae _
=27i-————=7e ha
i 2ia

Cauchy integral theorem for analytic function f(z):

s o T

2miJo ' — 2z

PHY 711 Fall 2018 — Lecture 22




Example
Suppose f(|z| - oo)z 0 and for z =x:
f(x)=a(x)+ib(x)

Im(z)
Re(z)
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Example -- continued

flz)= L.ﬁMaVZ' where f(x) = a(x)+ib(x)
2m° z'-z

Im(z)
Re(z)
. 1 7 a(x')+ib(x')
b(x)=— | ———dx'+0
a(x)+z (x) 2m:£ o x
Example -- continued
Im(z)
e
x Re(z)
P g 16 g ) 0, 1),
o ox'-x oox-x e X—x o X'=x
=P j—f'(x') ax'+iz f(x)
o X'=x
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Im(z)
//-\
X Re(z)
let u=x'"-x
let x—>x+in
_fé\_
.X‘h’: &
u+ l?]
j dx ~ f()lim j du =f(x)lim ~ du
n—0 o u 77
=iz f(x)  since lim——— ~izd(u)
n—0 y~ + 77
More details -- .
lim —— =~ 75(u)
0yt +n
100
80
60
40
2
1 05 0 05 1
u

Example -- continued

jwf: '(_xx) dx'= [ x'(_xx) dx's | i: '(_xx) dx'-l—X‘L i: '(_xx) d

-0 x+&

O P SR KL

Kramers-Kronig relationships
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Comment on evaluating principal parts integrals

a(x):fjib(x )dx' = lim [1“' 7b(x )a'x'+l J' 7b(x )dx'J
T ox'-x e>0 77 x'—x T ox'—-x

-0 —0 X+e

;

y
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N
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Example:
0 forx'<-2L, —L<x'<L, x'>2L
b(x')=1 B, for L<x'<2L
-B, for —-2L<x'<-L
b(x)

2L L I
I L 2L X'
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Example:
0 forx'<-2L, —L<x'<L, x'>2L
b(x')=1 B, for L<x'<2L
-B, for —2L<x'<-L
kel 1 l' X—€ Al w0 '
a(x)=£j.b€x)dx'= m iJ.L(x)dx%lJ.L(x)dx'
T ox'-x e—>0\7° x'-x o x'-x

Forx<-2L or x>2L —-L<x<L:

_ B, (|x*-4L
-5 ‘“[ ]

-B, ¢ dx' B dx'
a(x)=— | ——+—
@) V4 '[x'—x V4 -[

x+L ‘j+&ln(}x—2L}

-2L

_=h ln[
z

x+2L




For our example: a(x) = &ll’l [
T
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e—>0 x'—x

o0

dx'= fim [1 j 7()6 )dx'Jrl
V4 V4

41?
L2

b(x'

'x)dx'

i —X

_x2]
2

—X

X+

=
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