PHY 711 Classical Mechanics and

Mathematical Methods

10-10:50 AM  MWF Olin 103

Plan for Lecture 25:

Rotational motion (Chapter 5)

1. Rigid body motion

2. Moment of inertia tensor

3. Torque free motion

10/23/2018

1012412018 PHY 711 Fall 2018 - L
5 |Fri, 9/07/2018  [Chap. 2 INon-inertial coordinate systems #4 9/12/2018
|6 Mon, 9/10/2018 |Chap. 3 Calculus of Variation #5 9/12/2018
|7 |Wed, 9/12/2018 [Chap. 3 (Calculus of Variation #6 9/17/2018

Fri, 9/14/2018  |No class University closed due to weather.
|8 |Mon, 9/17/2018 |Chap. 3 Lagrangian Mechanics #7 9/19/2018
19 |Wed, 9/19/2018 |Chap. 3 and 6 |Lagrangian Mechanics and constraints #8 9/24/2018
10 |Fri, 9/21/2018  |Chap. 3 and 6 |Constants of the motion
11 |Mon, 9/24/2018 |Chap. 3 and 6 |Hamiltonian formalism #9 9/28/2018
12|Wed, 9/26/2018 |Chap. 3 and 6 |Liouville theorem #10 10/3/2018
13 |Fri, 9/28/2018  |Chap. 3 and 6 |Canonical )
14 Mon, 10/1/2018 [Chap. 4 'Small oscillations about equilibrium #11 10/5/2018
15|Wed, 10/3/2018 |Chap. 4 INormal modes of vibration
16 |Fri, 10/5/2018  [Chap. 1-4,6 |Review
17 Mon, 10/8/2018 |Chap. 7 Strings
18 Wed, 10/10/2018 |Chap. 7 |Wave equation
Fri, 10/12/2018 |No class Fall break

119 Mon, 10/15/2018 |Chap. 7 |Wave equation
|20 Wed, 10/17/2018 |Chap. 7 Fourier Transforms #12 10/22/2018
121 |Fri, 10/19/2018 |Chap. 7 Laplace transforms; Contour integrals #13 10/24/2018
|22 |Mon, 10/22/2018 |Chap. 7 Contour integrals

» |23 \Wed, 10/24/2018 |Chap. 5 Rigid body motion #14 10/26/2018

10/24/2018

PHY 711 Fall 2018 - Lect

Dr. llias Belharouak

Distinguished Scientist and Group Leader
Oak Ridge National Laboratory

“Science and Technology Drivers in Batteries for

Renewables Energy & Mobility Applications”

Wednesday, October 24, 2018, at 4:00 pm
George P. Williams, Jr. Lecture Hall (Olin 101)

The integration of renewable
energies and electric vehicles wil require massive
deployment of energy storage solutions. The aim of
this seminar s to discuss the potential of batteries to
stabilize the grid whilst storing energy, understand
various types of batteries used to store energy and
addrass battary lfe expactancy, and how it can be

i A case studh
centered around a 250kW/500KWh lithium-ion battery
coupled with a 200kW PV-plant represents an
opportunity for investigating the cycling conditions and
aging behavior of a grid-connected Li-ion battery. In a
second part, the application of the LNMO/LTO cell
chemistry will be discussed in the light of recent resuts
which anticipate the potential deployment of this
lithium-ion battery in both grid-storage and electric
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Comparison of analysis in “inertial frame” versus “non-
inertial frame”

Denote by ¢ a fixed coordinate system

Denote by é, a moving coordinate system

3 3
For an arbitrary vector V: 'V = Z Ve = ZV,.él.
i i=1

i=1

0 3 N

(&) -3De-3ti e yn s
inertial i i

3
Define: [ﬂj = Zﬁé
body

dt = dr '
3 R
:(ﬂj (%) exns
at ) ertiar dt body  i=1 dt
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The physics of rigid body motion; body fixed frame vs
inertial frame; results from Chapter 2:

Figure 6.1 Transiormation to & rotating co-
ordinate system

Let V be a general vector, e.g., the position of a particle. This vector can be
characterized by its components with respect to either orthonormal triad. Thus we

can write

3

V=Y Ve (6.1a)
&
3

V=Y ¥ (6.16)
i

24 PHY 711 Fall 2018 ~ Lecture 2.

Properties of the frame motion (rotation):

de e.

de, de, = d@e,
dé, =—doé,
=>de=dOxe
de _do xeé

dat dt

___—————®de, 4

(1o )-(coem) smteo o2

dt
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3 N
(ﬂj = [ﬂ] + z v, dei
At ) eria dt body =1 dt

av
(—) J +oxV
dt inertial body

Effects on acceleration:

( d dV [ d ( A%
—— =||— +ox [§| — +oxV
dr dt inertial dr body dr body

2 2
[d YJ :[d Yj +20)><(de +d—me+c)><c)><V
dt inertial dt body dt body dt
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Kinetic energy of rigid body :

dr r
— = +oxr
dt inertial body

=0 for rigid body

> [ﬂ) =@Xr
dl inertial

1 1 ;
T :ngpv; = ngpq‘””p‘)
P P

:Zp:%mp(mxrp)(mxrp)
S Ll ol )b o
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Moment of inertia tensor :

= 2m, (1” -, ) (dyad notation)
7

Matrix notation :

Iu Ixy Ilrz
I=\1, 1, I,
I:x Izy Izz
I Ezmp(é‘ur;_rplrp/)
»
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z Example:
c
y
a
b
Moment of inertia tensor :
X
1 (12 2 1 1
g(b +c ) —sab —sac
- 1 1(,2 2 1
I=M| —+ab ;(a +c ) —5be
1 1 1 2 2
—Jac —3bc ;(a +b )
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Properties of moment of inertia tensor:
» Symmetric matrix <»real eigenvalues /,,/,,/;
> =>orthogonal eigenvectors
1e=1¢, i=123

&>

Moment of inertia tensor :

%(b2+cz) —tab —tac
I=M| —+ab ;'(a2+cz) —+bc
—+ac —+bc %(a2+b2)
For a=b=c:
Illeaz IZZHMaZ IxzﬂMaz
6 12 12

Changing origin of rotation

— 2
z AZ Iy-:zmp(@y’p _rpirpj)
P
v 2
Iu=zmp(§s/rp rplr;a/)
S P
r v
c P 7.'"" r',=r,+R
y Define the center of mass :

; y
a X Smr, Y,
b P )4

r

X

Iy=1,+M(R?5, ~ RR, )+ M (2rsy, RS, ~ 1oy R, Ry )
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I'y=1,+M(R*5, ~ RR, )+ M (2r,, RS, — 1y R, — Ry )

10/23/2018

z
pz Suppose that R=—4X—-2§-<2
and r,,, = —-R
r I'y=1,-M(R*S, - RR,
c P 7;',:: , ij ij ( ij i /)
y
\ - y
a %(b“rcz) —+ab —+ac
b =M —+ab %(HZ+C2) —4bc
—+ac —+bc %(aerbz)
X %(b’+cz) —tab —tac
- M| —lab %(a2+cz) —4bc
—Lac —+bc %(a2+bz)
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z L )
AZ Note: This is a special case;
changing the center of rotation
does not necessarily resultin a
r diagonal I’
o\t N\

x 1> +c?) 0 0
=M 0 ﬁ(az-i—cz)
0 0 a®+5)

Descriptions of rotation about a given origin

For general coordinate system

T=lZIija)ia)j
25

For (body fixed) coordinate system that diagonalizes

moment of inertia tensor :
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Descriptions of rotation about a given origin -- continued
Time rate of change of angular momentum

dL (dL

—=|— +oxL

dt at )y

For (body fixed) coordinate system that diagonalizes
moment of inertia tensor :

I-e=1g¢, O = we,+0,6,+w,e,

L =10 +1,0,6,+1,@,¢,

d]_d ~ A ~ A ~ A ~ o~ A
dt =l,0e+1,0,e,+1,0,€,+0,0, (13 -1, )el

+5351(]1 _13)é2+5152(12 _Il)és
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Descriptions of rotation about a given origin -- continued

Note that the torque equation
dL (dL

dt (?
is very difficult to solve directly in the body fixed frame.

j +oxL=1
body

For T = 0 we can solve the Euler equations :
dL ~ A ~ A ~ A ~ o~ ~
o 1,8, +1,0,8,+1,00,8,+,0,(I1; — 1, )8,

+5351(11 _13)62+5152(12 _11)é3:0

Euler equations for rotation in body fixed frame :
1151 +5253(13 _12): 0
1252 +a~)30~)1(11 _]3)= 0

1353 +a~)152(12_[1)=0

= Solution for symmetric top -- 1, =1, :
1151"’5253([3_11):0
1152"'535)1([1_13):0
L&, =0 = @, = (constant) )
-1 @ ==0,Q
Define: Q=a,—2—! ; Nz

1
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Solution of Euler equations for a symmetric top -- continued

@, =~ @y = OQ
]3 _]1

where Q = @,
1

Solution: @,(t) = Acos(Qt + @)
,(t) = Asin(Qt + @)
@4(t) = @, (constant)
T= %Z[ﬁf = %IlAz +%135;
L =10 +1,0,8,+1,0,¢,
=1, A(cos(Qr + @)e, +sin(Qt + @ 6, )+ 1,0,8,
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Euler equations for rotation in body fixed frame :

1151 +5253(13 _12): 0

1252 +a~)30~)1(11 _]3)= 0

1353 +510N)2(12 _Il): 0

> Solution for asymmetric top -- I, # I, # I, :

1,0, +@,8,(1,~1,)=0
L, +@,a,(1,-1,)=0
L, +@,a,(1,-1,)=0

1,-1,

Suppose : @, ~ 0 Define : Q, = @,
1

13_11

Define: Q, = @,
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Euler equations for rotation in body fixed frame :
1151 +5253(13 _12): 0
1252 +a~)30~)1(11 _]3)= 0

1353 +a~)152(12_[1)=0

Solution for asymmetric top -- I, # [, # 1

Approximate solution --
13 — Iz

Suppose: @, ~ 0 Define: Q, = &,

[1
[3_11

Define: Q, = @,
2




Euler equations for asymmetric top -- continued
1,6, +@,0,(1,-1,)=0
L, +@,6,(1,-1,)=0
L, +@d,(1,-1,)=0
1,-1

If @,~0, Define: Q =@, 2—2 Q,=d,>—!
: s 1,

51 =-Q,0, 52 =0,0,
If Q, and Q, are both positive or both negative :

o,(t) = Acos(,/QIQZhL (o)
@mzAJ%;mMQpJ+@

=1If Q, and Q, have opposite signs, solution is unstable.
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