PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 26:

Chap. 8 in F & W: Summary of two-
dimensional membrane analysis

Chap. 9 in F & W: Introduction to
hydrodynamics

1. Motivation for topic

2. Newton’s laws for fluids

3. Conservation relations
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Today!

Colloquium: “Energy Landscapes for Protein
Folding and Misfolding” Dr. Peter Wolynes,
Wednesday, October 31, 2018, at 4:00 PM

Dr. Peter G. Wolynes, Bullard-Welch Foundation Professor of Science;

Professor of Chemistry, MSNE, and Physics and Astronomy at Rice University,

George P. Williams, Jr. Lecture Hall, (Olin 101)
Wednesday, October 31, 2018, at 4:00 PM
(Colloquium sponsored jointly with WFU Dept. of Chemistry)

There will be a reception with refreshments at 3:30 PM in the lounge. All

interested persons are cordially invited to attend.
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17 Mon, 10/8/2018 |Chap. 7 Strings
18 Wed, 10/10/2018|Chap. 7 |Wave equation

|Fri, 10/12/2018 |No class Fall break
19 Mon, 10/15/2018 |Chap. 7 |Wave equation
20 Wed, 10/17/2018 |Chap. 7 Fourier Transforms #12 10/22/2018
21 Fri, 10/19/2018 |Chap. 7 Laplace transforms; Contour integrals #13 10/24/2018
22 Mon, 10/22/2018 |Chap. 7 Contour integrals
23 Wed, 10/24/2018 |Chap. 5 Rigid body motion #14 10/26/2018
24 Fri, 10/26/2018 |Chap. 5 Rigid body motion #15 10/31/2018
25 Mon, 10/29/2018 |Chap. 8 Mechanics of elastic membranes #16 11/02/2018
» 26 Wed, 10/31/2018 |Chap. 9 Mechanics of three dimensional fluids

27 |Fri, 11/02/2018

28/Mon, 11/05/2018

29 Wed, 11/07/2018

30 Fri, 11/09/2018

31/Mon, 11/12/2018

32 Wed, 11/14/2018
33 Fri, 11/16/2018

34/Mon, 11/19/2018

|\Wed, 11/21/2018 |No class [Thanksgiving holiday
|Fri, 11/23/2018 |No class [Thanksgiving holiday
35|Mon, 11/26/2018
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Review --
Two - dimensional wave equation :
o’u T
——-cVu=0 wherec? = —
ot o

Standing wave solutions :

u(x, 3,0 = R(e ™ p(x, )

(V2 +k2)p(x,y):O where k = £
c

Free boundary conditions:
9p0.y) _9p(ay) _dpx,a) _9p(x0) _
ox ox oy y

= p,,(xy)= Acos(@)cos[?]
a
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Consider a square boundary:
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Forn=m=1:

Pn(x,y)=Acos (ﬁjcos (Q]
a b
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Hydrodynamic analysis
Motivation
1. Natural progression from strings, membranes,
fluids; description of 1, 2, and 3 dimensional
continua
2. Interesting and technologically important
phenomena associated with fluids

1. Newton’s laws for fluids
2. Continuity equation

3. Stress tensor

4. Energy relations

5. Bernoulli’'s theorem

6. Various examples

7. Sound waves
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Newton’s equations for fluids
Use Euler formulation; following “particles” of fluid

Variables:  Density  p(x,),z,t)
Pressure p(x,y,zt)
Velocity v(x,y,zt)

ma=F

m— pdV

dav
a—>—
dt

F - Fapplied +F

pressure
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) =
p(x) p(x+dx)

= (= p(x+dx,y,2)+ p(x, y,2))dydz

_(pGerds, Loz s 22 gy
X

pressure

_ Py
Oox
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Newton’s equations for fluids -- continued
ma = Fapplied + F

pressure

dv
pdV E = fapplied pdV — (Vp)dV
dv
P E = pfapplied -Vp
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Detailed analysis of accelerati on term :

v = v(x,y,z,t)
dv Ovdx oOvdy Ovdz Ov
=t ——F+——+

dt oxdt Oydt ozdt ot
dv ov ov ov ov
— =V +—V +— —

- X p vz +
dt  0x oy ' oz ot

av _ (v-V)v+ o
dt ot
Note that :

ov ov ov

—Vv,t—v,+——v, :V(%vw)—vx(va)

ox ~ Oy 0z
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Newton’s equations for fluids -- continued

dv
E = Ploppliea — Vp
1
p(v(gv . v) —vx(Vxv)+ %) = Phoppiica =VP
ov Vp
= + v(%vz )— VX (V X v): £ ppiica = 7
Solution of Euler’s equation for fluids
Vp

@'FV(%VZ)—VX(VX V): fapplied -

ot
Consider the following restrictions:
1. (Vxv)=0 ‘irrotational flow"
=>v=-VO®
2. f,,.a=—VU conservative applied force

3. p=(constant) incompressible fluid

M+v(gv2):—VU—V—p
ot P
:V£p+U+;v2 —&DJ:O
P ot




Bernoulli’s integral of Euler’s equation

V(p+U+;v2—a®J:0
P ot

Integrating over space :

Py -2 _cq

P ot

where v =-Vd(r,1) = -V(D(r,1) + C'(¢))

=2y +1y7 - o _ 0 Bernoulli's theorem
P
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Examples of Bernoulli’s theorem
o
Piy+v-C oo
P ot

Modified form; assuming aa;(’ =0
t

Piys %vz = constant

,, T

P1=P2= Pum y
U -U, =gh ® s
v~ 0 | & v

1 ‘ =
Py st =Lriy, 4107 ) i
Posizots P e ,,\';'\*L,,,\;,\‘,u, 26 ” 14

Examples of Bernoulli’s theorem -- continued

T p1:p2:patm
y ‘ U, -U,=gh
L v, =0
h v
= @&+U1+%v12:&+U2+%v22
P P
)
v, +2gh




Examples of Bernoulli’s theorem -- continued

Pyt 1y? = constant

P K\ )
@5(:3 7 @

F
Pr=—"%DPum P> = Pam

4
U =U,
vA=v,a continuity equation
P 1,2 _P» 1,2
—+U +53v, ==+U,+3v,
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Examples of Bernoulli’s theorem -- continued

Py 1y? = constant

P K\ )

Examples of Bernoulli’s theorem — continued
Approximate explanation of airplane lift
Cross section view of airplane wing

http://en.wikipedia.org/wiki/Lift %28force%29

@

upper
v~v, @
ﬁ+U1 +1v? :&+U2 +1v,?
P

Pr,=P = %p(vlz - vzz)
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Continuity equation connecting fluid density and velocity:

op
“.y. =0
5 V(o)

P p{9-¥)+(Vp)v=0

Consider: % _% +(Vp)-v

= ap +p(V- v) =0 alternative form

of continuity equation
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Some details on the velocity potential
Continuity equation :

op
PLP.y. =0
o (pv)

Z—/t)+p(V‘V)+(Vp)~v =0

For incompressible fluid: p = (constant)

=V-v=0

Irrotational flow: Vxv=0 =>v=-VO
=>VO=0
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Example — uniform flow

b

Vd=0

o’ o'd O'D
+ + =

ox* oy oz’

Possible solution :

D=—v,z
v=-Vh=v7
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Example — flow around a long cylinder (oriented in
the Y direction)

A
n X
Vo Z =a 2
ZoZ v
— A 0
— z E—
—— [
p— —
JE—

V=0
oD
or

r=a
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Laplace equation in cylindrical coordinates
(r,6,defined in x-z plane; y representing cylinder axis)
voo0-10,@ 150 o
ror or r°060° Oy
In our case, there is no motion in the y dimension
= @(r,0,y)=(r,0)

From boundary condition : v_(r — oo) =v,

aa(b (r > x)=—v, = ®(r - ©,8)=—v,rcos b
z

2
Note that : g cost =—cosf

00

Guess form : <I>(r,0) = f(r)cos @
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Necessary equation for radial function

——r———f= 0
ror or r
f(ry=Ar+ B where 4, B are constants
r
Boundary condition on cylinder surface :
oD _0
or |,
df B
r=a)=0=4——
d}’ ( ) a2
= B=Adad*

Boundary condition atco: = A4 =-v,
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P
2
v, :_6;):‘}0(1_ Z]cosﬂ
r
2
Y ——i$=v0[1+2]s1n0

For 3-dimensional system, consider a spherical obstruction
Laplacian in spherical polar coordinates:
vio-0-L0(p00) 1 0fG 00, 100
r Brk or ) r’sin@ 00 00 ) rsin” 6 Op
o be continued ...
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