PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103

Plan for Lecture 32:
Chapter 10 in F & W: Surface waves

-- Summary of linear surface wave
solutions

-- Non-linear contributions and soliton
solutions
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This material is covered in Chapter 10 of your textbook

using similar notation.

M
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Colloquium: “Why does hydronium diffuse faster
than hydroxide in liquid water? An accurate first-
principles’ modeling of H-bond structure and
proton transfer in liquid water” — Wednesday,
November 14, 2018, at 4:00 PM

Posted on November 9, 2018
Professor Xifan Wu,
Temple University
George P. Williams, Jr. Lecture Hall, (Olin 101)
Wednesday, November 7, 2018, at 4:00 PM
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Consider a container of water with average height h and
surface h+{(x,y,t)

Atmospheric pressure p, is in equilibrium at the surface
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Euler's equation for incompressible fluidFor irrotational flow -~ v=-V®

. Vp
o = opptica ’7 =-VU ’7 Linearized equation: V [—%4— g(z—h)+ %J =0
Continuity equation within the fluid oD »
Atsurface: z=h+{ ——+gl+2=0
L4vV(pv)=0 = V.v=0 o P
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Keep only linear terms and assume that horizontal variation is
only along x:

For 0<z<h+{: VZCD=[

o
pee + ax—z]cb(x,z,t) =0

Consider and periodic waveform: ®(x,z,7) = Z(z) cos(k(x —ct))

d N
:(E—k jZ(z)fo

Boundary condition at bottom of tank:  v_(x,0,7) =0

:‘ZI—Z(O)=0 Z(z) = Acosh(kz)
o D (x,h t
Atsurface: z=h+¢ a—é’:v_(x,h+§,t):—M
ot : Oz
Also: _w+g;+&:0
ot P
- *6z®(x’}z+§’t)+g6—§:762®(x’}i+4’t)7gaq)(x’h+§’[) 0
ot ot ot 0z
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Velocity potential: ~ ®(x,z,t) = Acosh(kz)cos (k(x— ct))
Atsurface:  ®(x,(h+¢),0) = Acosh(k(h+¢))cos(k(x—cr))

sinh(k(h+¢))
cosh(k(h+¢))

Acosh(k(h+¢))cos(k(x —ct))[kzcz - gk

L 8SE(REE) g
k cosh(k(h+¢)) K

Note that this solution represents a pure plane wave. More
likely, there would be a linear combination of wavevectors k.
Additional, you text considers the effects of surface tension.
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Surface waves in an incompressible fluid
General problem

|nc|u§|ng 3 Pl
non-linearities i §

J

Within fluid: 0<z<h+¢

o,
-5 Y +g(z—h) = constant D = D(x,y,2,1)
-V®=0 v=v(x,y,2,0) ==VO(x,y,z,1)
Atsurface: z=h+¢ with ¢ = ¢ (x,y.1)
£=a—§+v‘a—g+vva—§=—w where v, =v,_ (x,y,h+¢,1)
dt ot Ox oy oz -
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Further simplifications; assume trivial y - dependence

D = D(x,z,1) ¢ =¢(x,)
Within fluid : 0<z<h+g
od dg
At surface : =h t)=—"--=
surface v.(x,z=h+¢,1) 3 o
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Non-linear effects in surface waves:

rr{ e
AT AT S e
7=0 g AT
Dominant non-linear effects = soliton solutions

31, x—ct
x,t)=n, sech?| ,[—~ = constant
¢ (x,0)=mn, [ 7 ZhJ o
gh o
where c = [—2—— ~\/gh| 1+
i/ V8 ( 2h]
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Detailed analysis of non-linear surface waves
[Note that these derivations follow Alexander L. Fetter and
John Dirk Walecka, Theoretical Mechanics of Particles and
Continua (McGraw Hill, 1980), Chapt. 10.]
We assume that we have an incompressible fluid: p = constant

Velocity potential: ®(x,z,t); v(x,z,t) =-VO(x,z,t)

The surface of the fluid is described by z=h+{(x,t). It is
assumed that the fluid is contained in a structure
(lake, river, swimming pool, etc.) with a structureless
bottom defined by the z = 0 plane and filled to an
equilibrium height of z = h.
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Defining equations for ®(x,z,t) and ¢(x,t)
where 0 <z < h+¢(x,1)

Continuity equation:

2 2

(o) t ) t
0 (xz,z, )+6 (xz,z, )=0

ox Oz

Bernoulli equation (assuming irrotational flow) and gravitation
potential energy

oD,z | 1 (ad)(x,z,t)jz+(6<D(x,z,t)jz v gz—)=0
ot 2 ox oz € o
) )
Vx VZ

Viv=0 =
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Boundary conditions on functions —

Zero velocity at bottom of tank:

0D (x,0,1) 0
oz '
Consistent vertical velocity at water surface
d 0
v.(x,2,0)|_, =—§ =v-V¢ +—§
=gy ot
og 0
L, %L
Tox Ot
- 0D (x,z,t) 4 0D(x,z,1) G (x,1) 6§(x,t)‘ -0
oz ox ox o | e

Analysis assuming water height z is small relative to
variations in the direction of wave motion (x)
Taylor’s expansion about z = 0:

2 0D 4ot

7'D
(x,0,6)+ (x,0,¢)--
3o OO T (00

o0 22 90
D(x,z,t) = D(x,0,¢) + z—(x,0,7) + (x,0,)+
(x,2,0) = B(x,0,) 02( ) 7 )

Note that the zero vertical velocity at the bottom ensures
that all odd derivatives 0"® vanish from the
—(x,0,1)
iz

Taylor expansion . In addition, the Laplace equation allows
us to convert all even derivatives with respect to z

to derivatives with respect to x.

oD
ox?

2 4 A4
Modified Taylor's expansion: ®(x,z,t) = ®(x,0,7) —% (x,0,0)+ %Zf?(x, 0,£)-+
L OX
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Check linearized equations and their solutions:
Bernoulli equations --
Bernoulli equation evaluated at z = 1 + '(x,7)
LR

Consistent vertical velocity at z = 1+ {'(x,t)

_0D(x,z,t)  0g(x,t)

=0
0z ot e

Using Taylor's expansion results to lowest order
oD (x,h,t) ~h 0°®(x,0,t)

_0D(x,ht)  O0D(x,0,0)
Oz o’ ot ot
Decoupled equations: D'(D(x: 0.9 =gh D'(D(x; 0, t)A
ot ox”

linear wave equation with c2=gh
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Analysis of non-linear equations --

Bernoulli equation evaluated at surface:

2 2
OD(x,2,1) . 1 (6(1)(x,z,t)] . ( 6(1)(x,z,t)] gl =0,
ot 2 ox 0z s
Consistency of surface velocity
_ 0D(x,z,1) + 0D(x,z,1) G (x,1) 6§(x,l)‘ -0
0z ox Ox ot

z=h+¢

Analysis of non-linear equations -- keeping the lowest
order nonlinear terms and include up to 4th order
derivatives in the linear terms. Let ¢(x,7) = ®(x,0,7)

Approximate form of Bernoulli equation evaluated at surface: z =h + ¢

0 (h+() 9 1|(ogY AN
a2 6[3x2+2{(6xj +((h+§) ”+g§ 0

o ox’
2 A3 2
:—%Jrh— 6¢7 +l(%] +g4 =0.

ot 2 oox” 2\ 0x

Approximate form of surface velocity expression :
0 o\ K o‘p oc

—| (h+{(xt)— |-———-—=0

6x(( sxn) axj Nart o

The expressions keep the lowest order nonlinear terms
and include up to 4th order derivatives in the linear terms.
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op 1 0 +1{@]2+g§:0'

Coupled equations: ——+— =
ot 2 otox” 2\ ox
0 op\ K o'p oL
—|(h+S(xt)— |-——F—-—==0.
6x(( @) Bx] 3ot o

Traveling wave solutions with new notation:
u=x—ct o(x,t)=y(u) and ¢(x,0)=n(u)
Note that the wave “speed” ¢ will be consistently
determined
dy) o dyu) 1(dy@w)Y
c -— +— +gn(u)=0.
w2 a2 ) T
3 4
dl(”)j,id 2w | dn@) _

d
—| (h+
du [( 704)) du 6 dut du
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Integrating and re-arranging coupled equations

42w _ e’ &'z +1(d"(")) +gn(u)=0.

du 2 du’ 2\ du
o & K 1. g kg, g
Sy =-=np+—y"-— r-2p-—=p"-==
x c77 2;{ 20(1) c77 20” 2c377
3 g4
d ((h ) d;((u)j_ P | dw
du du 6 du du

3
3(h+77);('7%;('"+cn:0
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Integrating and re-arranging coupled equations — continued --
Expressing modified surface velocity equation in terms of 7(u):

hZ 2 h3
(h+ n)(—fn -8, £ 772] +2Epen=0

2c ? 6¢

gh) gh’ . g, gh),
=>|1-==|p-=n"-=| 1+=— =0

( e’ ]77 3¢c? g cz[ 2c g

W’ 2
=>(1—%)n(u)—§n"(u)—%[n(u)] -0,

Note: ¢ =gh+..
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Solution of the famous Korteweg-de Vries equation

Modified surface amplitude equation in terms of 7

h IS 3 2
2(1—f}i(u)-%ﬂ"(u)—ﬂ[ri(u)] =o0.

Soliton solution

o [3m, x—ct
) = —ct)=n, sech’| ,[—~ ——
0 =n(x=ct)=n, [,/ PR J
gh o :

c= [—2—— ~./gh|1+2%| where 7, is a constant
\ion Ve ( ZhJ To
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() = n(x —ct) = 1, sech’ [ﬁ xZ_thJ
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Relationship to “standard” form of Korteweg-de Vries equation
New variables:

p=2n, X= ix’ and 7= 3 _d .
\2nn 2k 25,0

Standard Korteweg-de Vries equation

3
6—7+6n6—77+6—2:0.
ot X Ox

Soliton solution:

n(x,1)= g sech? [@(E - ﬂ?)}.
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More details
Modified surface amplitude equation in terms of 7:

_hg R 3 2 _
( Cz]n(u) 77 2h[ﬂ(u)] 0.

Mo_y_gh On__.dn. On_dn
h -2’ '

ot du’ ox du
Derivative of surface amplitude equation:
Mo .3
—=n'-—n"-=nn'=0.
h7 3 n hﬂ'?

Expression in terms of x and #:
2 A3
_mon _Won 3,0n_
chot 3 0x h ox

Expression in terms of X and 7:
3

64 + 6776—” + a—lz =0.

ot ox  Ox
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Some identities:
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Steps to solution

B N R v
[1 62]77(14) 377 (u) 2h[77(u)] 0.

hg 7 7, W 3 2
Let 1-—=="2 = Lnu)——n"(u)——[n@)] =0.
P 100 ==1"() 2h[ri(«)]

. . d(n n 1
Multiply equation by 7'(u = —| L)y -=—n"w)-—n’w) |=0
ply eq y 17'(u) du(Zh']() &1 Zhﬂ(l)j
Integrate wrt « and assume solution vanishes for u — o

o

2
Loy -Lpr - =0

) 3,
12w =50 (w)(17, = n(w))

d 3
—am :\/h:‘du ) :#
7(m—1) coshz[ TZ(;"]
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Summary

Soliton solution

o 31, x—ct
) = —ct)=n, sech’| ,[—2
S0 =n(x=ct)=1, [,/ PR J
gh o :
c= [—2—— ~.gh|1+2>| where 7, is a constant
N g( ZhJ o
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Photo of canal soliton http://www.ma.hw.ac.uk/solitons/
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