PHY 711 Classical Mechanics and

Mathematical Methods

10-10:50 AM  MWF Olin 103

Plan for Lecture 36

Viscous fluids — Chap. 12in F & W

1. Navier-Stokes equation

2. Derivation of

Stoke’s law

3. Effects of viscosity on sound waves
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11/28/2018

|21 Fri, 10/19/2018 |Chap. 7 Laplace transforms; Contour integrals [#13 10/24/2018
|22 Mon, 10/22/2018 Chap. 7 Contour integrals
23 Wed, 10/24/2018 |Chap. 5 Rigid body motion #14 10/26/2018
24 Fri, 10/26/2018 |Chap. 5 Rigid body motion #15 10/31/2018
|26 Mon, 10/29/2018 |Chap. 8 Mechanics of elastic membranes #16 11/02/2018
|26 Wed, 10/31/2018 Chap. 9 Mechanics of three dimensional fluids
27 |Fri, 11/02/2018 |Chap. 9 Mechanics of fluids #17 11/07/2018
28 Mon, 11/05/2018 Chap. 9 'Sound waves Project topic
129 \Wed, 11/07/2018 (Chap. 9 Sound waves #18 11/12/2018
30! Fri, 11/09/2018 Chap. 9 Linear and non-linear sound
31 Mon, 11/12/2018 Chap. 10 Surface waves #19 11/16/2018
32\Wed, 11/14/2018 Chap. 10 'Surface waves -- nonlinear effects
33 |Fri, 11/16/2018 Chap. 11 Heat conductivity #20 11/26/2018
34 Mon, 11/19/2018 |Chap. 13 Elastic media

‘Wed, 11/21/2018 |No class [Thanksgiving holiday

Fri, 11/23/2018 No class [Thanksgiving holiday
35 Mon, 11/26/2018 Chap. 12 \Viscous fluids

» 36 Wed, 11/28/2018 Chap. 12 \Viscous fluids

37 |Fri, 11/30/2018 Review

Mon, 12/03/2018 Presentations |

\Wed, 12/05/2018 Presentations Il

Fri, 12/07/2018 Presentations Il

11/28/2018 PHY 711 Fall 2018 — Le 2

Comments on presentation schedule:

PPHY 711 Presentation Schedule for Fall 2018

Monday December 3, 2018

Name Topic

10-1025 Leda Gao

10:25-10:50

Foucoult Pendulum

Wednesday December 5, 2018

Name Topic

10-10:15 Dizhou Wu Three Body

Friday December 7, 2018

10:30-10:45 | Daniel Vickers

10:15-10:30 | Eric Grotzke TBD

Inelastic Collisions in Intersteliar Medium

Name Topic
10-10:15 Lindsey Gray Molecular vibrations
10:15-10:30 | Ryan Sullivan Chaotic Pendula

10:30-1045 | Shohreh
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Vibrational modes in two dimensions




Wake Forest College & Graduate School of Arts and Sciences

W WFU Physics

IR o | 1o e
Snserns

2018, 4:00 M

P There wil be a reception

2018, 4:00 PM
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Colloquium: “Probing slectronic and
magnetic interactions at complex-oxide
Interfaces” - Wednesday, November 28,

Professor Divine Kumah, Department of
Physics, North Carolina State University

‘George P. Willams, Jr. Lecture Hall (Ol
101) Wechesday, November 28, 2018, at 4:0g

Colloquium: “Fraszing with force: Direct

observation of type IA topoisomerase gate
dynamics” — Wednesday, December 5,

Dr. K. Marta Mils, Laboratory of Molecular
Blophysics, NIH George P. Willams, Jr.

Newton-Euler equations for viscous fluids
Navier-Stokes equation
ng(v V)v=f 7le +1V2v+l(§+ln]V(V~v)
ot p p P 3
Continuity condition
op
—+V-(pv)=0
o TV ev)
Typical viscosities at 20° C and 1 atm:

[ Fuid___|__np(mis) | _n(Pas) |

Water 1.00 x 106 1x103

Air 14.9 x 10° 0.018x 103

Ethyl alcohol 1.52x 106 1.2x 103

Glycerine 1183 x 10® 1490 x 103
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Viscous effects in incompressible fluids

Stokes' analysis of viscous drag on a sphere of radius R

moving at speed u in medium with viscosity 77 :
F,= —77(67zRu)

Plan: ;

1. Consider the g
equations

2. Consider the solution to the linearized equations
for the case of steady-state flow of a sphere of
radius R

3. Infer the drag force needed to maintain the
steady-state flow
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Stokes' analysis of viscous drag on a sphere of radius R
moving at speed u in medium with viscosity 77 :
F,, =—1(67Ru)

Effects of drag force on motion of

particle of mass m with constant force F':

F—67rR7]u=m% withu(0)=0

767d€771
= u(t) :6752(1_‘3 " J
n
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Effects of drag force on motion of

particle of mass m with constant force F':

F—67rR77u=m% withu(0)=0

767[1677!
ju(t)z&;(l—e m J
n
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Effects of drag force on motion of particle of mass m
with an initial velocity with #(0) =U, and no external force
—67Rnu = md—u
dt

_6zRy
=u)=Ue "

t
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Recall: PHY 711 -- Assignment #17  Nov. 2, 2018

Determine the form of the velocity potential for an
incompressible fluid representing uniform velocity in the z
direction at large distances from a spherical obstruction
of radius a. Find the form of the velocity potential and the
velocity field for all r > a. Assume that for r = a, the
velocity in the radial direction is 0 but the velocity in the
azimuthal direction is not necessarily 0.

Vo =0

3
O(r,0)=-v, [r +%jcos¢9

Note: in this case, no net pressure is
exerted on the sphere. -
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Newton-Euler equation for incompressible fluid,
modified by viscous contribution (Navier-Stokes equation):
0 V.
a—v +(vV)v =1, -y
4 g P
Continuity equation: V-v=0

Assume steady state: = o =0
t

Assume non-linear effects small
Initially setf, ., = 0;

= Vp=nViv
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Vp=nV’v

Take curl of both sides of equation:
Vx(Vp)=0=nV*(VxV)

Assume (with a little insight from Landau):
V=V><(fo(r)u)+u

where  f(r)———0

Note that:

Vx(VxA)=V(V-A)-V’A




Digression
Some comment on assumption: v =V x (V x f(r)u) +u
Vx(VxA)=V(V-A)-V’A
Here A= f(r)u
VXV:VX(VX(VXA)):—VX(VZA)

Alsonote: Vp=nV’v
= VxVp=VxpViv or VZ(va)zo
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V:Vx(fo(r)u)+u

u=uz
Vx(Vx () =V(V- f(r)) -V f ()2
Vxv=0 :>V2(V><v)=0

VHVxf(rz)=0 =V (V/(rx2)=0 =V'f(r)=0

f(r):Clrz+C2r-!—C3+g
B

v, ZMCOSH(l—Eﬁj =ucos€(1—4C1 226 +£)
r

rdr 3

,
2 .

va——usmé’(l—d{—ldfj— u51n9[1—4C1—g—C;‘j
dr= rdr [

Some details:

. & 2dY,
V() =0 :Ederrrdr] f(n=0

f(r =C1r2 +C,r+C, +g
-
v :u(Vx(fo(r)i)+i)
=u(V(V-(£(r)2))- V2 (r)+2)
Note that: Z = cos 6F —sin 60

v:u[v[%cosej—(w (f(r))—l)(cosﬂf—smeéﬂ
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vr:ucosﬁ[lfgﬁj:ucos9(174q7£+2—€“j
rdr r r
2
v, =—usiné l—d—{—lﬁ =—usin0(1—4Cl—g—£;‘)
dr- rdr roor
To satisfy v(r > o) =u: =C =0
3
To satisfy v(R)=0 solve for C,,C,; C2:¥, C4:R7
3
v, =ucosé 173—R+R—3
2r 2r
3
v, =-usiné 1737R7R73
4r  4r
. 3R R 5 s
_f(r):C3+7r+E v:u(V(V-(_f(r)z))—sz(r)erz)
3 3
v,,:u0059[1—$+i3j vg:—usinﬂ[l—ﬁ—R—sJ
2r 2r 4r  4r

Determining pressure:

Vo=V =V (V-(7 (1)2)) -V 002) = weoso 32

=>p=p,— ucos&[ﬁ)
P=Dy 1] Py
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pP=0p —qucos&(3—RJ
0 2t

Corresponds to:

F,cos60=(p(R)— p,)47R’

=F, =—nu(67R)
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Recap --

Newton-Euler equations for viscous fluids

Navier-Stokes equation
§+ (v-V)v= f—le + vy +l(§ +lr]]V(V -v)
ot p P p 3

Continuity condition
op
—+V-(pv)=0

o TVev)
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Newton-Euler equations for viscous fluids — effects on sound
Without viscosity terms:

g—:-*—(v»v)v:f—%Vp aa—f+v-(pv):0
Assume: v=0+9v f=0 pP=p,+p

5
p—po+5p—po+(ag Sp=p,+c’op

s

2
Linearized equations: @ = 7C—V5p @ +p,V -(5 v) =0
ot Lo ot
Let Sv= 5V0 ei(kvr—wz) 5,0 = 5,00 ei(k~r—w1)

Sound waves without viscosity -- continued

2
Linearized equations: ooV _ L v 2% +p,V-(6v)=0
Ot Po Ot
Let Sv= §VU e;(k»r—m) 5p£5p0 e;(k r-ot)
@:_ivgp = wdv, :%k
ot Po Po
%ﬂ%v(av):o = —wdp, + pk-Sv,=0
k= @ P _ k-ov,
; Po ¢




Newton-Euler equations for viscous fluids — effects on sound
Recall full equations:
Navier-Stokes equation

%Jr(v-V)v:f7%Vp+%vzv+%(§+%njv(v-v)

Continuity condition

op

—+V- =0

o TVev)

Assume: v=0+0v =0 p=p,+p

3
p(s,p)=p,+6p=p,+’p+ (a%j s

P

where ¢? = [‘lpj ‘/ISCOSIty
op ),
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transfer |

causes heat

Newton-Euler equations for viscous fluids — effects on sound
Note that pressure now depends both on density and
entropy so that entropy must be coupled into the equations

z—:’+(v~v)v:f—%Vp+%VZV+%({+§q)V(V‘v)

op Os

- +V- =0 T—=k,V°T
5t+ (PV) P o
Assume: v=0+0v =0 pP=p,+p
p:po+5p:p0+czé'p+(a—pj Os  where ¢® = P>
0s ), op ),
T:TO+5T:Z})+[8—TJ 5p+(6—Tj os
ap ), 0s ),
s=5,+0s
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Newton-Euler equations for viscous fluids —
linearized equations

ov 1 /| 1
—+ (V- V)v=f——Vp+=Vv+— +—n |V(V-
ot v ppp Vp[g 3nj( Y)

= @:—ivﬁp+lvzﬁv+i[§+lq V(V-6v)
ot Po P Po 3

L [‘i"] V5p+(alj Vés :—5v5p—p“[£] Vés
Py (\0p), os), Ao ),

Digression -- from the first law of thermodynamics:

o (o o
de=Tds+2dp L[ﬁ) :[ij
P’ op\os),) op ).

1(op
£ -
pn[&v]p p“[
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) 222)
s\p), ), s ), p

318

o
0Os

)




Linearized equations -- continued

op
Fziv. =0
5 V(o)

0
:a—tp+pnv-(5v):0

0Os )
pTo =k VT

=005 _ ks (81) viss+| oL Vip
ot pT,\\0s /, op ),

Further relationships:

(61) L go=ta
os), ¢ Pe,

v

‘ heat capacity at constant volume
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Linearized equations -- continued

Os
T—=k,V'T
P o o
:@:—k’h (B—Tj V?8s + ar Vép
o py\\ds ), op ),
Further relationships:
[61] I P
Os , G pc,
00s ¢,k (0T c
== 205 + L — | V¢ where y =+
o [”‘V T [apl p} e
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Newton-Euler equations for viscous fluids — effects on sound
Linearized equations (with the help of various
thermodynamic relationships):

2
@:—C—Vb‘p—p{al) V6s+lV26v+i(§+lnjV(V~5v)
oa  py op), Po Po 3

oop
?+pov‘(5v)=0
@zyxvz(iwg[alj Vip
o T, \op ),
Here: y:c— l(:i

»
C CpPo
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Linearized hydrodynamic equations

2
goy :—C—Vé‘p—po(gl] V6s+lV25v+i(§+%n)V(V~6v)
P Js

ot Po Po Po

oop

—+p,V-(6v)=0

o Po ( )
c K

%:}/K‘Vzé‘s+ P ('LT Visp

o T, \op ),

It can be shown that

(a—Tj =M~M where EL(T—V) (thermal expansion)

op), pc,  pgc, v\er),

Let Sv=4v, k=) Sp=dp, Gk 5o =355, glkr=ar)
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Linearized hydrodynamic equations; plane wave solutions:

2 2 .72 .
@6V, :%k#—%ﬁsok— ink v, —L(§+ln)k(k‘5v0)
P Po 3

o c, o

wop, — p, k-0vy =0
ixfc?

05, = —iykk>5s, — k*0p,

0

In the absense of thermal expansion, £ =0

2 . 2 .
@SV, :%k—ﬂﬁvo —L(§+lnjk(k-5v0)
o Po LN

wop, — p, k-0v, =0
©3s, = —iyxk’3s,

... 2Entropy and mechanical modes are independent

Sv=0v, =) Sp=6p, glkr-en 5o =55, ko)
2 . 2 .
AR BT AT
0 Po Py 3
w8p, — p, k-6v,=0
©3s, = —iyxk’3s,

—ker/ai(Rer/ A 2yx
Entropy wave: s =ds,e " e/ * "7 where A= 2l

[4)

Density wave: dp, = k-0v, 2 op =dp,e
®

~1/2 5
w w 3 1 w 12 3
k=—|1-i5—{+— =—+iax—+i +=
C‘[ czp\w (; 477]] c ¢ chpu [é‘ 47]]

—k- r/a‘eiui-r S-ot)

—ak. re.(m( Yker—ct)

Transverse wave: Ov,, xk#0  Jdv, =dv e

2
where o= /N
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In the absense of thermal expansion, £ =0 -- continued:

10



Linearized hydrodynamic equations; full plane wave solutions:

2 2 . 2 .

@6V, :%k#—%ﬁsok— ink v, —L(§+ln)k(k‘5v0)
Po » (] (] 3

WOp, — p, k-6v, =0

. 2

ikfc K5,
0

Transverse modes (Jv-k =0):

05, = —iykk>5s, —

o, =0 Js,=0
ik . 172
[a)+—”7 ](5V>< k)=0 k:i[—lwp‘]J
P n
—kr/5 i(kr/S-ot) 2n
Ov, =0v, e " where o= |—
ap,
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Linearized hydrodynamic equations; full plane wave solutions:

2 .
oy TP ik 5VO—L(§+§n)k(k‘5v0)
P P

o c, o o

WOV, =

WOp, — p, k-6v, =0
. 2
ikfc K5,

0

05, = —iykk>5s, —

Longitudinal solutions: (v -k # 0):

2 272
[wz -k’ +i%(§n+ CJ]&pO —’D‘)T(’Cﬂﬁso =0
0

P

. 2
iKpe k*op, + (w+ i}/lckz)é'so =0

0
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Linearized hydrodynamic equations; full plane wave solutions:

Longitudinal solutions: (v -k # 0):

) ) k2 (4 T Bc’k?
(w“—czk“ﬂ'w (g?]Jr;JJSpOfM&gO:O
Po <,

ixpc?

=k dp, +(@+iyck® )55, =0
Po

Approximate solution: =— + io

k
( J KTﬁ
2¢,c

—ak-r t((u/c)(k r— ct)

where o=

op = op,e
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