PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 5:
Reading: Chapter 2 of Fetter & Walecka

Physics described in accelerated coordinate frames
1. Linear acceleration
2. Angular acceleration

3. Foucault pendulum
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Course schedule

(Preliminary schedule — subject 1o frequent adjustment )

'Date [F&W Reading Topic |Assignment Due
1|Mon, 8/27/2018 (Chap. 1 Intraduction #1 aI7/2018
Wed, 8/29/2018 No class
2 Fri, 8/31/2018 Chap. 1 |Scattering theory 2 9712018
3 Mon, 9/03/2018 Chap. 1 [Scattering theory
4 Wed, 9/05/2018 (Chap, 1 |Scattering theory {3 9/10/2018
f‘> 5Fri, 9/07/2018 Chap. 2 Non-inertial coordinate systems #4. 9/12/2018
& Mon, 910/2018 Chap. 3 Calculus of Variation
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Fall 2018 Schedule
W. Holzwarth

§:00-10:00

10:00-11:00
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Physics in accelerated reference frames

Physical laws as described in non-inertial coordinate
systems

» Newton’s laws are formulated in an inertial frame of
reference {ép }

» For some problems, it is convenient to transform the
the equations into a non-inertial coordinate system

0 A

Comparison of analysis in “inertial frame” versus “non-
inertial frame”

Denote by & a fixed coordinate system

Denote by é, a moving coordinate system

V= ivi"éi“ = iviéi
i=1 i=1

dv LAV, SdV, &y, dg
— =Y g N g 4 Yy
(dt]m. Z dt - gdt' Z t
Define : (d—vj Ezﬂéi
dt Jpy 77 dt
3 N
S(S) () 3um
dt inertial dt body i=l t




Properties of the frame motion (rotation only):

A dé, = dQs,
do §, i :
dé Here dQ=dQx dez =—d Qey

_da, = dé=dQxé
dt dé do .
de % e
dt  dt
8 da, L ®xé
' > dt
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Properties of the frame motion (rotation only):
da e,

dé: de=dQxe ﬁzd—gxé E:mxé
dt dt dt

_—dgda;
> 8,

Rotation about X-axis:
e ) (1 0)fe e, +de, ) cos(dQ)  sin(dQ) e
e,) L0 1)e e, +de, ) |-sin(dQ) cos(d2) (e,

(o) "ty omtiorle) Lo V)

Properties of the frame motion (rotation only):
da €,

© | ge-doxe 99 %
at dt dt

_—dgda;
> 8,

Rotation about x-axis:

de 0 dQj(e
v vl . A _dO%xe
(dezj ~[—dQ 0 J[e } dQee, +dQe e, =dOxxe

7
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Properties of the frame motion (rotation only) -- continued

3 A
[dlj = (dl] + ZVI di
dt inertial dt body i=1 dt

[LVJ :(LVJ foxV
dt inertial dt body

Effects on acceleration (rotation only):

( d dV] [ d ] (dvj
—_—— == +OXx 5| —— +oxV
dt dt inertial dt body dt body

2 2
d Y = d y +2mx[d—vj +d—m><V+mxm><V
dt inertial dt body dt body dt
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Application of Newton’s laws in a coordinate system which
has an angular velocity () and linear acceleration dia
dt?

inertial

Newton’s laws; Let r denote the position of particle of mass m:

d 2rj
m =F,
2 ext
[ dt inertial

d’r d’a dr do
ml—— =F,-m — —-2mo x| — —M——Xr-mMox®xr
dt body 4t )i T At ey dt T

L Centrifugal
Coriolis 9
force
force
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Motion on the surface of the Earth:

2
w="%73x10"rad/s
T

~* B, =M

ext 2
r

Earth’s gravity

Support
force
X
—~wx(wxr)
Main contributions:
d’r GM,m, dr do
m| —— =———r+F' -2mox| — —M—Xr-Moxoxr
at* ) r dt Jearn dt
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Non-inertial effects on effective gravitational “constant”

d’r GM,m. dr do
m =- r+F -2mox| — —M——Xr-mMoxoxr
earth t earth

d re d dt
2
For [Ej =0 and [d fj =0, t
dt earth dt earth
0:—G'\:|;mf+F'—mu)xm><r
F'=-mg
GM, .
=S>g=——SF-0xoxr
r <R,
:(— GNL* +@'R, sinzﬁ]f +sin 0 cos 0’ R0 =xiwx0
0.03 m/s?
9.80 m/s?
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Foucault pendulum  http:/www.si.edu/Encyclopedia_Sl/nmah/pendulum.htm

The Foucault pendulum was displayed for many years in the Smithsonian's
National Museum of American History. It is named for the French physicist
Jean Foucault who first used it in 1851 to demonstrate the rotation of the earth.
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Equation of motion on Earth’s surface

d’r GM,m , dr do
m —- =— —r+F -2mox| — —maxr—mmxmxr
earth

r?

o~-wsinK+wcosb

PHY 711 Fall 2018 -- Lect




Foucault pendulum continued — keeping leading terms:

F'=-Tsiny cosgk —T siny singy +T cosyz
o~ —sin X + wcos 6z
dr

mx(a] = o~ ycos &+ (%cos @+ 2sin 8)§ — ysin 62)
earth
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Foucault pendulum continued — keeping leading terms:

2
m[d fJ z—GMfmi'+F'—2mmx[d—rj
dt“ earth R . dt earth

e

mX = —T siny cos @ + 2m@y cos &

my ~ —T siny sin — 2Ma(Xcos & + Zsin O)
mZ =T cosy —mg + 2meYysin &

Further approximation :

w<<l; Z=0; Tx=mg

mX ~ —mg siny cos ¢ + 2May cos &
my = —mg sin y sin ¢ —2MaX cos &
Also note that :

X~ [siny cos ¢

y = (siny sing
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Foucault pendulum continued — coupled equations:

X‘:—%x+2w0059,‘/

)‘/:—%y—hocos@‘(

Try to find a solution of the form:
X(t)=Xe™ y)=Ye™
Denote @, =wcosé

-’ +% 20,9 | X
) =0
-i20,q -q*+2 Y

Non - trivial solutions :

— 2 9
g.=axf=0 o, +7




Foucault pendulum continued — coupled equations:

Solution continued :

X(t)=Xe™™ y(t)=Ye™

-*+% 20,9 (X)) _ 0
-2, -q*+2\Y
Non - trivial solutions :

= 2.9
g, =atf=0 t\jo, +%

Amplitude relationship: X =iY

x
General solution with complex amplitudes C and D :
x(t):Re{iCe il 4 jpgite /”‘}
y(t) = RefCe ™« 4 pe-iles}

PHY 711 Fall 2018 - Lec

9/7/2018

General solution with complex amplitudes C and D :
X(t) = RefiCe “) 4D/}
y(t) = Re{Ce ) + D ep)}

0. =aiﬂ5wli\/?+%za)i-_f-\/§

since @, ~7x107 cos@ rad /s << \@

Suppose:  x(0) =X, )=0

x(®) =X, cos(\/% )cos(a) ),
“= 243600 5

yt)=-X, cos(\/gt)sin(a)lt)
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=7x10"° rad/sec

Summary of approximate solution for Foucault pendulum:

Suppose:  x(0) = X, y(0)= 0
X(t) = X, cos(\@t)cos(wlt)
yit)y= =X, cos(\/gt)sin(a)ﬂ)
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o, =w,cosf

x(t) =X, cos(\/gt)cos(aht)
yit)y= - X, cos(\/gt)sin(a)lt)

712018 PHY 711 Fall 2018 — Lecture 5 22




