PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 7:
Calculus of variation;
Continue reading Chapt. 3
1. Brachistochrone problem
2. Calculus of variation with constraints

3. Application to classical mechanics
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Course schedule

{Preliminary schedule - subject to frequent adjustment, )

Date F&W Reading Topic ‘Assignment Due
1|Mon,_ 8/2772018 Chap. 1 Introduction #1 WT2018
Wed, 8/29/2018 No class
2|Fri, B/31/2018 Chap. 1 Scattering theory #2 72018
3|Mon. 9/03/2018 Chap. 1 Scattering theory
4 Wed, 9/05/2018 Chap. 1 Scattering theory #3 10/2018
§|Fri. 9/07/2018 [Chap. 2 Non-inertial coordinate systems #4 91212018
& |Mon, 91072018 Chap._ 3 Calculus of Variation #5 9/12/2018
-7 ‘Wed, 9/12/2018 Chap. 3 Calculus of Variation HE 9/14/2018
8|Fri, W14/2018 Chap. 3 Lagrangian Mechanics
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PHY T11 - Assignment #6
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Review: for f[{y(x),dl},XJ,
dx

a necessary condition to extremize j f[{ y(x),j—y},dex :
x

X

o d of
[ayldy {[a dy/dx)] } <::l Euler-Lagrange equation
- )

Note that for f] [ y(x) ]
d_(F\b (o i@{@)
dx \oy)dx \oldy/dx))dx dx \ox

(d( o &y (o i@{gj
dx\8(dy/dx)))dx \a(dy/dx))dx dx \ox

Ao &) (o Alternate Euler-Lagrange
dxe\" o(dy/dx)dx) \ox) N equation

Brachistochrone problem: (solved by Newton in 1696)
http://mathworld.wolfram.com/BrachistochroneProblem.html

| Aparticle of weight
| mg travels

| frictionlessly down a
| path of shape y(x).

| What is the shape of
| the path y(x) that

| minimizes the travel

f

ol T | timefrom
0 1 2 3  y(0)=0toy(n)=-27?
X




dx because Imv’=-mgy

Note that for the original form of
Euler-Lagrange equation:

df . o dv)_ (wj d o _
—| f-————=|=0 = == =0,
dx( a(dy/zi‘c) de oy <§ dx B(dy/dx) .

differential equation is more complicated:
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Parametric equations for Brachistochrone:
x =a(@—sin )
y=a(cos@-1)
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Parametric plot --
plot([theta-sin(theta), cos(theta)-1, theta = 0 .. Pi])
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Summary of the method of calculus of variation --
Consider a family of functions y(x), with the end points
»(x,)=y, and y(x,) = y, and an integral function

I[{y(x%jﬁ}x}] f(y(x),%;xjdx.

. . . . d
Find the function y(x) which extremizes / ({ y(x),d—y},xj.
X

0/ =0 = Euler-Lagrange equation:

[afj _4 L =0 forallx <x<x
oy ) o dx|(o(dv/dv)) ’ '

PHY 711 Fall 2018 -- Lecture 7 1

Euler-Lagrange equation:

gy 4|\ _o 0
) & dx 6(dy/dx) .,

X

Alternate Euler-Lagrange equation:

i I & _(@j
de\”  o(dy/dx)dx) \ox
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Another example optimization problem:

Determine the shape y(x) of a rope of length L and mass
density p hanging between two points

X1Y1

X2Y2

Potential energy of hanging rope :

X, dy 2

E= I+ —| dx

pngly,/ ( dxj
Length of rope:

Xy 2
L=| 1+[dy) dx

5 dx
Define a composite function to minimize:

W=E+AL
= Lagrange multiplier
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W=T(pg)/+ﬂ)\/l+(jz)2dx

(r8])-m-a(2]
Zc[f - a(dijj dx)zgj - (%j
),

dx 2
1+ [d—y)
dx

~

= (pgy+1 1+(




(pgy+4
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1 xX—a
y(x) = —pg[ﬂ, +K COSh[[{/ngJ

Integration constants : K,a, A

Constraints :  y(x,) =y,
¥(x,)=y,

Xy 2
j 1+[@) dx=L
5 dx

Summary of results

For the class of problems where we need to perform an extremization
on an integral form:

1= ff[{y(x),j—y},xjdx ol =0
- X

A necessary condition is the Euler-Lagrange equations:

(2)- 4] =

b, J & (ﬁj
del” o(dy/dx)dx ) \ox




Application to particle dynamics

x—t (time)

y—¢q (generalized coordinate)
f — L (Lagrangian)

I —> A4 (action)

. d
Denote: E_q

dt

A:TL({q,q'};t)dt
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Application to particle dynamics

Simple example: vertical trajectory of
particle of mass m subject to constant
downward acceleration a=-g.
d*y
m dtz =—-mg
W)=y, +vi—Let®
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http://www.hamilton2005.ie/

Sir William Rowan Hamilton

Windrwsday, September 1115, 701

Tribute to Sir Willlam Hamilton

Hello nd wekome! This page 18 dedcated to the e and work of Si Willam
Rowan Hamiton

Willam Bowan i was Ireland's grestest som
mathematician, physicst, and astronomer and made
Optics, dynamics, and aigetira.

t. He was a0
ant works in

He contribution in dynamics plays 8 impor
QLANTUM MECTAFCS. HS Rame was pen
concepts in quantum mecharics, called

cle in the later developed
ed in ane of the fundamental
amitonian”

The Dwcovery of Quaternions m probably is his most familar mvention
today.

res g of three greas papers. of the year 1905. 50 UNESCO desgnated
2005 to the Workd Year of Physacs
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Now consider the Lagrangian defined to be :
dy
L t),=—nt|=T-U
[{y( ) dt} j f \

Potential
energy

Kinetic
energy
In our example:

(o) r-4o( ] o

Hamilton's principle states:

)
S= J‘L({y(t),%},tJdt is minimized for physical y(¢):
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Condition for minimizing the action in example:

4 2
1 (dy
S=||=m|l—=—| - dt
,J"(Zm(dtj mgyJ

Euler-Lagrange relations:

d .
:>—mg—Emy:0

ddy__ _ 1 2
= a8 y(t)=y,+vit-5gt
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Check:

SEJ[;m[‘ZJ mgdet

Assume 1, =0, y,=h=1gl* 1 =T, y,=0

Trial trajectories: y,(t)=2gT*(1-t/T)=h—-1gTt
yz(t)zégTz(l—tz/7"2):h—%gt2
»(O)=1g* (1= /T )=h-Lgt’ I T

Maple says:

S, =-0.125mg’T”
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