PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 8:
Continue reading Chapter 3

1. D’Alembert’s principle
2. Hamilton’s principle

3. Lagrange’s equation in
generalized coordinates

PHY 711 Fall 2018 -- Lecture 8

9/16/2018

Carvar Addwining vent: Wednanday,
Saplambar 18, 21 12:06 - 190 P4

Course schedule

(Preliminary schedule — subject 1o frequent adjustment. )

Date F&W Reading Topic Assignment Due
1 Mon, 827/2018 Chap. 1 Introduction #1 972018
Wed, 8/29/2018 No class
2 Fri, 8/31/2018 |Chap. 1 Scattering theary w2 97/2018
3 Mon, 9/03/2018 Chap. 1 Scattering theary
4 Wed, 9/05/2018 Chap. 1 Scattering theory 43 9/10/2018
5 [Fri, 8/07/2018 [Chap. 2 MNon-inertial coordinate systems #4 912/2018
& Mon, 310/2018 Chap. 3 Calculus of Variation #5 912/2018
7 Wed, 9112/2018 Chap. 3 Calculus of Variation 45 91712018
Fri, 91472018 Mo class University closed due to weather,
8 Mon, 91712018 Chap. 3 Lagrangian Mechanics #7 a19/2018
8 Wed, 9/19/2018 Chap. 3 and 6 Lagrangian Mechanics and consiraints
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PHY 711 - Assignment #7
September 16, 2018

Consider a Lagrangian describing the motion of a particle of mass m and charge g given by

4 cou i q...
Lx,y.z,5,9.2) = =m {r.}" + 52+ .:"}I + —;.‘_f.rr.r
\ p

B —

Here ¢ denotes the speed of ight and B represents the magnitude of a constant magnetic field along
the z-axis. Determine the Euler-Lagrange equations of motion for the particle and discuss how the
mation compares with the similar example discussed in class.
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Jean d’Alembert 1717-1783
French mathematician and philosopher
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Digression -- notion of generalized coordinates

Referenced to cartesian coordinates: r(¢) = x(t)X + y(¢)y + z(1)Z

Cylindrical coordinates

X =pcos¢g
y=psing
zZ=Z

y PN Y
¢ =arctan(y / x)

z=z

x
Figure B.2.4 Cylindrical coordinates
(Figure taken from 8.02 handout from MIT.)
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Spherical coordinates
x=rsindcosg
y=rsinfsing

>/ 3 z=rcosd
\. N
1==" 71 2 2 2
8/ FEAX 4y +z
2 2
P ~<d: . X+
.// L ; 0= arctan[y ]
— z

¢ =arctan(y / x)

Figure B.3.1 Spherical coordinates

(Figure taken from 8.02 handout from MIT.)
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D’Alembert’s principle:

Generalized coordinates :
ds
L )

Newton's laws :
F-ma =0 = (F-ma)-ds =0

Fds=Y S F sy,
T 0,
For a conservative force: F, =— ov
0x,
oU ox, oUu
F-ds=- iy, =—y —
gz ox, 8q, ° g oq, %
PHY Fall 2018 - re
ds Generalized coordinates :
q,({x}) xS
Newton's laws : yex,
F-ma=0 = (F-ma)-ds =0 zex,

ma-ds=Y > ms,

df . ox | . dox
A

Ox, 0%, d 0x, 0 dx; _ 0X,

—+ and ——F=——t=—=
oq, 94, di dq, 0q, di 0q,

ma-ds :ZZ[%(a%T)]—a(%”]oq

o

0ox;
2. &,

Claim:




%

X =X ({qg(t)}at)

Claim: o _ %
%, 04,
Details: X, = Z o, q, + o, Therefore: 6)'@ O
< 0q ot 4, 04,
Claim: 425 _ 0 dy_ 3
dt 0q, 0Oq, dt 0Oq,
o’x, I o’x, o’x, . o’x

) * )

Zoq.0q, 7 T oiog, &

i

24,04, " g,
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ds

ma-ds=gz(%[5(%m&2)],

o4,

Generalized coordinates :

4,(1x,})

6(% mx,” )
o, )7

Define - - kinetic energy: T = Z%mﬁc,z

ma.dszz(ialﬁl

dt 04 0 7
Recall: e e
oU ox. oU
Fds=-YY S Sy - Y5
;Z ox, 0, ;aqg =
(F-ma)-ds=— a—U&]g—Z ia—T—a—T q,=0
> 0q, >\ dtoq, 0q,

Generalized coordinates :

ds
pa Y (4
oU d oT oT
F-ma)-ds=-% 54 -3 | L _T s, —0
(F-ma)-ds==3 7 04, ;(dtaqg P i
do(T-U) o(r-u
- yfadr) dru,
- \atr  oq, oq .
_ _y|4oL oL, _
>\ dtog, oq, I

Note: This is only true if

L(qaﬂqaﬂt):T_U 6—U:0
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ds Generalized coordinates :
L

Define-- Lagrangian: L=T-U
L=L({g,}{d.}0)

(F—ma)»ds = _Z[i oL oL

o

dtd4, oq,)""

t
= Minimizaton integral: S= J L{g, }4d, Lot

=>Hamilton’s principle
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Euler — Lagrange equations: L= L({ . }, {qc },t) =T-U
da o

dt 0q, 0oq,

Example:

L :L<0,9) =1md’6* —mg(d —dcos®)

ia—.L—a—L=o :imdzmmgdsine:o
dt0q, 0Oq dt

2

d?zfgsinﬁ

art d

Another example:  L=L({g, {4, },1)=T-U

L=L(@,p.y.¢,3.7) =L 1(a?sin® B+ 3 )+ L I (crcos B + 7 — Mgd cos

doL d
dtoa dr
4o 4 gL
dtop  dtN'"op
%%:%(13(dcosﬂ+y)):0
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(Ildsinzﬂ+13 (dcosﬂJr;?)cos,B):O




— simple harmonic osgillator
smx’ U=imw'x”

Examnge

Assume x(0)=0 and x(£)=0 = [(T-U)ds
0
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Trial functions  x,(t) = Asin () S5,=0
x,(t)= Aot (7 - ot) S, =0.067 A’mew’”
x,(t) = Ae™ sin (ot ) S, =0.0624°me*
/"/-/_
2 /
1.5] -
x
l {
0.5 / . X,
0 4/_.--'-"__ ] o ———
0 02 04
PHY \»w\/l‘,\?t ecture 16
Summary —

Hamilton’s principle:
Given the Lagrangian function: L= L({qn},{qa} ,t) =T-U,

The physical trajectories of the generalized coordinates {qg (t)}

Are those which minimize the action: S = JL({qJ},{qJ},t)dt

Euler-Lagrange equations:

didq, oq, )"

o

z[i@i_@i =0 —=foreacho: [77_7

Note: in “proof” of Hamilton’s principle:

(iiLflLJ:o for  L=L{{g, {4, }t)=T-U

dt oq, 0q,
It was necessary to assume that :
dou

— does not contribute to the result.
dt 0q,

= How can we represent velocity - dependent forces?




Lorentz forces:
For particle of charge ¢ in an electric field E(r, ) and magnetic field B(r,?):

Lorentz force: F=g(E+1vxB)

x—component : F, =g(E, +1(vxB),)
In this case, it is convenient to use cartesian coordinates

L:L(x,y,z,)'c,j/,z‘,t)ET—U

T=im(%+j*+#)

d OL OL
x-component: | ———— =

dt 0x Ox
Apparently: F, = 76—U+10—U

ox  dt ox
Answer: U:qd)(r,t)—giﬁA(r,t)
c

where E(r,t)=7V<D(r,t)fl¥ B(r,1)=VxA(r,r)
C
9/17/2018 018 - Lec
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Lorentz forces, continued:

x—component of Lorentz force: F, = q(Er +1 (vx B)x)

Suppose: U :qCD(r,t)—gi'-A(r,t)
c

Consider : FY:767U+167U
Ox dt 0x
04
767U:7q6®(r,t)+1 V%6Ar(r,t)+y J,(r,t)+z,aAz(r,t)
Ox ox c Ox ox ox
L4 ()
ox c

: J.H6'AY(r,t)},’+6A‘(r,z)z_+6A‘(r,z)
dt ox c dt c

iz’?’U: qu‘(r,l) q é’A‘(r,t)
Ox dy oz ot

Lorentz forces, continued:

o4
LU _ 7q 6(I>(r,t)+g(x OA((r,t)er y(r,z)H, 8Az(r,t)]

Ox Ox c Ox Ox Ox
dou _ ¢ 6A¥(r,t)X+ 8Av(r,t)),}+ 6Ax(r,t)z,+ o4, (r,1)
dt ox c ox oy oz ot
__U,du
Y ox dr ok
_ 6(1)(r,t)+1 (04,(r1) o4, (r,1) Lo, (r.1) 04,(r.t)) qo4,(r.t)
4 Ox c Ox oy c Ox oy c ot

_00(rr) goa(ri) g (04 (r1) 4,(r,1) +gz_(6A:(r,t)7 o4, (r,t)]
= Ox c ot c 7 ox %% c ox oz

=qE, (r,t)+%(_\'/Bz (r,t)— B, (r,t)): qE‘(r,t)-v—g(v X B(r,t))\




Lorentz forces, continued:

Summary of results (using cartesian coordinates)
L= L(x,y,z,)'c,j/,z',t) =T-U

T=im(¥+3"+2)  U=q®(r.t)-Li-A(r1)

where E(r,1)=-V®(r,r)-

L=tm(+ 5 +2)—q(r,0)+ Li-A(r,1)
(&
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Example Lorentz force
L=im(%+j°+2°)- q(D(r,t)+%1"~A(r,t)
Suppose E(r,t)=0, B(r,t)=B,z
A(r,0) =4 B,(- y&+x§)

L :%m()'cz +3° +z’2)+2130(—xy+yx)
C

Ao o _o L4 dpy)-Dpi-0
dt ox Ox dt 2c 2¢

AL Oy 4 el i)+ Lpio
dt oy oy dt 2c 2¢
4oL O _y oo

diez oz dt
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Example Lorentz force -- continued

L=1m(+5 +z‘2)+2130(—xy+yx)
C

d( . q q , . . q., .
—| mx——=—B,y |-—B,y=0 =>mi-=By=0
dt( 2¢ Oyj 2¢ 0¥ c 4

a( .. 4q q 5. o q g
—| my+—B,x |[+—B,x=0 =>mj+—B,x=0
dt( Y 2¢ 0] 2¢ Y ¢’
imz’=0 =>mz=0

dt




Example Lorentz force -- continued

L=1m(+5 +z'2)+2i30(—xy+yx)
C
mi=+1B
C

mi=-21Bx
c

s =0 Note that same equations are obtained
from direct application of Newton's laws :

mr=zi'xBoi
c
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Example Lorentz force -- continued
Consider formulation with different Gauge: A(r)=—-B,y&

L=im(¥+5*+2)-LB sy
c

4 mx—iBOyj:o =mi-LBy=0
dt c c

4 mi)+LB5=0 = mi+LBx=0
dt c c
imz’=0 =>mz=0

dt

Example Lorentz force -- continued

Evaluation of equations :

mjc'f%Boy'IO x(t)zlfosin(%H(/ﬁ)
misdBg=0 H(1)=V,cos(Lr+9)
mE:O Z(t):V()z

x(t)=x, —q’”—b,‘(;Vocos(%t + ¢)
y(1) =y, +q’”7f‘;V0sin(%t + ¢)
z(t) =z, + V.t




