PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 9:
Continue reading Chapter 3 & 6

1. Summary & review

2. Lagrange’s equations with
constraints

9/19/2018
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Comment on HW #7 (continued)
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Course schedule

{Praliminary schadule — subject to frequant adjustment. )

Corfinus meading Chaghers 3 and & in Fetier and Walscka

>
Date FAW Reading Topic Assignment Due
1 Mon, 8/27/2018 Chap. 1 Introduction f-a) 72018
Wed, 8292018 No class
2 Fri, 8/31/2018 [Chap. 1 Scattering theory #2 aT2018
3 Mon, %03/2018 Chap. 1 Scattering theory
4 Wed, H05/2018 (Chap, 1 Scaftering theory x] w1208
5 |Fri, W¥07/2018 [Chap. 2 Mon-inertial coordinate systems 4 22018
6 Mon, W10/2018 Chap, 3 Calcubus of Vanation o5 ar122018
T Wed, 31272018 Chap, 3 Calculus of Variation 5 Q172018
Fri, W14/2018 |No class University closed due to weather
8 |[Mon, /172018 (Chap, 3 Lagrangian Mechanics “7 91972018
‘ 9 Wed, %19/2018 Chap, 3 and & L. ] and -] a24r2018
10 Fri, W21/2018  [Chap, 3and & Constants of the motion
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mass W and i SUppOried on B horiznntal Srchonkess suriace. Wrte down the Lagrangian for rvs System in ferms of the gensrakoed
coorinales X and 5 and e fisod constants 0f T sysiem (8, m. M, eax | and Sohn AOr o SQUIS0NS of MOBON, ASSLIING that the sysiem
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Comments on generalized coordinates:

L=l 0} 4d, ©Oh1)
da o

dt 64, oq,

Here we have assumed that the generalized coordinates
g, areindependent. Now consider the possibility that
the coordinates are related through constraint equations
of the form:

Lagrangian: L= L({g, ()} {g,®)}1) Lag(aqge
; multipliers
Constraints: f; = f/({qg(t)},t): 0

Ly
Modified Euler - Lagrange equations : 4 a—L _o + Z A, i =0
dtoq, oq, 5 'oq,
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Simple example:

L(u(t), () =+ mii* + mgu sin 6

X L(x,y,%,7) =t m(& + 7))~ mgy
f(x,y)=sin@x+cosdy=0
Note that: u =xcos@ — ysiné
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Case 1:
L(u(t),i(t)) = L mii* + mgusin @
L oL
ia—.—a—:O:miI—mgsiné’:O =ii=gsinf
dt ou  Ou
Case 2:

L(x,y,%,3) =1 m (3 + 37) ~mgy
f(x,y)=sin@ x+cosf y=0

i@—%-# GL:O:mjé+lsin€
dtox ox  ox
doL oL . of

————+A1>==0=mj+mg + Acosd
dt oy 0Oy oy

sin@ ¥+cos@ y=0 .
Force of constraint;
= A=-mg cose— i
normal to incline
(cos® i—sind j) = gsind
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Rational for Lagrange multipliers

Recall Hamilton's principle :

S=IJ’L({q(,(r>}, g, )} 1)ar

S—0o J[ [i@,g (,]dz
dt 04, 0q,
With constraints: f; f({qc,(l)} )

Variations dg,, are no longer independent.

o
5-0-32

= AddO to Euler - Lagrange equations in the form :

o;
223,

g, ateacht
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Euler-Lagrange equations with constraints:

Lagrangian: L = L({g, ()} {g, (O)}1)
Constraints: £, = £,({g, (0)},£)=0

%) 0)
Modified Euler - Lagrange equations : d oL _oL + z 4 ) =0

dt 6g, 6q, aq;
Example:

Lagrangian: L= %m(r’2 +r°0? )+ mgr cos @

Constraints: f=r—(=0

mg

Example continued:

Lagrangian :

L= %m( ? r292)+ mgr cos @
Constraints: f=r—/

+

=0

d . 0

—mri—mr@° —mgcosf@+1A=0

d . .

—mr°@+mgrsind =0

dt

F=0=7F r=1{
:9:—%sin€

= A=ml6? +mg cos @




Another example:

Constraints: f=0,+(,-(=0

] | T iml'/,l—mlg-#/l:O
i [ dt
l | & d -
I" Il | Emzfz—m2g+ﬂ=0
- Figwee 191 Atmoods machine. {1+ 0, =0="1,+1,
4= 2m,m,
m, +m,
Vo= =Ty
! T om+m,
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Lagrangian: L=1m 02 +Lm, 03 +mgl, +m,gl,

Another example:

A particle of mass m starts at rest on top of
a smooth fixed hemisphere of radius R.
Find the angle at which the particle leaves
the hemisphere. i
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Example continued
Constraint Equation: f(r,0)=r—R=0

Lagrangian: L(r,0,7,0) = %m(r’2 +r20? ) +mgr(1-cos6)

Euler - Lagrangian equations :
oLdd

o dtor or mrf” +mg(1-cos@) —mi'+ 1 =0
%_i@+ﬂﬂ:0 mgrsin@ — mr*0 — 2mri0 =0
00 dtod 06
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Example continued

mrd” +mg(1-cos@)—mi + 1 =0

mgrsin@ —mr26 — 2mrd =0

Also note, from conservation of energy:,

1 )
EmRzé’z - ng(l —cosﬂ) =0

Using constraint:

RE” +mg (1-cos6)+A=0 o 2

m mg( f ) Hz:—g(lfcosﬁ)

mgRsin@—mR*6 =0 R

é:%sin@ A=mgcos@—mRO* —mg =3mg (cosd —1)

In this case A, is not exactly the force of constraint .

F.=mg cosf —-mRO*=mg (3cos0—2) for F,>0

= for cos@ =§ or 6§ =48.2 deg, object falls from hemisphere
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Consider a particle of mass m moving frictionlessly on a
parabola z=c(x?+y?) under the influence of gravity. Find
the equations of motion, particularly showing stable

circular motion.

L(x,y,%,)) =%(562 +5° +4cz(xfc+yj/)2)—mgc(x2 +y2)
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L(x,y,%,)) =%(5Cz +5° +4CZ(J«C)IC+y)})z)—mgc(x2 +y2)

Transform to polar coordinates;

X =rcos¢g y=rsing

L(r,¢,f,¢) = %(}"Z + r2¢2 +4c*r? ) - mger®
Euler-Lagrange equations
oL d oL ;
— =0 = O—imr2¢:0
O¢ dtog dt

0L d oL 0 = Letmr’$p=¢_ (constant)
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L) =2 (7 417 + 4637 )~ mger?
oL d oL

or dtor

mr(/%2 +4miictr - 2mgcr — %(mi(l " 4czr2)) -0
23 —2mger +4mi’c’r —%(mi(l +4cir? )) =0

z

mr

Now consider the case where initially the particle is moving in a circle

. 2 s
at height z, and ¢, = mz,,|=% = mr?\[2gc with 7, = 0.
c

Consider small perturbation to the motion: r =7, + or
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2

5~ 2mgcr +4mf>2c2r—%(mr'(1 +4c’r?))=0

mr

Consider small perturbation to the motion: » =7, + or
where initially the particle is moving in a circle
. 2 o
at height z, and /_ = mz, ZE - mryA[2gc with 7, =0.
c
Keeping terms to linear order:
~8mgcSr— m5f<1 + 2c2r02) =0

__Be 5
1+2c¢r;

= Jdr=Acos 8gc; St+a
14+2cr;

oi =




