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PHY 711 Classical Mechanics and 
Mathematical Methods

10-10:50 AM  MWF Online or (occasionally) in 
Olin 103

Discussion of Lecture 10 – Chap. 3 & 6 in F & W

Lagrangian mechanics including constraints

1. Lagrangian representation of electromagnetic fields

2. Examples of Lagrangian analysis including 
constraints
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Physics colloquium Thursday, Sept. 17, 2020 at 4 PM
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Schedule for weekly one-on-one meetings

Nick – 11 AM Monday (ED/ST)
Tim – 9 AM Tuesday
Bamidele – 7 PM Tuesday
Zhi– 9 PM Tuesday 
Jeanette – 11 AM Friday 
Derek – 12 PM Friday
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Your questions –
From Nick –
1. How do you solve the Lagrangian for Euler angles presented in Lecture 9?
2. Would like some details on the Lagrangian for electromagnetic interactions.

From Tim –
1. When adding a constraint to a lagrangian, is it usually associated with the 

geometry of the problem (ie. r-l for the pendulum)? 

From Gao –
1.   
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Your questions –
From Jeanette –
1. I would like to go through the Lorentz force example from last lecture, it 
looked like it may already be included in the lecture today. I find the examples 
to be more helpful than the derivations.
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Example from Lecture 9 representing  the motion of a 
symmetric top with moments of inertia I1 and I3 and with 
generalized coordinates α, β, γ   (Euler angles)

Worrisome equations, but 
we will develop some tricks 
to help us solve them. 
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Summary of results (using cartesian coordinates)
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Lagrangian mechanics with Lorentz forces

vector potential
scalar potential

2 )

Note that if the system also has a mechanical potential, ( ), this is added
to the electromagnetic contributions.  The full Lagrangian would t
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{ } { }( ) 0     for     , ,

provided that =0    

Here we examine how   may not be zero and can 

be designed to  represent velocity-dependent  forces.
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Note: In our discussion of D’Alembert’s virtual work 
analysis, we  concluded that

Do you think that it is cheating to manipulate U in this way?
a. Yes
b. No
c. Depends on how we define U
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In this case, it is convenient to use cartesian coordinates
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Lorentz forces, continued:

( ) ( )

    :Consider

,,      :Suppose

x
U

dt
d

x
UF

t
c
qtqU

x




∂
∂

+
∂
∂

−=

⋅−Φ= rArr

( ) ( ) ( ) ( )








∂

∂
+

∂

∂
+

∂
∂

+
∂

Φ∂
−=

∂
∂

−
x

tAz
x

tA
y

x
tAx

c
q

x
tq

x
U zyx ,,,, rrrr



( )tA
c
q

x
U

x ,r−=
∂
∂


( ) ( ) ( ) ( ) ( ), , , , ,x x x x xdA t A t A t A t A td U q q x y z
dt x c dt c x y z t

∂ ∂ ∂ ∂ ∂
= − = − + + + ∂ ∂ ∂ ∂ ∂ 

r r r r r
  



We want to demonstrate that the supposed form of U is 
consistent with the general Lorentz force given above. 
Evaluating the derivatives:
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Lorentz forces, continued:
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Summary of results (using cartesian coordinates)
, , , , , ,

        , ,

,1   where    , ,           , ,

, ,

L L x y z x y z t T U
qT m x y z U q t t
c

t
t t t t

c t

qL m x y z q t t
c

= ≡ −

= + + = Φ − ⋅

∂
= −∇Φ − = ∇×

∂

= + + − Φ + ⋅

r r A r

A r
E r r B r A r

r r A r

  

  

  

Lorentz forces, continued:
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Example Lorentz force
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Example Lorentz force -- continued
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Example Lorentz force -- continued
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Example Lorentz force -- continued
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Example Lorentz force -- continued
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Comments on generalized coordinates:

Here we have assumed that the generalized coordinates 
qσ are independent.   Now consider the possibility that 
the coordinates are related through constraint equations 
of the form:
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Your question -- When adding a constraint to a 
Lagrangian, is it usually associated with the geometry?

Comment -- That is often the case.    The constraint 
involves relationships between the generalized 
coordinates and that often has a geometric interpretation.   
Note that in order for these equations to work, the 
constraint must not involve time derivatives of the 
coordinates.     If that happens,   the problem is given a 
terrible name – “nonholonomic”   and becomes very 
difficult to solve.   
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u

x

y

θ

θ

θsin))(),(( 2
2
1 mguumtutuL += 

( )
0 cos sin),(

),,,( 22
2
1

=+=

−+=

yxyxf
mgyyxmyxyxL

θθ


Note that:    co sinsu x yθ θ−=



9/16/2020 PHY 711  Fall 2020 -- Lecture 10 23

21
2

Case 1:
( ( ), ( )) sin

0 sin 0             sin

L u t u t mu mgu
d L L mu mg u g
dt u u

θ

θ θ

= +

∂ ∂
− = = − = ⇒ =

∂ ∂

 

 



( )

( )

2 21
2

Case  2:

( , , , )

( , ) sin  cos  0

0 sin

0 cos

sin  cos  0
cos

     cos  sin  sin

L x y x y m x y mgy

f x y x y
d L L f mx
dt x x x
d L L f my mg
dt y y y

x y
mg

x y g

θ θ

λ λ θ

λ λ θ

θ θ
λ θ

θ θ θ

= + −

= + =
∂ ∂ ∂

− + = = +
∂ ∂ ∂
∂ ∂ ∂

− + = = + +
∂ ∂ ∂

+ =
⇒ = −

− =

   









 

 

Force of constraint;
normal to incline

Which method would 
you use to solve the 
problem?

Case 1
Case 2



9/16/2020 PHY 711  Fall 2020 -- Lecture 10 24

Rational for Lagrange multipliers
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Example continued:
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Another example:
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Consider a particle of mass m moving frictionlessly on a 
parabola z=c(x2+y2) under the influence of gravity. Find 
the equations of motion, particularly showing stable 
circular motion.
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Consider small perturbation to the motion:  
where  initially the particle is moving in a circle

2at height  and 2  with 0.z
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Keeping terms to linear orde
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