PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWEF online or (occasionally)
in Olin 103
Plan for Lecture 11-- Chap. 3 & 6 (F & W)

Details and extensions of Lagrangian mechanics
1. Constants of the motion
2. Conserved quantities

3. Legendre transformations
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In this lecture we will continue to explore the mathematical and physical properties of the
Lagrangian formalism.



Course schedule

(Preliminary schedule -- subject to frequent adjustment.)

f|Date [F&W Reading [Topic |Assignment|Due

1 |Wed, 8/26/2020 [Chap. 1 lInfroduction #1 [8/31/2020
2 |[Fri, 8/28/2020 [Chap. 1 Scattering theory 2 [9/02/2020
F Mon, 8/31/2020 ||Chap. 1 Scattering theory #3 9/04/2020
W Wed, 9/02/2020|Chap. 1 Scattering theory

5 |[Fri, 9/04/2020 [Chap. 1 Scattering theory a4 [9/09/2020
6 [Mon, 9/07/2020 [Chap. 2 [Non-inertial coordinate systems | |

7 |Wed, 9/09/2020 [Chap. 3 [Calculus of Variation 5 [9/11/2020
8 [Fri, 9/11/2020 [Chap. 3 [Calculus of Variation 6 [9/14/2020
9 |Mon, 9/14/2020 [Chap. 3& 6 |Lagrangian Mechanics E7d [9/18/2020
110|Wed, 9/16/2020|Chap. 38 6 |Lagrangian & constraints 8 [9/21/2020

11)[Fri, 9/18/2020 [Chap.3 &6 [Constants of the motion \ |
12|Mon, 9/21/2020 [Chap. 3& 6 |Hamiltonian equations of motion| |
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Updated schedule. Home work from Lecture 10 due Monday.



Summary of Lagrangian formalism (without constraints)

For independent generalized coordinates g_():

L=L({g,}.{4,®)}.1)

da_a_,

dtoq, oq,

Note that if oL =0, then d oL =0
oq,, dt oq,

= 8_L = (constant)

o
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Review of the Euler-Lagrange equations with a focus on finding constants of the motion.



9/18/2020

Examples of constants of the motion:

Examplel: one-dimensional potential :
L=1m(¥+y*+2)-V(2)

d . .
= = mx=0 = mx=p_(constant)
t

d . .
= Emy =0 = my=p, (constant)

d . oV
= —mi=——o
dt 1574
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Simple example.




Examples of constants of the motion:

Example 2: Motion in a central potential

L= lm(#2 + rngz)— V(r)

2
d . _ 2. _
:jtmr =0 = mr°¢ = p, (constant)
d . L, oV p, OV
= —mr=mrQ° ———=-——-
dt or mr°  Or
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Another example using different coordinates.



Recall alternative form of Euler-Lagrange equations:
Starting from:

L=L({g,®}{¢,0}t)

oL
Also note that : — —q,
dt Z‘ oq Z 8q 2.

-4z a—]
)

d
= —
dt ( 6q6

o

ar
oL
or

9/18/2020 PHY 711 Fall 20120 -- Lecture 11

Reviewing “alternative” form of Euler0O-Lagrange equations.



Additional constant of the motion:

If o =0;
ot

oL oL
then: —|L-) —q_|=—=0
dz( > 04, "j ot

= L- Z;—an =—F (constant)
o 04,

Examplel: one-dimensional potential :
L=im(# +y>+2)-V(2)

:%(%m(xz 137+ 2 )=V (2) - mi* —mp* —mz*)=0

= —(%m()'cz +7+ z'z)+ V(z)): —E (constant)
For this case, we also have mx=p  andmy=p,
2 2
=E =&+&+§mz'2 +V(2)
2m

2m
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New constant of the motion found from the Lagrangian analysis.



Additional constant of the motion -- continued:

ot
then : 4 L—Za—‘ng :a_L:()
al =g w

= L- Z:—an =—FE (constant)
o qO'
Example2: Motion in a central potential
L= %m(fz + i’ )— V(r)
= %(%m(rz + 2’ )— V(r)—mi* — mr2¢52)= 0

= —(%m(ffz + 17’ )+ V(r)): —E (constant)
For this case, we also have mr’p=p,

2
p .
=>E=—"—+imi* +V(r)
mr
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Another example.



Other examples

L=dim(i*+*+2°)+-LB (-iy+ jx
(i + 97 +27) o Bo(—+ )
a—L:O = mz = p_ (constant)
0z
E=SL, 1

o GQU

=m()'c2 + 37 +22)+%BO(—Xy+yx)

—Lm(i+ ) +z‘2)—2icBo(—xy+y'x)

=%m(x2+y'2+z'2)=%m(x2 +y2)+%
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Non-trivial example with constant magnetic field.



Other examples

L=tm(i+7+2)-LB iy
C

or =0 = mz = p_ (constant)
0z
oL =0 = mx = p_ (constant)
ox }
E= a—_Lc]a -L

- 04,

—%m(x2+y2+z'2)+%B0xy

p. P
=tm(*+ 9+ )=Ltmp’ + 2+ L=
2 ( 7 ) 2™ 2m  2m
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Another example with a constant magnetic field.
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Lagrangian picture
For independent generalized coordinates g_():

L=L({g,0}.{3,O}.1)

= Second order differential equations for g_(t)

Switching variables — Legendre transformation
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Noting that the Lagrangian analysis generally results in second order differential equations.
We now explore the possibility of alternative formultions.
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Mathematical transformations for continuous functions of
several variables & Legendre transforms:
Simple change of variables:

z(x,y) < x(vy,z)?77?

z(x,y) = dz = o dx + o dy
ox ), y ).

x(y,z) = dx= ox dy + ox dz
0 Oz

z Yy

y
Ox (6z/0y),

But: | —| =-
oy ). (ez/ox),
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Digression on relationships between alternative coordinate formulations.
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Simple change of variables -- continued:
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(@J -G,
62/8)6 0z ’ (8z/ax)y

Relationships for changing variables of general functionsl|
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Simple change of variables -- continued:

Example:

. z(x,y) = dz=(@j dx+(%j dy
Z(x,y):ex2+y ox y ay .

)C(y,z):(lnz—y)l/2 x(y,z) = dxz(?j dy+(a—x) dz
y z y
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Some examples.
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Mathematical transformations for continuous functions of

several variables egendr transforms continued:
z(x,y) = dz=| — dx+( aj

Let uz(—] and vz(—j
ox ), y ).

Define new function

dw=dz —udx — xdu = A +vdy — 74 xdu
(GWJ (Gw] (GZJ

= |—| =—x — | == =V
ou ), oy ), \oy).
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Relationships between the old and new variables.
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For thermodynamic functions:

Internalenergy: U =U(S,V)
dU =TdS - PdV

dUz(a—UJ dg+[a_‘fj av
as ), ov )

:T:[G_Uj p:_(a_Uj
as ), ov )

Enthalpy: H=H(S,P)=U+PV

dH=dU+PdV+VdP:TdS+VdP=((Z—ng dS+(a—Hj dP
P S

oP
os ), oP )
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Examples from thermodynamic functions



Name Potential Differential Form
Internal energy E(S,V,N) dE = TdS' PdV + pdN
Entropy S(E,V,N) ds = TdE + dV — Td N
Enthalpy H(S,PN)=E+ PV |dH =TdS + 1/ dP + pdN

Helmholtz free energy

Gibbs free energy
Landau potential

F(T,VVN)=E-TS
G(T,P,N)=F+PV
QT.V,u)=F — uN

dF = —SdT — PdV + pdN
dG = —SdT + VdP + udN
dQ = —SdT — PdV — Ndy
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Common thermodynamic energy functiosn.

17



Lagrangian picture
For independent generalized coordinates ¢q_(¢):

L=L({g,(®O}1¢,O}t)

= Second order differential equations for g_ (¢)

Switching variables — Legendre transformation

Define: H=H({g, ()} {p, ®)}1)
H:Zq'gpg—l, wherepazs—.L

o

. ) oL . ) oL
dH = Z(%dpg +p,dq, —gdqa —ﬁdqg}gdf

(<3 o
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Applying the ideas of variable change to the Lagrangian formulation.
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Hamiltonian picture — continued

H=H(lg,O}{p,0}1)
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H:chgpg—L where paza—_L
= 04,
oL oL
dH = s dp +pdi ———dg ———dg_ |-—dt
;[qa pot poddy = = an
>\ 04, op, ot
. OH oL d oL . OH
:>q0:— —=— ——=p,=——"—
op, oq, dt 0q, oq,

oL
ot

a__a

o

ot

Transforming from the Lagrangian to Hamiltonian formulation of mechanics.

continue this discussion on Monday.

We will

19



