PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWEF online or (occasionally) in
Olin 103

Plan for Lecture 14 -- Finish reading Chap. 6
Extensions of Hamiltonian formalism
1. Virial theorem
2. Canonical transformations

3. Hamilton-Jacobi formalism
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In this lecture we will discuss a variety of identities and methods and historically important
ideas related to Hamiltonian and Lagrangian mechanics.



Course schedule

(Preliminary schedule -- subject to frequent adjustment.)
[ [Date F&W Reading | Topic |Assignment Due
[1 |Wed, 8/26/2020Chap. 1 lIntroduction 1 18/31/2020
[2 [Fri, 8/28/2020 [Chap. 1 |Scattering theory #2 19/02/2020
|3 [Mon, 8/31/2020 Chap. 1 Scattering theory 43 19/04/2020
[4 |Wed, 9/02/2020Chap. 1 Scattering theory | |
5 |Fri, 9/04/2020 |Chap. 1 Scattering theory 4 19/09/2020
[6 [Mon, 9/07/2020 [Chap. 2 [Non-inertial coordinate systems || |
[7 [Wed, 9/09/2020[Chap. 3 |Calculus of Variation #5 19/11/2020
[8 [Fri, 9/11/2020 [Chap. 3 |Calculus of Variation 46 19/14/2020
[9 [Mon, 9/14/2020[Chap. 3& 6 [Lagrangian Mechanics 7 19/18/2020
[10|Wed, 9/16/2020|Chap. 3& 6 |Lagrangian & constraints 8 19/21/2020
[11/[Fri, 9/18/2020 [Chap.3& 6 |Constants of the motion | |
[12|Mon, 9/21/2020 |Chap. 3& 6  [Hamiltonian equations of motion  [[#9 19/23/2020
[13|Wed, 9/23/2020(Chap. 3& 6 [Liouville theorm #10 19/25/2020
[14|Fri, 9/25/2020 [Chap.38& 6 [Canonical transformations | |
[15 Mon, 9/28/2020 [Chap. 4 |Small oscillations about equilibrium | |
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Note that the schedule shows that this lecture will wrap up Chapters 3 and 6. Thereis no
new homework assignment. On Monday we will start discussing Chap. 4 and apply
Lagrangian and Hamiltonian mechanics to small oscillations.



Virial theorem (Rudolf Clausius ~ 1870)

2(T) = —<Z F, - rg>
Proof:
Define: A= ZpJ ‘T,

%zZ(po-ra+pg-f0)=ZFa-rg+2T
0 0 Because p, =F,
aa_ Y F -r)+2(T)
dt 7
‘ Note that this

T

da\ _1tdA(t) ~— A(r)-4(0) implies that
<E> l. a = r =0 ‘ the motion is

bounded
= <ZFU -r>+2<T>=o
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The “virial theorem” is a useful identity for studying some mechanical systems.



Examples of the Virial Theorem  2(T) = —<ZF T >

Harmonic oscillator: ‘

Pkt T—omi® (mi?)=(kc)

Check: for x(1)= Asin[ \/%z + a]
(27)= (mi*) = kd’ <0032 [\/%t ¥ aJ> - % kA’
—<;FU -r5>:<kx2> = kA’ <sin2 L\/%t+aJ> :%kA2
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Examples.




9/25/2020

Examples of the Virial Theorem  2(T)=—(>"

Circular orbit due to gravitational field

of massive object:

F:_Gﬂfmf_ T:lmvz <mv2>:<GMm>
r 2 B
2
Check: for = G]i/[ . <mv2>: < GMm>
r r »
centripetal gravitational

acceleration force
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Another example.




Hamiltonian formalism and the canonical equations of
motion:
H=H(g, O} {p,O}1)
Canonical equations of motion
44, _ OH
dt 0Op,
dp, __OH
dt oq,
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Review for a general Hamiltonian system. The question is what would happen if we
change coordinates?



Notion of “Canonical” generalized coordinate transformations

%=6]0({Q1"'Qn},{Pl---Pn},t) for each o
P,T=Pg({Q1"'Qn},{Pl---Pn},t) for each o

For some H and F,  using Legendre transformations

2. Psds -H({q,}.{p,}.1)= ;PUQJ -ﬁ({Qa},{R,}af)+%F({%},{Qa},f)

Apply Hamilton's principle:

o[ SR~ AR (001 ) o
5][%F({qg},{Qg},t)}dt=T[%5F({qa},{Qg},t)}dt

I

=0F(t,)-5F(t)=0  and ngg% g:_%l
7 (2
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Thinking about changing the coordinates — indicated with lower case and larger case
symbols.



Some details --
qg=6]c,({Q1"'Qn},{P]---Pn},t) for each o
po’:po’({Ql'”Qn},{R"'Pn},t) for each o

For some 4 and F,  using Legendre transformations

WA (TARTARE WAV ((ARIAR IS Ty (PARTAR)

Action integral:

=[St ~(la.} 2.} )|
5S =]£dl[2(5paqo +pa5q0)—5H({qa},{pa},l)J

o

I t
Note that 5Idl(?j - J'dt(dif;(t)) 0

4
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Some details.



Some relations between old and new variables:

Zpaqg AP pt)=

;PUQG ~A1(19,} {710+ - Fllg, 10, ))

& oo d)-Z{(2 o[ 2 Jo. | &

dt || aq,

:Z[pa ( ” JJQG—H({QG},{])G}J):

;{Pg+[§éZDQGFI({Qo},{PU},t)+af

9/25/2020 PHY 7

1 Fall 2020 -- Lecture 14

More details.



-r) %
Lo)=H(lg, bip, ht)+ &

El
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Relationship between new Hamiltonian and original Hamiltonian.

10



Note that it is conceivable that if we were extraordinarily
clever, we could find all of the constants of the motion!

o = __of
o aPo- g aQa
Suppose QU——H:O and Pg:—a—H:O
oF, 00,

Possible solution — Hamilton-Jacobi theory:

Suppose: - F(lg, .10, 11)= -2 .0, +5(lg, ). 17, }1)
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Focusing on finding the constants of motion.
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2. Pods ~H(lao}p, ) 1)=
320, ~ (0, Me o)+ 4 - 30, +5(la, e )

o

S CATADS VIR YRS AT

oq,, OP, ot
Solution :
oS oS
D, = @ 0, = a
- oS
H({0, 1P, 1)=H(g, 1 ip, ) )+

o
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Deriving equations for identifying constants of motion.



When the dust clears:

Assume {QU }, {PU }, H are constants; choose H =0
Need to find S({g, },{P, }.¢)
oS oS

oq, 0= ap,

oS oS
H A—— ot |[+—=0
= [{q"}{ﬁqa}t}ﬁt

Note: Sis the "action":

Zpaqa i, ht)=

Ps =

¥ 2.0, -1 % o4 (-5 0, sl 1)
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Details of derivation.
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qu ~H({

4

o ht)=

e shon i

§( ot b = {2t 1

— Sl({qa 1A

More details.
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Differential equation for S:

IRERES

2
Example: H({q},{p}’t):f—m+%ma)2q2

Hamilton - Jacobi Eq: H [{q}, {G—S}, tJ + & _ 0

oq
2
L[S +lma)2q2+a—S:0
2m\ Oq 2 ot

Assume:  S(q,t)=W(q)— Et (E constant)
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Hamilton-Jacobi using harmonic oscillator example.
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Continued:

2
L[ +lma)2q2+a—S:O
2m\ Oq 2 ot

Assume:  S(q,t)=W(q)— Et

2
L(dW} +%mwzq2:E

2m d—q
aw = \/2mE—(ma))2q2
dq

W(q) = [y2mE~(mo) ¢*dg
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(E constant)

Hamilton-Jacobi equations for harmonic oscillator.
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Continued:

W(q)= I\/ZmE—(mw)zqqu

:—q\/2mE ma)) q +£s1n 1( meq j+C

\2mE

S(q,E, t)——q\/2mE ma) g’ +—sm (qu)

2mE
L _ 0 =lsin_1( meq j—t
OF w 2mE

2mE

ma

=q(t) = sin(a)(t + Q))
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Continued.
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Another example of Hamilton Jacobi equations

2
Example: H({q},{p},t)zéj—m+mgy

Assume y(0) = A; p(0)=0

9/25/2020 PHY 711 Fall 2020 -- Lecture 14

Hamilton-Jacobi Eq: H {q}, 6_S b |+ 8_S =0
oq ot
1 (asY as
—|— | +mgy+—=0
2m\ Oy ot
Assume: S(y,t)=W(y)— Et (E constant)
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Another example of using the Hamilton-Jacobi equations.
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2

Example: H({q},{p},t)zf—m+mgy

Assume y(0) = k; p(0)=0

2
L(d—Wj +mgy = E =mgh
dy

W(y)= mJ‘q/2gh y =—m\/_h y3/2

S(y,t)=W(y)—Et= gm\/g(h —)/)3/2 — mght
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Continued.
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Check action:

: 1
For this case: y(t)=h- 5 gt’
o1 1
S = J(—mjzz — mgyjdt' =—mg’t’ — mght
o\ 2 3

S0 =W ()~ Bt = m2g (= »)"" = meh
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More details.



Recap --

Lagrangian picture
For independent generalized coordinates ¢q_(¢):

L=L({g,(O}{g,O}t)

= Second order differential equations for g_(¢)

Hamiltonian picture
H=H(lg,O}{p, (0}1)
dq, _OH  dp, __OH

o

dt  op, it oq,
= Coupled first order differential equations for

q,() and p,(?)
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Summary of what we have learned.
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General treatment of particle of mass m and charge ¢ moving

in 3 dimensions in an potential U (r) as well as electromagnetic

scalar and vector potentials @ (r, t) and A(r,t) :

Lagrangian: L(r,t‘,t)z%mi‘2 ~U(r)—q®(r,t)+ 9. A(r,1)
c
Hamiltonian: p= 8_L =mr + ZA(r,t)
or c
H(r,p,t) =p-r-— L(r,r,t)
1
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More summary.
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Recipe for constructing the Hamiltonian and analyzing
the equations of motion

1. Construct Lagrangian function : L = L({qa (t)}, {q'a (t)}, t)
2. Compute generalized momenta: p_= aa—L
q

3. Construct Hamiltonian expression : H = Z q,p,—L

o

4. Form Hamiltonian function : H = H({g, (t)},{p, (t)}?)
5. Analyze canonical equations of motion :
d4, _OH  dp, __OH

(e

dt  op, it oq,
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Recipe to remember.
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