PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Online or (occasionally)
in Olin 103
Discussiont of Lecture 15 — Chap. 4 (F & W)
Analysis of motion near equilibrium

1. Small oscillations about equilibrium

2. Normal modes of vibration
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Schedule for weekly one-on-one meetings

Nick — 11 AM Monday (ED/ST)

Tim — 9 AM Tuesday

Bamidele — 7 PM Tuesday

Zhi— 8 PM Tuesday -- possibly shift time?
Jeanette — 11 AM Friday

Derek — 12 PM Friday



=

Course schedule

(Preliminary schedule -- subject to frequent adjustment.)

Date F&W Reading [Topic Assignment Due
1 (Wed, 8/26/2020 |Chap. 1 Introduction #1 8/31/2020
2 |Fri, 8/28/2020 |Chap. 1 Scattering theory #2 9/02/2020
3 [Mon, 8/31/2020 [(Chap. 1 Scattering theory #3 9/04/2020
4 |\Wed, 9/02/2020 |Chap. 1 Scattering theory
5 [Fri, 9/04/2020 |Chap. 1 Scattering theory #4 9/09/2020
6 [Mon, 9/07/2020 (Chap. 2 Non-inertial coordinate systems
T Wed, 9/09/2020 (Chap. 3 Calculus of Variation #D 9/11/2020
8 |Fri, 9/11/2020 (Chap. 3 Calculus of Variation H#Ho 9/14/2020
9 [Mon, 9/14/2020 |Chap. 3 & 6 |Lagrangian Mechanics #7 9/18/2020
10 Wed, 9/16/2020 |Chap. 3 & 6 |Lagrangian & constraints #8 9/21/2020
11 |Fri, 9/18/2020 [Chap.3 & 6 |Constants of the motion
12 [Mon, 9/21/2020 [Chap. 3 & 6 | |[Hamiltonian equations of motion  |#9 9/23/2020
13 (Wed, 9/23/2020 |Chap. 3 & 6 ||Liouville theorm #10 9/25/2020
14 |Fri, 9/25/2020 |Chap.3 & 6 |Canonical transformations
15 Mon, 9/28/2020 (Chap. 4 Small oscillations about equilibrium [#11 10/02/2020

—
L=z

Wed, 9/30/2020

Chap.

Normal modes of vibration
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PHY 711 -- Assignment #11

Sept. 28, 2020
Start reading Chapter 4 in Fetter & Walecka.

1. Consider the the mass and spring system described by Eq. 24.1 and Fig. 24.1 in Fetter & Walecka. Explicitly
consider the case of N=4 and find the 4 coupled equations of motion. Compare the normal mode eigenvalues for
this case (obtained with the help of Maple or Mathematica) with the equivalent analysis given by Eq. 24.38.
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Your questions —

From Gao —

1. How to find U and V to diagonal the matrix that makes a coupled question to
be a decoupled question?

My question —
For the mathematical methods portion of this class, what is

the state of your knowledge of linear algebra methods as they
relate to physics?

a. Good enough
b. Could use more information specially for .....?
c. Need N dedicated lectures to this material



Motivation for studying small oscillations — many interacting
systems have stable and meta-stable configurations. For a
one-dimensional system, this is well approximated by:

dv
dx?

Vix)=V(x,,) +%(x - X,,

=V(x,,) +%k(x—xeq7
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Equations of motion for a single oscillator:

Let k=mw’

L(x,x,t) = lmxz — lma)zx2
2 2

d oL oL

dt &% ox
x(t) = Asin(wt + @)

.o 9
> mxX=—maw X




Extending the analysis to coupled oscillators near equilibrium --
Example — linear molecule

| S N S

L= Emﬂﬁz +5m2x22 +Em3x32
1 1 2
_Ek(xz_x1_€12) —Ek(x3—x2—€23)
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1, 1 ., 1 .
L=—mx’ +—m,x; +—mx;
2

2 2

1 |
_Ek(xz — X _(12)2 _Ek()% — 4 _623)2

. 0 0 0

1 ., 1 ., 1 5 1 1
L :Emle +§m2x22 +5m3x32 _Ek(xz —X1)2 —Ek(x:s —x2)2

Coupled equations of motion using simplified variables:
mXx, = k(x2 — xl)
m,x, = —k(x2 —xl)+k(x3 —x2) = k(x1 —-2x, —|—x3)

m,X, = —k (x; — x,)



Coupled equations of motion :
mx, = k(xz _xl)
m,X, = —k(x2 — X, )-l— k(x3 - X, ) = k()c1 —2x, + X, )

My X, = —k(x3 — xz)

Mathematical methods for solving these coupled linear
differential equations:

Let x,(1)=X%e™
le“ k( “—X“)

“ = k(X —2xe + x7)
mgX“— ~k(xs - x7)

Qt\) Qt\)

—a. m

Qt\)



Coupled linear equations:

—@’m X" =k(X¢ - Xx7)

—@?m, XS =k(Xe-2X7 + X7

- 2m X¢ = k(X5 - X7)

Matrix form:

(k-o’m, -k 0
~k  2k-o’m, -k

\

(X
X

0 —k k—a)jmw

73



Matrix form :

(k—w’m, —k 0 X
—k  2k-@&’m, -k |X%|=0
.0 —k k—a)ij\Xf)

More convenient form:

Let Y, E\/EX . Equations for Y, take the form:

/Kn _wi — K, 0 \(Yla\
— Ky 2K22 — 0)025 — K3 Yza =0
2 a
.0 Ky Ky =@, \ Y5
k




If you had to solve™ these equations, which form is more

convenient?
Form A:

(k- w’m,
—k

*Find unknowns @ _, X,
_k O \ (Xla \
2k —w’m, —k X; =0
_Klz O \ /Yla \\
2K, — @,  —K,, Yo =0
2 a
—Ky3 K3z =Wy, ) \Y3 )



Digression:

Eigenvalue properties of matrices My =AYy,
Hermitian matrix: Hy_ =A4)y,_, H.=H .
Theorem for Hermitian matrices:
H
4, havereal valuesand y, 'y, = 0,
Unitary matrix: Uy, =4y, Uu” =1
A,|=1 and y)-y, =6,



Digression on matrices -- continued

Eigenvalues of a matrix are “invariant” under a similarity

transformation

Eigenvalue properties of matrix: My, =1y,

Transformed matrix: M'y' =4'y',

If M'=SMS™ then A' =14, andS7y' =y,
Proof SMS_ly =AYy

M(S7y' )= 4% (S7Y")



Example of transformation:

Original problem written in eigenvalue form:

kim — —k/m
—k/m, 2k/m,
0 ~k /' m,

Let S=| 0 Jm, 0 |;

0 X/ X/
~kim, || X{ =0 | X7
kilm, | X; Xy

0 0
SMS™ =

Y Y

Kll

—K

0

)
2K,,

—K;



Note, here we have defined S as a transformation
matrix (often called a similarity transformation matrix)

Sometimes, the similarity transformation 1s also unitary so that
Uu'=U"
Example for 2x2 case --

U_(cos@ sin@} UI_UH_(COSQ —sinﬁj

—sin@ cos@ sin@ cos@

How can you find the transformation that diagonalizes a
matrix?

A B A 0
Example -- M= M'=
B C 0 A



Example -- Mz(A B] M':£/11 Oj

B C 0 A
. cosd sinf
M'=UMU forU=| .
—sinf cosd

M Acos’ @+ Csin® 6+ Bsin20 —Bcos20 —1(C — A)sin20
~Bcos20 —1(C— A)sin20 Asin’ @+ C cos” @ — Bsin26

— choose @ =tan™ (_2—3)
C—-4A4

= A, = Acos’ @+ Csin® 0 + Bsin260
— A, = Asin’ @+ Ccos’ 0 — Bsin20



In our case:

(k. -k, 0 YY) (Y
—Kk, 2K, —K,|YY|=w|Y,
.0 -k Ky )\Y;‘ \Yf‘)
for m,=m, =m, andm, =m, (CO,)
Koo  ~Koc 0 \/Yla\ /Yla\
~Koe 2Kce —Koo |V |=@,| Yy
0 Ko Koo )\Y.“sa) \Y3a)




Eigenvalues and eigenvectors :

(o
/Yll\ m_C\ /Xll\ 1)
w’ =0 Y, |=N,| 1 | =N',| 1
1 Mo 1
) W) Ks)
/le\ (1) /Xlz\ (1)
a)zzzmi Yy |=N, 0|, =N',| 0
0] 2
%y . 3 ) v,
a)32:m +i Y, |= Nyl =222 |, | X5 [=NY| =2
0] C 3 3
L) U b A& ULy




0

k

mg

k 2k
_|_

m, Mg

>
_
—

T
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General solution :

xi(v _ m(z CaXiae—ia)atj

For example, normal mode amplitudes

C“ can be determined from initial conditions



Consider an extended system of masses and springs:

Note : each mass coordinate 1s measured relative

to its equilibrium position x;

Note: In fact, we have N masses; x, and x,,

which will be treated using boundary conditions.
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LZT—V:lmZN:xlg_lki(’xiﬂ_xi )2
2 i=1 2 i=0

x,=0 and x,,, =0

From Euler - Lagrange equations :
mx, = k(x2 — 2x1)
mx, = k(x3 —2x, + xl)



Matrix formulation --

Assume x,(1)=X.e

(X, (2 -1 0 - 0) X, )
X, -1 2 -1 - 0] X,
m 5| . L . .
— o= . .
k
X, e =12 =1 || Xy
Ay ) G 00 ST 20Xy

Can solve as an eigenvalue problem —

(Why did we not have to transform the equations as
we did in the previous example?)



> Avith(LinearAlgebra):

I

2 -1 0 0 0 |
-1 2 -1 0 0
> M=|0 -12 -1 0
0 0 -1 2 -1
0 0 0 -1 2

|7:=- Eigenvalues( M):

L O R

)
|

5%
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This example also has an algebraic solution --

From Euler - Lagrange equations :

mx, = k( X

Tl‘y : xj (t) — Ae—za)tﬂqa]

—2x, +Xx, ) withx, =0=x, ,

_COZAe—ia)Hiqaj :E(eiqa _2+e—iqa )Ae—ia)Hiqaj

m
» k
~ 0’ =—(2cos(ga)-2)
m
. o
. 4k (qaj Is this treatment cheating”
= ®" =—sIn a. Yes
m 2 b. No cheating, but we

are not done.



From Euler-Lagrange equations -- continued:

mx; = k(xj+1 —2x; + x]._l) withx, =0=x,,
o 4k .
Try: x,()=dAe™™ ™ =o' ="sin’ (ﬂj
m 2
o 4k .
Note that:  x,(¢) = Be ™" = " =—sin’ (%j
m

General solution:
xj (t) _ ER(Ae—ia)Hiqaj n Be—ia)t—iqaj)
Impose boundary conditions:
X, (1) = %(Ae"m + Be‘“‘”) =0

Xy, (t) _ ER(Ae_iniqa(NH) n Be—ia)t—iqa(NH)) ~0



Impose boundary conditions -- continued:
X, (1) = fR(Ae + Be"a”") 0
() =R A | g
—>B=—4
Xy () = ER(Ae“‘” (g0 — ey )) )
= sin(qa(N + 1)) =0
= qa(N+ 1) =vnr  where v=0,1,2---

\ /A
N +1

qa =



Summary of results:

4k . ,

VT

= @, = —sin
m

v=0,1,.N

2(N +1) "

2 ETTITTSRIRIRE
...f"f"f— :
.-"".- :
a) 1 - -
.-"-.-- :
L~ :
- :
- :
- 2 2
0 - i i i i i
0 1 2 3 4 5 6
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