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PHY 711 Classical Mechanics and 
Mathematical Methods

10-10:50 AM  MWF  Online or (occasionally) 
in Olin 103

Discussiont of Lecture 15 – Chap. 4 (F & W)

Analysis of motion near equilibrium

1. Small oscillations about equilibrium

2. Normal modes of vibration
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Schedule for weekly one-on-one meetings

Nick – 11 AM Monday (ED/ST)
Tim – 9 AM Tuesday
Bamidele – 7 PM Tuesday
Zhi– 8 PM Tuesday   -- possibly shift time?
Jeanette – 11 AM Friday
Derek – 12 PM Friday
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Your questions –
From Gao –
1. How to find U and V to diagonal the matrix that makes a coupled question to 

be a decoupled question?

My question –
For the mathematical methods portion of this class, what is 
the state of your knowledge of linear algebra methods as they
relate to physics?

a. Good enough
b. Could use more information specially for …..?
c. Need N dedicated lectures to this material
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Motivation for studying small oscillations – many interacting 
systems have stable and meta-stable configurations.  For a 
one-dimensional system, this is well approximated by:
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Equations of motion for a single oscillator:
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Example – linear molecule
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m1 m2 m3

Extending the analysis to coupled oscillators near equilibrium --

12 23
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Mathematical methods for solving these coupled linear 
differential equations:
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If you had to solve* these equations, which form is more 
convenient?                       
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Digression:

*

Eigenvalue properties of matrices        
Hermitian matrix:             
Theorem for Hermitian matrices:
               have real values and     

Unitary matrix:       
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Digression on matrices -- continued

Eigenvalues of a matrix are “invariant” under a similarity 
transformation 

1 1

Eigenvalue properties of matrix:        
Transformed matrix:                          ' ' ' '

If                       '          then    '  and '

Proof                  
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Note, here we have defined  S as a transformation 
matrix (often called a similarity transformation matrix)

1

1

Sometimes, the similarity transformation is also unitary so that 

Example for 2x2 case --
cos sin cos sin
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conditions initial from determined becan                
amplitudes mode normal example,For           
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Matrix formulation --
Assume    

2 1 0 0
1 2 1 0

1 2 1
1

(

0 2

) t
i i

N N

N N

ix e
X X
X X

m
k

X

t X

X
X X

ω

ω

− −

−

−    
    − −    
    =
    

− −    
    −    

=





     

 

 

Can solve as an eigenvalue problem –

(Why did we not have to transform the equations as 
we did in the previous example?)
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This example also has an algebraic solution --

Is this treatment cheating?
a. Yes.
b. No cheating, but we 

are not done.
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From Euler-Lagrange equations -- continued:
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         0,1,...                               1,2,..

Summary of results:
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