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PHY 711 Classical Mechanics and 
Mathematical Methods

10-10:50 AM  MWF online or (occasionally) in 
Olin 103

Discussion for Lecture 17:  Chap. 4 (F&W)
Normal Mode Analysis

1. Short digression on singular value decomposition

2. Normal modes for extended one-dimensional 
systems (correcting some errors in previous 
slides)

3. Normal modes for 2 and 3 dimensional systems
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Schedule for weekly one-on-one meetings

Nick – 11 AM Monday (ED/ST)
Tim – 9 AM Tuesday
Bamidele – 7 PM Tuesday
Zhi– 9 PM Tuesday   
Jeanette – 11 AM Wednesday
Derek – 12 PM Friday
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Your questions –
From Tim 

1. Do the number of spring constants k, determine the number of normal 
modes of a system?

2. What is the meaning of q-space?

From Nick
1. Why can we reduce the infinite problem to 2D? Are we suggesting, since 

we're alternating between m and M, that the motion for any two 
consecutive sets of m and M is the same?

2. I think the Taylor expansion in 2-D makes sense with that cross term but 
what does it look like in 3-D?
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Additional digression on matrix properties
Singular value decomposition
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Singular value decomposition -- continued
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Details are complicated ….

Your question -- what's all the fuss about singular values? What's their 
importance relative to eigenvalues?

Comment – I would like to see a bigger fuss.    SVD is different from 
eigenvalue analysis and more broadly applicable.  At a minimum SVD 
analysis identifies mathematically poorly posed problems and offers a “fix”.
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Your question -- What is the meaning of q-space?

Comment – We have seen that for N masses, there 
are  N “normal” modes.    So if we imagine that N 
grows to infinity we should have an infinite number of 
modes.    The parameter q allows us to “count” the 
infinite number of modes in a convenient way.

From previous slide –
remains consistent as N∞

( ) ( )4 / sinqa k m qaω =

Your question -- Do the number of spring constants k, 
determine the number of normal modes of a system?

Comment – While the spring constants certainly affect the 
normal modes, the number of modes is typically dN,
where d is the dimension and N is the number of masses.
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that all masses 
and springs are 
identical here.
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mm M

Consider an infinite  system of masses and springs now 
with two kinds of masses:

,,position  mequilibriu its to
relative measured is coordinate masseach   :Note
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Because the masses are different, we cannot yet know how 
their displacements might be related.
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Eigenvectors:
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Example – normal modes of a system with the 
symmetry of an equilateral triangle
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k k

k
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Degrees of freedom for 
2-dimensional motion:
2 6N =
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Example – normal modes of a system with the 
symmetry of an equilateral triangle -- continued
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Note that this analysis 
of the leading term is 
true in 1, 2, and 3 
dimensions.
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Example – normal modes of a system with the 
symmetry of an equilateral triangle -- continued
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Example – normal modes of a system with the 
symmetry of an equilateral triangle -- continued
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Example – normal modes of a system with the 
symmetry of an equilateral triangle -- continued
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Example – normal modes of a system with the 
symmetry of an equilateral triangle -- continued
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With help from Maple



10/02/2020 PHY 711  Fall 2020 -- Lecture 17 35

1

3

2
u1

u3

u2

k k

k
m

m

m

What can you say 
about the 3 zero 
frequency modes?
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3-dimensional periodic lattices
Example – face-centered-cubic unit cell (Al or Ni)

Diagram of 
atom positions

Diagram of q-
space     ν(q)
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From:   PRB 59 3395 (1999);  Mishin et. al. ν(q)
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Lattice vibrations for 3-dimensional lattice

Example:  diamond lattice

Ref:   http://phycomp.technion.ac.il/~nika/diamond_structure.html
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B. P. Pandy and B. 
Dayal, J. Phys. C. 
Solid State Phys. 6
2943 (1973)
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