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PHY 711 Classical Mechanics and 
Mathematical Methods

10-10:50 AM  MWF online or (occasionally in 
Olin 103

Discussion for Lecture 21: Chap. 7 
& App. A-D (F&W)

Generalization of the one dimensional wave equation 
various mathematical problems and techniques including: 

1. Fourier transforms
2. Laplace transforms
3. Complex variables
4. Contour integrals
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Schedule for weekly one-on-one meetings

Nick – 11 AM Monday (ED/ST)
Tim – 9 AM Tuesday
Bamidele – 7 PM Tuesday
Zhi– 9 PM Tuesday   
Jeanette – 11 AM Wednesday
Derek – 12 PM Friday?
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Comment on take-home exam

Note
1. Most of you will presumably email me one or several pdf files by Monday.   

If you prefer to turn in your written work to my mailbox, that will be fine, 
but you will need to let me know ahead of time.

2. You must not consult with others about this exam.   However, please feel 
free to ask me any questions early in the exam period.

3. The problems are mostly similar to homework problems you have already 
completed.

With apologies,  mid term grades will not include this exam 
since they are due Monday at noon.
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Your questions –
From Gao –
1. What is a contour integral?

Comment – This is a useful methodology for integrating 
functions in the complex plane.



10/12/2020 PHY 711  Fall 2020 -- Lecture 21 6

0

    For       

Homogenous problem:   ( ) ( ) ( ) ( ) 0

Inhomogenous problem:   ( ) ( ) ( ) ( ) ( )

Eigenfunctions:

( ) ( ) ( ) ( ) ( )

a

n

b

n n

x
d dx v x x x
dx dx

d dx v x x x F x
dx dx

d dx v x f x x f x
dx

x

d

x

x

τ λσ ϕ

τ λσ ϕ

τ λ σ

 − + − = 
 
 − + − = 
 

 − + = 
 

≤ ≤

Review – Sturm-Liouville equations defined over a range of x.

Note that, because Sturm-Liouville operator is Hermitian, 
the eigenvalues are real and the eigenfunctions are 
orthogonal.   In the last lecture, we argued that the 
eigenfunctions form a “complete” set over the range of x 
defined for the particular system.
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Example  h(x)=x2(1-x)
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Convergence of the Fourier series
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Using Fourier series to solve the wave equation.
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Using Fourier series to solve the wave equation -- continued. 
The general solution can be formed by taking a linear 
combination of the eigenfunction results.
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Using Fourier series to solve the wave equation -- continued. 
Finding the constants from the eigenfunction (Fourier) 
expansion.
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Recall D'Alembert's   solution
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Solution to wave equation from eigenfunction expansio

( , ) ( ) ( )

n

2

n
n n n n

n n

n n

u x t t t x

n x nx c
L L L

u x t x ct x ct

ψϕ ω ω ρ
ω

π πρ ω

ϕ ϕ

∞

=

 
+ 

 

 =  
 

= − +

=

+ +

∑

( )
2

x ct

x ct

x dx
c

ψ
+

−

′ ′∫

Are these two solutions
a. Identical
b. Equivalent
c. Totally different
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Fourier series and Fourier transforms are useful for solving 
and analyzing a wide variety of functions, also beyond the 
Sturm-Liouville context.

In the next several slides we will consider a related concept 
– the Laplace transform.



10/12/2020 PHY 711  Fall 2020 -- Lecture 21 16



10/12/2020 PHY 711  Fall 2020 -- Lecture 21 17



10/12/2020 PHY 711  Fall 2020 -- Lecture 21 18

 0)0(     and        0)0(for               

equation aldifferenti  theosolution t a  thischeck thatcan  We

02

2

===− −

dx
deF

dx
d x φφφ γ



10/12/2020 PHY 711  Fall 2020 -- Lecture 21 19

00  ,0)0(h          witsin)(1

:equation solve  tos transformLaplace Using

02

2

==





=








−−

dx
)(d

L
xFx

dx
d φφπφ

( )
( )

( )
























+

−
+









−
−=

















++







−=

2
2

220

2
22

0

1
1

1
1/

/        

1

L
p

pL
LF

L
pp

F
L

p

ππ
π

π

π
φL

( )

( )
( ) 








−







−
=⇒

+
=∫

∞
−

)sin(sin
1/

sin      : thatNote

2
0

0
22

x
LL

x
L
Fx

pa
adteat pt

ππ
π

φ

Does this result 
look familiar?
a. Yes
b. No



10/12/2020 PHY 711  Fall 2020 -- Lecture 21 20

Table of Laplace 
transforms

https://www.dartmouth.edu/~sullivan/22files/New%20Laplace%20Transform%20Table.pdf

https://www.dartmouth.edu/%7Esullivan/22files/New%20Laplace%20Transform%20Table.pdf
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In order to evaluate these 
integrals, we need to use 
complex analysis.
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Complex numbers
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Analytic function
( ) is analytic if it is:

               continuous
               single valued
                its first derivative satisfies Cauchy-Rieman conditions
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Some details
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