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PHY 711 Classical Mechanics and 
Mathematical Methods

10-10:50 AM  MWF online or (occasionally in 
Olin 103

Discussion for Lecture 22: Chap. 7 
& App. A-D (F&W)

Generalization of the one dimensional wave equation 
various mathematical problems and techniques including: 

1. Fourier transforms
2. Laplace transforms
3. Complex variables
4. Contour integrals
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https://www.physics.wfu.edu/wfu-phy-news/seminars-2020-fall/

https://www.physics.wfu.edu/wfu-phy-news/seminars-2020-fall/
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Schedule for weekly one-on-one meetings

Nick – 11 AM Monday (ED/ST)
Tim – 9 AM Tuesday
Jeanette – 11 AM Wednesday
Bamidele – 7 PM Thursday
Zhi– ??
Derek – 12 PM Friday



10/14/2020 PHY 711  Fall 2020 -- Lecture 22 5

Your questions –
From Jeanette –
1. Slides 7 + 8 - I followed the examples of non-analytic functions, but 

I'm not sure how the contour integral relates.

From Tim –
1. Could we go over briefly how you solved  1+z^4 on page 10?

From Gao –
1. Could you explain more about the residue theorem?
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Introduction to complex variables
1. Basic properties
2. Notion of an analytic complex function
3. Cauchy integral theory
4. Analytic functions and functions with poles
5. Evaluating integrals of functions in the complex 

plane
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Complex numbers
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Functions of complex variables
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Analytic function
( ) is analytic if it is:

               continuous
               single valued
                its first derivative satisfies Cauchy-Rieman conditions
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
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Examples of analytic functions
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Examples of non-analytic functions

( )

2Note that     for any integer 
ln ln 2
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ρ φ π
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= =

⇒
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2i i nz e eα α αφ π αρ=⇒
   is not analytic for non-integer 

because it is multivalued        
zα α

1 (1 )
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0 11
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1 (1 )
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1Behavior of   ( )  about the point 0 :
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This observation helps us to focus on a special kind
of singularity called a "pole"

For    ( )   in th
( )

Therefore: 

e vicinity o

)   ( ) 0          or   

)
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    ( ( )

p
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p

g z
z z
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z
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ig z
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π=
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Integration does 
not include zp

Integration does 
include zp
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( )z xℜ =

( )z yℑ =
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f iz zdz fπ= ∑∫

No 
contribution

C

( )( )2 Res pi f zπ
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( )
( )

( )

General formula for determining residue:

Res (( )Suppose that in the neighborhood of ,  ( )

Since ( ) ( ) is analytic near 

:  
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In the following examples   m=1
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Example:
2 2 2

4 4 40
1 1 1
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z
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m=1
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Some details:
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−
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= = −

Question – Could we have chosen the contour in the lower half
plane?

a.  Yes             b.  No
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Another example:

( )( )( )( )

4 2 4 2 4 2
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Question – Could we have chosen the contour in the lower half
plane?

a.  Yes             b.  No
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Another example:
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Cauchy integral theorem for analytic function f(z):
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Example
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Example -- continued
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Example -- continued
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=
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Re(z’)

Im(z’)
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20 2 ( ) lim
u

u
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η πδ
η→ +

≈
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Example -- continued

( ) ( ) ( ) ( )
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=
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( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )
∫∫
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Kramers-Kronig relationships
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Comment on evaluating principal parts integrals

( ) ( ) ( ) ( )lim' ' '1 1' = ' '
0' ' '

x

x

b x b x b xPa x dx dx dx
x x x x x xπ π π

∞ −

−∞ −∞ +

∞ 
= + →− − − 

∫ ∫ ∫




x’

y’
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x’

b(x’)

L

-2L

2L

-L

( ) 0

0

Example:
for ' 2 ,   ' ,    ' 2

0

' for   ' 2
for   2 '

x L L x L x L

b x B L x L
B L x L

< − − < < >

= < <
− − < < −


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( ) 0

0

Example:
for ' 2 ,   ' ,    ' 2

0

' for   ' 2
for   2 '

x L L x L x L

b x B L x L
B L x L

< − − < < >

= < <
− − < < −



( ) ( ) ( ) ( )

0 0

2 2
0 0 0

2

2

2

lim' ' '1 1' = ' '
0' ' '

For 2     or    2     :

' '( )
' '

2 4      ln ln ln
2

x

x

L L

L L

b x b x b xPa x dx dx dx
x x x x x x

x L x L L x L

B Bdx dxa x
x x x x

B B Bx L x L x L
x L x L x

π π

π π

π

π

π π

∞ −

−∞ −∞ +

−

−

∞ 
= + →− − − 
< − > − < <

−
= +

− −

   − + − −
= + =   + − −   

∫ ∫ ∫

∫ ∫





2L
 
 
 
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( ) ( ) ( ) ( )lim' ' '1 1' = ' '
0' ' '

x

x

b x b x b xPa x dx dx dx
x x x x x xπ π π

∞ −

−∞ −∞ +

∞ 
= + →− − − 

∫ ∫ ∫




2 2
0

2 2

4( ) ln
x

La x xB
Lπ

−
−

 
=  

 
For our example:

b(x)

a(x)
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

2 2

For a function ( ),  analytic along the real line:
( ) ( ) ( )  

' '
'          '

' '
Example:

1 1( )        ( )            ( )

Chec
'

1
k

'
'

1
:

f x
f x f x i f x a x ib x

b x a xP Pa x dx b x dx
x x x x

xf x a x b x
x i x x

b xP dx
x x

π π

π

∞ ∞

−∞ −∞

−

= ℜ + ℑ = +

⇒ = = −
− −

+
= = = −

+ +

−

∫ ∫

( )( ) 22

1 ' ( )
1 1' '

P xdx a x
xx x xπ

∞ ∞

∞ −∞

= − = =
− + +∫ ∫

Summary 

?
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( ) ( )2 2         
1

 10( )
10

         ( )
1

1
10

 a bωω
ω

ω
ω− −

−
=

+
=

+
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( )
( )( )

( )( ) ( )( ) ( )

( )( )( ) ( )

2

2 2 2

2 2

2 2 2

' 1' '
' ' ' 1

1 1 1 1                      = ' '
'' ' 1 ' 1 1

1 1                      = ' '
'' ' 1 1 1

  

b xP Pdx dx
x x x x x

P Pdx dx
x xx x x x x x x

P x Pdx dx
x xx x x x

x
x

π π

π π

π π

∞ ∞

−∞ −

∞

∞

∞

−

−

∞

∞

∞

∞ −

∞

∞ −

= −
− − +

 
 − − −
  −− + − + + 
 
 − −
  −− +

′−
+ + 

∫ ∫

∫ ∫

∫ ∫

( )( ) ( )2 2 2

 

1 1                   = ' '
'' 1 1 1

1Note that:  ' ) ln      

  

ln( ) ln(
'

            ) 

1

1 ' ln( ) ln(
'

= l

'
'

n

X

x
x

X

P x Pdx dx
x xx x x

dx X x
x x

dx X x
x x

P dx
x

x

X x

X x

x

π π

π

∞

−∞ −

+

∞

−

−

−

∞

 
  −
  −+ + + 

= − −
−

= − − − + −

′+

− =  
 

+ − − 


−



∫ ∫

∫

∫











( )

2

2

1lim '=1
' 1

'
' ( )

'

ln 0             

1

X

P dx
x

b xP

X x
X x

xdx a x
x x x

π

π

∞ ∞

∞
→∞

−

∞

−∞

∞+
=

+

=

−  = 


+
=

−

∫ ∫

∫

Continued:
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