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PHY 711 Classical Mechanics and 
Mathematical Methods

10-10:50 AM  MWF online or (occasionally) in  
Olin 103

Discussion for Lecture 25 – Chap. 8 (F & W)
Motions of elastic membranes 

1. Review of standing waves on a string

2. Standing waves on a two dimensional membrane.

3. Boundary value problems
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Schedule for weekly one-on-one meetings

Nick – 11 AM Monday (ED/ST)
Tim – 9 AM Tuesday
Gao – 9 PM Tuesday
Jeanette – 11 AM Wednesday
Derek – 12 PM Friday
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Friday – Review??                   Monday -- Fluids
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Thursday’s Physics Online Colloquium
https://www.physics.wfu.edu/wfu-phy-news/seminars-2020-fall/

Oct. 22, 2020
at 4 PM

https://www.physics.wfu.edu/wfu-phy-news/seminars-2020-fall/
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Your questions
From Nick –
1. For the lecture, where does this term come from? For a 

standing wave, is the time derivative 0?  Is there a systematic way to solve 
the boundary problems. I get that the solutions work, but it seems like it was 
just a good guess. How do we actually set up the system to solve?

From Gao –
1. About today's lecture, could you explain why standing waves have the form of 
R[(e-iwt)ρ(r)]?
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Review of wave equation in one-dimension – here µ(x,t) can 
describe either a longitudinal or transverse wave.

Traveling wave solutions --

Elastic media in two or more dimensions --
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Standing wave solutions of wave equation:

.00with  

0     2

2
2

2

2

==

=
∂
∂

−
∂
∂

μ(L,t),t)μ(
x

 c 
t

µµ

( )

c
  kρ(x)k

dx
ρ(x)d

ρ(x)etx ti

ω

µ ω

==+

ℜ= −

              0           where

),(      :Assume

2
2

2

ννν

ν

ωνπ

νπρ

ck
L

k

L
xAx

==







=

           

sin)(



10/21/2020 PHY 711  Fall 2020 -- Lecture 25 10

Your questions -- About today's lecture, could you explain 
why standing waves have the form of R[(e-iwt)ρ(r)]?
For the lecture, where does this term come from?                                
For a standing wave, is the time derivative 0?  Is there a 
systematic way to solve the boundary problems. I get 
that the solutions work, but it seems like it was just a 
good guess. How do we actually set up the system to 
solve?

Comment -- The basic idea is a “separable” partial 
differential equation which allows us to seek solutions 
that are products of functions of each variable alone.
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Example -- for variable  and :
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Try to find a solution of the form:
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Wave motion on a two-dimensional surface – elastic 
membrane (transverse wave; linear regime).
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Two-dimensional wave equation:

0            where 
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In this case, we have mapped the one dimensional elastic string
to a two dimensional elastic membrane

   (in Cartesian coordinates)
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Consider a rectangular boundary:
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More general boundary conditions:
         represents bounded side constrained with spring

0              represents "free" side
b b

b

u u

u

τ κ

τ

∇ =

∇ =

mnmnmn

mn

ckω
b

n
a

mk

b
yn

a
xmAyx

x
ya

x
ybxx

=





+






=















=⇒

=
∂

∂
=

∂
∂

==

                  

sincos),(

             0),(),0(),()0,(

:conditionsboundary  Mixed

22
2 ππ

ππρ

ρρρρ

22
2

11 





+






=

ba
k ππ



10/21/2020 PHY 711  Fall 2020 -- Lecture 25 21

Consider a circular boundary:
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Differential equation for radial function:

1 ( ) 0

Bessel equation of integer order with transcendential solutions
       Cylindrical Bessel function  ( )
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Consider circular boundary -- continued
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Some properties of Bessel functions
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http://dlmf.nist.gov/

http://dlmf.nist.gov/
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Series expansions of  Bessel and Neumann functions



10/21/2020 PHY 711  Fall 2020 -- Lecture 25 26

Some properties of Bessel functions -- continued
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Demonstration with motor in the middle – (PASCO)
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http://www.physics.wfu.edu/resources/education-resources/demo-videos/waves/

http://www.physics.wfu.edu/resources/education-resources/demo-videos/waves/
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More complicated geometry – annular membrane
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a b

Normal modes of an annular membrane -- continued
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a b

Normal modes of an annular membrane -- continued
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a b

Normal modes of an annular membrane -- continued
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Analysis for m=0 and a=0.1, b=0.2:
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