PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF online or (occasionally) in
Olin 103

Discussion for Lecture 29 --Chap.9inF & W

Introduction to hydrodynamics

1. Newton’s laws for fluids and the continuity
equation

2. Approximate solutions in the linear limit
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15 Mon, 9/28/2020 |Chap. 4 Small oscillations about equilibrium #11 10/02/2020
16|Wed, 9/30/2020 |(Chap. 4 Normal modes of vibration H#12 10/05/2020
17 ||Fri, 10/02/2020 ||[Chap. 4 Normal modes of vibration

18 Mon, 10/05/2020 |Chap. 7 Motion of strings H#13 10/07/2020
19 \Wed, 10/07/2020|Chap. 7 Sturm-Liouville equations #14 10/09/2020
20|Fn, 10/09/2020 |Chap. 7 Sturm-Liouville equations

21 |Mon, 10/12/2020 |Chap. 7 Fourier transforms and Laplace transforms

22 Wed, 10/14/2020|Chap. 7 Complex variables and contour integration

23 |Fri, 10/16/2020 |Chap. 5 Rigid body motion

24 Mon, 10/19/2020 |Chap. 5 Rigid body motion H#15 10/21/2020
25 Wed, 10/21/2020|Chap. 8 Elastic two-dimensional membranes H#16 10/23/2020
26 |Fri, 10/23/2020 ||Chap. 5,78 |Review H17 10/28/2020
27 Mon, 10/26/2020 |Chap. 9 Mechanics of 3 dimensional fluids H#16 10/30/2020
28 Wed, 10/28/2020|Chap. 9 Mechanics of 3 dimensional fluids

29 [Fri, 10/30/2020 |Chap. 9 Linearized hydrodynamics equations #19 11/02/2020
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PHY 711 -- Assignment #19

Oct. 28, 2020
Continue reading Chapter 9 in Fetter & Walecka.

1. Using the analysis covered in class, estimate the speed of sound in the fluid of He gas
at 1 atmosphere of pressue and at 300K temperature.
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Schedule for weekly one-on-one meetings

Nick — 11 AM Monday (ED/ST)
Tim — 9 AM Tuesday

Gao — 9 PM Tuesday

Tim - 11 AM Wednesday
Jeanette — 11 AM Friday
Derek — 12 PM Friday



Your questions —
From Nick
1. Isis possible to clarify some of the details on isentropic fluids?

From Gao
1. In slide 6, why delta v equals to - delta phi?



Recall the basic equations of hydrodynamics
Basic variables: Density po(r,?)
Velocity v(r,t)

~ Pressure p(r,t)
Newton-Euler equation of motion:
ov Vp
AL AR

. . O
Continuity equation: 8_p +V-(pv)=0
{
+ relationships among the variables due to principles of
thermodynamics due to the particular fluid (In fact, we
will focus on an ideal gas.)



Solution of Euler’s equation for fluids -- isentropic

%+V(§v2)—vx(va)=f oy ——

Additional relationships among the variables apply,
depending on the fluid material and on thermodynamics

At the moment we are interested in the case where there
IS N0 heat exchange.

A little thermodynamics
First law of thermodynamics: dE.  =dQ—dW
For 1sentropic conditions: dQ =0

dEint =—dW = _PdV Here W == work
V == volume



Solution of Euler’s equation for fluids — isentropic (continued)
dE._ =—dW =—pdV

, M
In terms of mass density: p = e
: M
For fixed M and variable V: dp=——dV
V
M
dv = —?dp Internal
In terms 1n intensive variables: Let E_ =M 5‘22?[%&
mMass

dE_ =Mde =—dW =—pdV =M§dp

dgz%dp (6—8j :%
0P Jupg P



Solution of Euler’s equation for fluids — isentropic (continued)

P Note: Under conditions of constant
( _‘9 j _ i entropy, we assume e can be expressed
2 in terms of the density alone.
0P oo P g

Consider: Vg :tﬁ—gj Vp =£2Vp
P ) oo P

Rearranging : V(g + E] — vp

P P



Solution of Euler’s equation for fluids — isentropic (continued)

ov Vp
E‘FV( ) VX(VXV):fapplied _7
E:V[5+£j
P P
if Vxv=0 2> v=—VO f =—-VU

applied

8(_VCD)+V(%VZ)= —VU—V(E-I-EJ
Ot o,

N v/ Py Ly)? , 00 -0 For isentropic
Jo, ot irrotation fluid.



Some details --

(Vxv)=0 ‘irrotational flow" —v=-VOD
Check: (Vxv)=—(VxVO)=
2 2
S i
Y 0yOz 0zOx

Summary: For isentropic and irrotational fluid with internal
energy per unit mass e:

V(5+p+U+ 1% —ai)j_o
o, ot

Here ¢ is the internal energy of the fluid per unit mass. For an
ideal gas fluid, it has a relatively simple form.



Now consider the fluid to be air near equilibrium

Near equilibrium:

L= pP,+op P, represents the average air density

pP=p,+op p, represents the average air pressure
v=0+0Vv (usually ~ 1 atmosphere)
f =N0 v, = 0 average velocity

applied



Equations to lowest order 1n perturbation:

a_V_I_(V°V)V:fa zz'eaz_E = @:_V5p

Ot pp Jo, ot o)

op 0op
—+V-(pv)=0 — —+p,V:-0v=0
ot (V) o 1

In terms of the velocity potential :
ov=—-VO

oV Vép DV[_&D 5pj_0

o Po

0op 2
——+p,V-ov=0 =——-—p V' O=0
Py Lo Py Lo



Expressing pressure in terms of the density assuming constant entropy:

p=p(s,p)=p,+0p where s denotes the (constant) entropy
Py = (s, 0,)

sp =| L| sp=cep Here c° = P»
op ), op
V(— ob + 5]9) =0 = —8E+ c’ %P _ (constant)
ot p, ot Po
2 2
o O C2D ¢ 0op 0
ot~ p, Ot
2
9op —p VD=0 = oo —c*VDP =0



Wave equation for air :
Note that, we also have:

2
ot’ —c*’V*5p=0
op ot’
Here, ¢’ :(—j PE 5p
op ), 52 —c’Vep =0
v=—-VO !

Boundary values:
Impenetrable surface with normal n moving at velocity V :
n-vV= n-ov=—n-vVo
Free surface:
oD

op=20 = =0
P Lo Py



Analysis of wave velocity in an ideal gas:

Equation of state for 1deal gas:

pV = NkT N=M
MO
V M, M,

k=138x10%2J/K

M, = average mass of each molecule



Internal energy for 1deal gas :

EZiNszMg g =

2

In terms of specific heatratio: y=—

dE = dO —dW

_ (d_Qj

©o\dr

=(ar), 7

" \drT ),
J

(@_Ej _f

or ), 2
i)
T P

C, Z+1

y=—" =
¢, ]

S Kk p_Jp
2 M, 2 p
C,

Cy

Mk

M,

oV _ [ Mk Mk
a_ij 2 M, M,
S

2 y-1



Digression
Internal energy for 1deal gas: f ="degrees of freedom"

2 2 M, 2 p
LA S Py v/ S S S
2 y-1 y—1 y—1M, y—1p
f Y
Spherical atom 3 1.66667
Diatomic molecule S 1.40000
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Internal energy for 1deal gas :

Fel NkT=Me e-— K1 P

y—1 y=1M, y-=lp

Internal energy for 1deal gas under 1sentropic conditions :

P P
de =——dV =—d
M p’ P




Alternative derivation:

Isentropic or adiabatic equation of state:

Y
dp __dp p [pj

£

P P Po

(@_Pj _
op), P

Linearized speed of sound

2= (@_pj _ Py
0 = —
ap S5 P0o>Po ,00

» 1.5-1.013x10° Pa
1.3kg/m’

C, c, =340 m/s



Density dependence of speed of sound for ideal gas :

Cz:(@_Pj _py
op), P
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