PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWEF online or (occasionally)
in Olin 103

Discussion for Lecture 32: Chap. 9 of F&W
Sound generation and scattering;
non-linear effects
1. Sound generation

2. Sound scattering

3. Introduction to non-linear effects
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In this lecture, we will consider traveling wave solutions to the sound wave equations.
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Wave equation with source:

1 0°0
VD - paPv f(r,t)

Solution in terms of Green's function:

O(r,0) = [dr'[dt'Gr—r't—t) f(r't)+

boundary contributions, where

2
1 0
2
Vie—— |Gxr-r\t—t)=-0(r—-r"o(t—1t")
c” Ot
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Now think of wave equation with a source. The Green’s function is a very powerful tool

for solving these problems. We will use similar techniques in solving the wave equation
for electromagnetic waves.



Wave equation with source -- continued:

We can show that :

. _‘r—r'
ol t'—| tF——
C

G(r—r',t—t")= Py
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Result that we will derive.



Derivation of Green’s function for wave equation -- continued

Define: G(r,w)= IG(r,t)ei“”dt

1 T~ —i@
G(r,t)= E__[()G(r,a))e ‘dw
G(r, ) must satisfy :
2
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Spatial equation for Fourier amplitudes.



In our case -- ~ ' iklr—r|
G(r-rio)=———
47[‘1‘—1’"

Fourier transform of velocity potential: Fourier transform
(i)(r,a)) = IG(|r —r' ,a))f(r',a) SRS of forcing term.
V

(ﬁ(cf)(r',a))VGOr—r’ ,a))—é(|r—r’ ,a))VCf)(r',a)))-ﬁer'

S| )
|

extra contributions from boundary
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Derivation continued.



Wave equation with source:
1 0°d
VO ————=—f(r,1)
c” Ot

Example:
f(r,t) = time harmonic piston of radius a, amplitude £z

can be represented as boundary value of ®(r,?)

z

ya - J
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Now consider a simplified model of a sound amplifier where the red cylinder moves up and
down in the z direction at a particular frequency omega.



Treatment of boundary values for time-harmonic force:

L) (r'o)d’r'+

D(r,w) = I@Qr -r'

, a))— GQr —rl, a))V'&)(r', a)))- nd’r'

i‘; (&)(r', w)V' CN;Qr -r
S
Boundary values for our example: In this case f (r,w) =0

oD 0 for x’+y°>a’
Oz imsa for x* +y* <a’
z=0
Note: Need Green's function with vanishing gradient atz =0:
- ik‘rfr" eik‘rff"
G(‘r—r',a))z + — wherez'=-z", z>0
47r‘r —r" 47r‘r -r “
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In this case, we need to use a modified Green’s function to satisfy the boundary condition
at z=0.



~ ~ oD(r', m
d(r,w) = — jS G(r —r',a))M
S:z'=0 Z
eik‘r—r' eik‘r—?'

G(]r -r, a)) = + —

47[‘1‘ — r" 47r‘r — r"

ik‘r—r'
GQr—r',w),_O: ﬁ ; z>0
- 72"1' -r
z'=0
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dx'dy'

'

where z'=—z';

z>0

Some details.




a)) oD(r', w)

D(r,w)=— {) (N}Qr —r|,0)————=dx'dy'
S:z'=0 aZ
' ]{ d Td¢ eik‘r—r"
=—iwea|r'dr' —_—
) ) 27z‘r — r" o

Integration domain: x'=r'cos¢'
y'=r'sing'
For r >> a; |r—r'|zr—f‘-r'

A

Assume r isinthe yz plane; ¢=7
I =sinéy +cosbz

|r—r'| ~r—r-r'=r—r'sindsing'
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Changing to more convenient coordinates.
from the moving piston.

Preparing to evaluate the expression far
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O(r,w)=—

w

11/6/2020

. i 2z
roea e J.I"'dl’" J'd¢, e—ikr'sin@sinqﬁ'
r 0

Note that : L
2

= &(r,0) =—iwea— [ 'dr' J,(kr'sin 0)
r

J. udud ,(u) =wJ,(w) identity.
0

= ®O(r,w) = —iwea’

kr a

0

2
J‘d¢!e*iusin¢' — Jo(u)
0

ikr a

From integral from of
Bessel functions.

0

Another Bessel function

" J,(kasin ) Analytic result
r kasin@ for r>00
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Approximate solution continued.
terms of Bessel functions.

In this approximation, the integral can be evaluated in

11



Energy flux: j, =o6vp
Taking time average: (j,) = %ER(&P*)

Time averaged power per solid angle :

. 2
BN ()b =~ ppecktat ke 0)
e ™ 27" kasin

=1 pR(-vo)-iow))

Estimating the power of the sound wave in this asymptotic regime.
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Time averaged power per solid angle :

dP P 2 374 6
— )= rr'=—p.c’k’a
<dQ> <Je> 2p0 -

020 A

J,(kasin 0)|°
kasin @

4‘0 0 0 JID b‘D SID DID
/ i i :7 }
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Graph of the power as a function of the polar angle theta.
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Scattering of sound waves —
for example, from a rigid cylinder

Z

!

l

i
Liif IMsian
il

Figure 51.8 Scattering from a rigid cylinder.

Figure from Fetter and Walecka pg. 337
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Now consider the case of a plane wave of sound, scattering off of a cylindrical object.
Can you think of a physical situation for this model?
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Scattering of sound waves —
for example, from a rigid cylinder

Velocity potential --

O(r)=D, (r)+d_(r) ® (r)=ée*"

inc inc

Helmholz equation in cylindrical coordinates:

1o o 1 0 0
(V2 +k2)®(r):0:(;57’5+r—25¢2 +¥+k2j®(r)

Assume: O(r) = i "R, (r)

where [—+————+k2J R (r)=0
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Analysis of the scattering wave using cylindrical coordinates.
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F-4

ch-m, (r) — e[k~r — e[krcos¢ — Z imeim¢Jm (kl")

m=—0

Figure 518 Scattering from a rigid cylinder.

®, (r)= D> C,e"H,(kr) where Hankel function

represents an outgoing wave: H, (kr)=J (kr)+iN, (kr)
. )
Boundary condition atr =a: % =0
r r=a
J' (k
="' (ka)+ CH' (ka)=0 €, =" Ln)
H' (ka)
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In this case we expect a cylindrical wave that can be represented in terms of Bessel and
Neumann functions, or more conveniently in terms of Hankel functions H. Satisfying
the boundary values on the surface of the scattering cylinder, we find the coefficients of

the expression.
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2 H (k)

Asymptotic form:

2 i(kr—m
l-mHm (kl”) ~ _el(k /4)
kr—o 7Z'k7"

Figure 51.8 Scattering from a rigid cylinder.

1, - J! (ka) ; 2 ikr-nsa
D (r) ~ et = — m e e( )
0 1@ Lo - 3 Tl [

2 = J' (ka) i(m¢—7r/4)
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O (r)=- i i" Memﬂm (kr)

Using the asymptotic form of the Hankel functions we can analyze the results further.
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—=.
5
|
=~
=

F . de
i
G =
~
) h i J‘ (ka) i(mg— 7z'/4
st o e f(¢ ,,,Zw i (k)
. For ka << 1
do 2 1
ol ] n d—¢:‘f(¢)‘ zgﬂk3a4(l—2cos¢)2
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Defining the appropriate scattering cross section, we can analyze the results further.
ka<<1 (long wavelengths, low frequencies) we find that most of the sound is scattered
backwards from the propagation direction.

For
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Now consider some non-linear effects
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Effects of nonlinearities in fluid equations
-- one dimensional case

Newton - Euler equation of motion :

a—v+(V-V)V=f vp

a / applied ~—

Continuity equation : 2—"; +V -(pv) =0

Assume spatial variation confined to x direction ;

assume that v=vx and f =0.

applled

- V—=———
ot  0Ox p Ox
op Op ov 0

——tV—— 4 p—=
1156/‘20Qt 6x ax
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Review of basic equations, specializing in one spatial dimension.
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@+V@+i8_p:0
ot ox p Ox
a—'0+va—'0+,0@=0
ot ox ox

Expressing pinterms of p: p = p(p)

ox Op ox

For adiabatic ideal gas: ap _ yd_p
p P
-1
Cz(P)_y—p—Cg[ﬁJ where ¢ = Y Po
Po Po
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P _op 8,0_C2(p)8_p w here a—pzcz(,o)
ox op

21

Decoupling the variables.
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2
aV+v@+c (p)a—pzo
ot ox o Ox

a—p+va—'0+p@—0

ot ox | ox

Expressing variation of v in terms of v( p) :
2

ov 8p+v8v 8p+c (,0)(9,0:0

op Ot op Ox o Ox

P, 0P , V0P _

vy
ot ox L opox
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More analysis.
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Some more algebra :

2 2
N ov ¢ (,20)
op p
= ——+
ot ox
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Combined equation :

ot Oox

2
From Euler equation : v (8’0 +v o ) + < (p) Op =0

op L  Ox

op ov 0p

. . Op
From continuity equation : —+v—=—p——"—

o ox L opox

2
o _pavﬁp LcPap_,
op op Ox p Ox
v _,c
op p

%P (vic)a—p:O
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Further derivations.
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Assuming adiabatic process: ¢’ =c;
ov dv c o
ooy f(2
op dp p 2P
(y-1)/2

—vy=+t 26, (ﬁj —1

y =1\ p

(y-1)/2
e (ﬁj
Lo

y—1
ﬁ] 2
Po Po
1)/
(r-1)/2 dp
p'
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Using adiabatic relationships.
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Summary :

d_Lc
dp p
9% (wre)P o
ot ox
-1
Assuming adiabatic process: ¢’ =c; (ﬁj 2 =1
Lo Lo

(r-1)/2 re (y-1)/2
c=co(£j v=+t—2 (ﬁj ~1
Lo =1\ p
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Analysis of fluid velocity from a knowledge of the wave velocity.
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Traveling wave solution:

Assume: p=p,+ f(x—u(p)t)
Need to find self - consistent equations for
propagation velocity u(0) using equations

From previous derivations : é;—"; +(v+ c)a—’o =0

ox
Apparently : u(p) = vxe

For adiabatic ideal gas and + signs :

(r-1)/2
f_“(ﬁj 2
y=1{p, y—1
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Analysis for a traveling wave.
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Traveling wave solution -- continued:

a—'0+(vic)a—'0=0
ot ox

Assume:: p:po+f(x—u(p)t):p0+f(x—(vic)t)

For adiabatic ideal gas and + signs :

(y-1)/2
u=v+c=c, —7/+1(£] ——2
y =1\ p,

Solution in linear approxiation:
(7/+1 2 ]
U=v+crv,+c,=¢,| ———— |=¢,
y—1 -1
= p=p,+f(x—cpt)
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Checking the linear result
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Traveling wave solution -- full non-linear case:

Assume: f(w)= p,s(w)
P 1y s(x —ut)
Lo

For adiabatic ideal gas:

(7—1)/2
1 2
- Q(ﬁ] 2
y =1\ p, y—1
1 . 2
u=c, &(1 + S(x—ut))(7 vz ——j
y—1 y—1

11/6/2020 PHY 711 Fall 2020 -- Lecture 32

Visualization for particular waveform: p = p, + f(x —u(p)t)

w
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Analysis of how to visualize the traveling wave solution.
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Visualization continued:

u=c, (7—H(1 +s(x— ut))(y_l)/2 —Lj
y—1 y—1

Plot s(x—ut) for fixed ¢, as a function of x:

Let w=x—-ut
x=w+ut =w+u(w)t = x(w,t)
y+1 (-2 2
uw)y=c,| —(1+s(w -
() o(y_l( () y_lj

Parametric equations:

plot s(w) vs x(w,t) forrange of w at each ¢
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More details.
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Summary

op op
—+ —=0
ot u(p) ox

Solution:  p=p, + f(x—u(p)t)=p, (1 +s(x— u(p)t))
For linear case: u(p) =c,
For non-linear case: u(p)=c, (7/—1(1 +s(x— ut))(yfl)/2 —~ LJ
Y- V-
Plot s(x—ut) for fixed ¢, as a function of x :
Let w=x—-ut = x=w+ut=w+u(w)t=x(w,t)
y+1 (7-1)/2 2
u(w)y=c,| —(1+s(w -—
() o(y_l( () y_J
Parametric equations: plot s(w) vs x(w,¢) for range of w
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Summary.
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Linear wave:

Non-linear wave:

11/6/2020
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Example visualization.

31



