PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWEF Online or (occasionally)
in Olin 103

Plan for Lecture 4 -- Chapter 1 F&W

Summary of what we have learned so far

2. Analytical evaluation of the differential scattering cross
section in general and for Rutherford scattering (in
center of mass frame)
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In this lecture, we will focus on the analysis in the center of mass frame which contains the
basic physics of the interparticle interaction. The main example will be that of the famous
Rutherford scattering experiment.



Physics colloquium Thursday at 4 PM —
https://www.physics.wfu.edu/

Announcements Mission Events

Nationally recognized for
teaching excellence;
internationally respected
for research advances; a
focused emphasis on
interdisciplinary study
and close student-faculty

Prof. Kandada's work
featured in Emerging
Investigators issue

[5] Sep 03 2020

Colloguium: “Welcome to
the WFU Physics
Department.” - September 3,
2020 at 4 PM

Prof. Salsbury Named
Scott Family Faculty

Fellow
collaboration; committed
to a diverse and inclusive
environment.
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This week the colloquium series will be starting. The information is posted on our
website



N Date

Sep 03 2020

Colloguium: “Welcome to the WFU Physics Department.
— September 3, 2020 at 4 PM

(© Time
pROGRAM 4:00 pm - 5:00 pm

The purpose of this first seminar is to help new, returning, and prospective
) ) [ CATEGORY
students (including both undergraduate and graduate students), faculty,

and staff to become acquainted with each other and with the Physics » Colloquium
Department. We will meet online at 4:00 PM for presentations by some

undergraduate students highlighting their summer research experiences,

followed by general welcoming statements and departmental

announcements. We are especially pleased to welcome quite a few new share this event

additions to the physics department.
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Here we see the details for the first colloquium which will introduce you to the department
and various important announcements.



Course schedule

(Preliminary schedule - subject to frequent adjustment )

[ Date [F&W Reading | Topic |Assignment|Due

[ [Wed, 8/26/2020|Chap. lInfroduction 1 [8/31/2020

[2/[Fri, 8/28/2020 |[Chap. |Scattering theory #2 9/02/2020
|Scattering theory #3 9/04/2020

|Scattering theory | |
|Scattering theory | |
[Non-inertial coordinate systems|| |
|Calculus of Variation | |

3/Mon, 8/31/2020 |Chap.
Wed, 9/02/2020 |Chap.
6 |Fri, 9/04/2020 [Chap.

[6][Mon, 9/07/2020[Chap-
[7|Wed, 9/09/2020]Chap.

Call P = =] = = —
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Here is a snapshot of the lecture and homework schedule.  From your discussion, |
slowed the pace a bit, scheduling one more session on scattering so that we can
summarize and digest.  There is no new homework, so that by Friday, we will hopefully
be all caught up.



Scattering theory: detector

Scattering
center

Area = lmhdb
Areg = dd =

Large sphere of radius &

Figare 5.5 The scattering problem and relation of cross section to impact parameter.
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This and the next several slides summarize the experimental scattering geometry.



Differential cross section

(d aj _ Number of detected particles at & per target particle
dQ

Number of incident particles per unit area
= Area of incident beam that is scattered into detector

at angle @

do = dgbdb
C) "7 da=apsineas

(da)_ dpbdb b |db]|
dQ)

.
o
o

Scattering
center

" dpsinfdé  sind|do)|

dA=2x bdb

Figure from Marion & Thorton, Classical Dynamics
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More review.



Note: Notion of cross section is common to many areas of
physics including classical mechanics, quantum
mechanics, optics, etc. Only in the classical
mechanics can we calculate it using geometric
considerations

dobdb
dA=2nbdb
Figure from Marion & Thorton, Classical Dynamics
(daj _ dpbdb b |db| Note: We are assuming
dQ) dpsinfd6  sind|do)| that the process is
isotropic in ¢
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More review.



Transformation between center-of-mass and laboratory
reference frames: (assuming that energy is conserved)

0 (lab angle) vs w (center of mass angle) VCM
vi=Vi+ Vo, V, v
v, sin@ =V, siny o)
v,cos@ =V, cosy +V,,

tan 6 siny siny

cosy +V, 1V, - cosy +m, / m,

cosy +m, / m,

Also: cos@ = -
\/1+2m1 /' mycosy +(m, / m,)

9/02/2020 PHY 711 Fall 2020 -- Lecture 4




Differential cross sections in different reference frames —

[d%g (9)j _ [dGCM (l//)} dQq,y

dQLAB dQCM dQLAB
dQ,, |siny dl//‘_ dCOSl//‘
dQ,,, |sin@ d@| |dcos6

For elastic scattering:

[Mj _ (dGCM (l//)j (1+2m, / my cosy +(m, / m,)’ )3/2

aQ, ., | | dQ., (m, / my)cosy +1

sin i

where: tand =
cosy +m,/ m,
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Review of equations relating cross section results in center of mass frame to that in the
laboratory experiment.



Focusing on the center of mass frame of reference:

Typical two-particle interactions —

Central potential: V' (r,—r,) =V (|r,—1,|) =V (r)

o r<D
Hard sphere: V(r)= X

0 r>D
Coulomb or gravitational: V(r) =— €

r

A B
Lennard-Jones: V (r) =———

reor

Now we will focus our attention on the analysis of the event in the center of mass frame of
reference and particularly consider the Coulomb interaction (which also has the same
functional form as the gravitional interaction.



Total energy of system:

For scattering analysis only need \, arv \

to know trajectory before and after
the collision.
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Recall that the system of interest can be expressed in terms of constants and the particle
separation r(t).



Short hand notation;

. dr
F=—
Total energy of system: / dt
£ 1 e 1 ., 7
_E(m1 +my )V, +5,ur + 2 +V(r)
E - ECM + Erel
Focus of analysis
1. 0’
rel :EILH’Z + 2[[”'2 +V(7")
1,
= Vg ()

9/02/2020 PHY 711 Fall 2020 -- Lecture 4 12

12



For a continuous potential interaction in center of mass

reference frame: 1, 2
E  =—ur + 2+V(r)
02 2 2ur
8 =+ (r)
7
6 / Need to relate these parameters to
5 differential cross section do
Vg | X(r —
dQ2
3 CM
\ Erel
27
1
2 2
0 ur \__
1 2 3
v ¥
F'min m.m
17772
H=—— {=angular momentum
m, +m,
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1 l
E  =—ur M+ +V(r
/ 2 2,[17"2 ( )
Trajectory of relative vector in center of mass frame
r(¢)
=>Need to find an equation for r(¢)
¢ Note the ¢ is used
s to Fienote t
tra angle
center of © r(¢) where ¢=0 at r,,
scattering.
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9/02/2020

Questions:

1. How can we find r(¢)?

2. Ifwe find r(¢), how can we relate ¢ to y?
3. How can we find b(y)?

(d2) b o
dQ )., siny|dy
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9/02/2020

- do ,dg
{=rx(ur)=rur—= ur- ——
(waf) = rpr= - ==

also: ¢ =bur(t =—w)

Ea=%ﬂ00=—wﬁz

= (=b\2uE

rel

(1) =r)e()

)
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Relating the constants of the problems to values determined when the particles are very

far apart.
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Conservation of energy in the center of mass frame:

2

2 2
E, EE=1u[@] RN

2"\ dt 2ur
Transformation of trajectory variables:
(1) = r(e)

dr _drdep dr [

dt dodt do w’

Here, constant angular momentum is: £ = ur” (—j

2

1 2

> E=—u dr gz + ! =+ V(r)
2 \do ur 2ur
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Up to now we are expressing the trajectory as a function of time t.  For this analysis
however, we would like to find the trajectory as a function of the angle \phi. The
relationship of the constant angular momentum to the \phi and time variables allows us to
find r(\phi).



9/02/2020

Solving for (¢ ) < ¢@(r):

2 2
From: E:l,uEdr ! ] + ! +V(r)

2

2 a’_(p,ur2 2ur
2 4 2
LA )
do 1 2ur
2
dp=dr t/r

\/2y£E— £ 5 —V(r)j
2ur
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Lots of algebra ....

18



do =dr

Special values at large separation (» — o):

l= ,u‘rx V‘Hw =uv, b

1
_ 2
E - El’lvoo
— (= 2uEb
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This shows the relationship of the analysis of r(\phi) to the scattering event.

a diagram from the textbook.

The insert is

19



When the dust clears:
2
62
2u| E— ~V(r
2
do = dr blr
\/ b: oV (r)
1-—— -
r E
9x02f2:02z ¢max (b,E) - (Dpk(w’;ﬂz zg)Lzugi(r - rmin) 20

The scattering process involves the aspects of the trajectory at large separations.
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where
2
l—b _V(rmin):()
2 E
n min
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When r=rmin, \phi=0. \phi increases to a maximum value.

21



Relationship between ¢,,,,, and 6:

Using the diagram

T 9 from your text, 0
— ¢ = 4+ = represgnts the .
max 2 2 scattering angle in
the center of mass
frame.
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Problem with consistent notation.  Here we are using the textbook’s definition of theta
which is OK if the target mass is infinite.
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r? E
0 1 2
0=—x+2b j dr [r
J v V()
-2 -
r E
1/ Fin 1

0=-m+2b j du

0 \/l_bzuz_V(l/”)
E

9/02/2020 PHY 711 Fall 2020 -- Lecture 4

The last equation is a convenient change of variables.



Example: Diagram of Rutherford scattering experiment
http://hyperphysics.phy-astr.gsu.edu/hbase/rutsca.html

Flash of

light Microscope

Fluorescent

i o O screen
@ - Scattering
angle
Polonium Gold
sample foil
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Here we use a diagram from the web about the Rutherford geometry.
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Scattering angle equation: where:

2
1/rmin 1 1 _ b _ V(rmln) —
0=-z+2b | du ) E
0 \/1 _pil V/u) i
E
Rutherford scattering example:
2
o) _x LB,
E r Vnin ¥ min
i e ey
r.. bl 2b 2b
]/rmin 1 1
0=-7+2b I du(—] =2sin" | —moxoru
0 N1-b*u® — ku (2b/1<)2+1
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Summary of all of the equations and then specializing to the Coulomb interaction form.
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Rutherford scattering continued :

0 =2sin"" !
26/ ) +1
2b _ cos(@/2)
x |sin(6/2)
db| «’ 1

ORI
dQ sin@

40| 16 sin*(0/2)
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In this case, the integrals can all be evaluated analytically and simplify to this famous result.
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do db)_x 1
dQ) sin@|dd| 16 sin*(9/2)

Scattered alpha panticles

10

b ldb| ¥ 1

Geiger and Marsden's
data points

Theoretical scattering
of one point charge
off another

A

Rutherford
formula

i

0

: L i " : 2
200 40° 607 80P 100° 1200 140°
Scattering angle

What happens as
6 207

From webpage: http://hyperphysics.phy-astr.gsu.edu/hbase/nuclear/rutsca2.html#c3
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Reconstructed data taken from the web.
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Original experiment performed with o particles on gold

k 72,72, ZZ,.¢

4 87we, v - lore,E
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Evaluation of constant for this case.
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Recap of equations for scattering cross section in
the center of mass frame of reference

(daJ_ b |db|
dQ ) sin6|dé)|

o 2
O0=-r+2b [ dr Lr

\/ b V()

1—— -
r E
where 7. is found from
2
1_b2 _V(rmin)zo
r E

min
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Recap of the equations.  This equation allows us to fine b(theta).
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